Re,vision

o _\_-nvari on ks

o Lo\cjic, Puzz.las
o %rul:c-'}orco. 5zarcl'\, Skc«h—l:ransilzion Dia\c)mms

o GO.WI es

o Tnduction

—_[nvari on ts

E[ar,s 1= zs'\ denobes Lxraasion E ofter bthe midnmmk xS 1= LS.

ExamP|cs
ac[ar. 1= wﬂ] =z x4l
(&35)[3:,5 .= 3,::.] e (3:1)
(m+2xn)lmn ;= me3, mxn) = (Ma3) + 2x(mxn)

Tavariont  E is an imarsiant of xs := es if

E = Elxs := 2s) .
Ass fj” men f _Z/—?mr/anél 4/0/0//'64 Z/'on S
Ci=c+d ¢ mod 3 l;i‘inﬂ
c:=c4 ¢ mod L/ even.c (eq mulilated

c:= c+k c mod k ess board)




Mu.l:i‘a."w‘ Chess Board
chessboard

dominoes

Ts it Possi,ola to Lile bhe chessboard with

(non-ovzrlaPPir\J\ dominoes ?

Ass (/'jn men f ﬂmr/anf Ap/o//'ca Z/'on S

chameleon ProUem

¢,d 1= c+2 d+d dc-2d } box problem,
( nok discusseol>

C,d = C+J',o\+k kxc —Jxo\

g,n = s+ An+l N4l s-nt summation

( Proo"\ bJ ind uchion)




Ass ‘/'jﬂ men f ﬂmr/an&l /4/9/0//&4 Z/bn S

b,c = -:b) c+! b= even.c river crossir\ﬁ

(b "t book is ab the left bank’

c " the number of crosoivlﬁs" )

H(VH\,O‘) QVU\.(Y\‘\-'\) = 0\ Towers of Hanoi
- Hin,Ad) 5 -

(n number of disks
od  direckion )

Thvariank : Pa»l:\:ern, law, induckion l’\JPoHnsis,

5‘<|“ Pracl:ise idenl:ip\ujinj simP)e invarianks
Qs Parl: of the process of Pa.m'\‘f&risinj

30»%&\‘\ with a Prol)le,m.




Losic, Puzz]zs

Borbiats Caskels .

Two caskeks: silver and Sold.
Exacl'l\t} one has a Pic‘:urz of Borbia in it.
Each casket has an inscriPEon which may be true or false.

Silver: zxacl:!-j one of these inscriPlzