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This document supplements the “Quotient Polymorphism” paper by providing the full set of typing rules for
the core language A, including support for choice polymorphism for quotient types.
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Equality constructor: ¢, & Quotient Set: Q, Q’  Quotient: Q Constant: ¢
Quotient variable: g Patterns: p, p’, pr ~ Qualifier Set: Q
Well-Formed Types
Ix:7F¢:Bool i
) [WT-BASE] o [WT-VAR]
Tr{x:7|¢}
Ix:tr1' 'to
’ - ——— [WT-POLY
Fr(x:7)—> 1’ [WT-FUN] l'+rYao [ ]
Trr l'tgQ:uo I'toCr
[WT-QUOT]
T'rz/Q
Iguttro

[WT-CHOOSE]

I'+ chooseq: 7.0

Liquid Type Checking

F'tge:o I'toCo’ I'ro’

LT-SUB
I'tge:o’ [ ]
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: : el :
xi{o:iT]d) [LTvAR] — Sl [LTvAR]
Trogx:{v:t|vo=x} Frgx:t
—— [LT-CONST
I'kg c:ty(c) [ ]
I''x:trge:1’ Fr(x:7)> 1’
[LT-FUN]

F'rgAxe:(x:7) > 1’

T'Ex:t/Q) -1’ Frgipi:t T;vars(p;) kg e : T/[x = pi]
'+toCr Vie{l, ..., n} IT'Eg=>A{p—oe}~»Q:o
P1s --.» Pn is a complete case analysis of 7 Valid([T] = ¢)
F'rgAd{pi—es..5pn—e}:(x:7/Q)—1

[LT-CASE]

Tt f:(x:7)—> 1’ Tr(x:7)—> 1’
IF'tgAxe:(x:1)—> 1’

[LT-APP]

I +g b : Bool F'tge:t F'rge':7 I'rr

LT-IF
I'tgifbtheneelsee : 7 [ ]
Ttoe:o Ie:otrge' :71
9 S [LT-LET]
IF'tgletx=eine’: 7
I'tge:o a not freein T
[LT-GEN]
Itge:Vao
| ILgutrge:1’ g is not free in T
[LT-CHOOSE]

I'tg e:chooseq: 7.7’

I' kg e : choose g : ;.03 IF'rgQ:oy 'toyC oy
['|= ¢ = (e 4 03) respects (Q :: 02) Valid ([T] = [¢])
s [
toe:7'[qg— Q]

LT-CINST]

Subtyping

Valid ([T] A [¢] = [¥D)
Fr{x:t|p}<:{x:7|¥}

[ST-BASE]

Tro<im Lx:mprr <1,

ST-FUN
Fr(x:m) >/ <(x:m)—>1, ! ]
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———— [ST-VAR] lro<:o’ _rerpory
Tra<a I'+Va.o <:Va.o’ [ ]
—————— [ST-QBASE] Tre<t ST-QUOTY
F'rr<7/Q FI—T/Q<IT'/Q[ Q ]

Iguoiro<:o' o Eoy

;0,0 FQ <:Q’

— [ST-CHOOSE]

[ST-QUOT]

Frrr/Q<7/Q

Equality constructor subtyping

I' + choose q : ;.0 <: choose g : 0;.0

ILArgpe:t IErgpe:t pCop
Valid ([A] = [2[0 Valid ([e] = [e’[0
(18] = (200 Valid el = [T oo
AT E(p==e) < (p==¢)
LAv:T;Yrge<ie (EST-LEFT]
IA;2 kg (forall v : 7in ) <: ¢’
A S, v:ithg e <: € (EST-RIGHT]
IA;2 kg e <: (forall v : 7 in ¢’)
Specialisation
Tro<o’ [SP-SUB]
F'toCo’
' =tla; — 4] Bi not free in Yo a3 an.T [ST-POLY]
IF'rVoy ... ayp.TEVS ... Pm.T
Well-Formed Equality Constructors
;A,v:t'rgenT I,A+ iT ILAtge:t
S [EC-BIND] Qp 9 [EC-BASE]
IArgforallv:r'ine 7 Argp==e=r
Well-Formed Quotients 'EQ:o
T;0rg et 'toCrt Vie{l,...,n
9 { J [QT-BASE]

Ftofeliefl,....,n}} =0
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'tk to o freeinT to€el
09 _ [QT-POLY] LA
FI-QQ..VO{.O' rl-Qq..O'

[QT-VAR]

Equality Constructor Respectfulness ’ GAE¢g=>A{p—oe}l~eurt ‘

ILAvrgp':7 ILArge' :t die{tl, ..., n}t.pi~gp

[RP-BASE]
LA E([ALO]] el0l, A{pr—es ..s pn—oentel0) > A{poe}~(p==¢)ur

GAv:t'|Edg=>(p—oe)~eunr
p

RP-BIND
LGLAEpg=>A{p—e}~ (forallv:7'in¢) 7 [ ]

Quotient Respectfulness ’ l=¢g=>A{p—oe}~»Qur ‘

F'rgQ:o 'toCr
F'E{y|leccQ 0y =>(p—oe)veutt=2A{p—oe}t~»0Qur

[RP-QUOT]

Polymorphic Respectfulness ’ A |= ¢ = (e g o) respects (¢ :: 07)

A x 1y | ¢ = (e 4 12) respects (e :: 73)

PR-BIND
A |= ¢ = (e ::q 1) respects (forall x : 7y in ¢ :: 73) [ ]

[PR-CONST]
A |= 0 = (c =4 ty(c)) respects (p == e :: 0)

x:0€Tl

[PR-VAR]
A | 0 = (x =4 o) respects (p == e :: ')

'toCr Vie{l,...,n} Tropiit/q
GAEy=>A{p—oe}~p==e¢:o
T, vars(p;); A |= ¢; = (e; :q T'[x > p;]) respects (p == e :: 0)
DAEWU[r]*¢) Uy = (A{pi — ei} g (x:7/q) > 7') respects (p == e :: 0)

[PR-CASE]

I'+toCEr Vie{l,...,n} T'rgpi:T/Q Q+#gq
T, vars(p;); A = ¢ = (e; g '[x = p;]) respects (p == ¢ :: 0)
LAEU [r] * ¢i = (A {pi = ei} =g (x: 7/ Q) — 7’) respects (p == e :: 0)

[PR-NCASE]
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Ix:1;A |E ¢ = (e ') respects (p == e :: 0)

[PR-FUN]
AE[r]*¢ = (Ax.e g (x:7) = ') respects (p == e :: 0)
A E¢ = (f g (x:7) > 7') respects (p == e :: 0)
A |E ¢ = (e g 1) respects (p == e :: 0) [PR-APP]
DAEdeUfy = (fexngv/[x e]) respects (p ==e :: 0)
I'+g b :Bool A = ¢ = (e g T) respects (p == e :: 0)
A =y = (e =g T) respects (p == ¢ :: 0) [PRUIF]

I3A |= [b] ¢ U=[b] + ¢ = (if b then e else e’ ::4 T) respects (p == e :: 0)

Ix:0;A|=¢d = (e =y 7) respects (p==¢€ :: 0o
F ¢ = (¢ =g 7) respects (p ) (PRLET]

A = flx > e] = (letx = ein e’ iy 7') respects (p == e :: 0)

Polymorphic Quotient Respectfulness I'E ¢ = (e 4 0) respects (Q :: 0')

rzoy€el I'toyCo,

PR-QVAR
I'|= 0= (e :q 01) respects (r :: 0;) [PR-QVAR]

[0 |= ¢; = (e ::4 o) respects (g; = 7) Vie{l,...,n}
I'i=U ¢i = (e g 0) respects ({ &; [i € {1,...,n} } = 07)

[PR-QUOT]
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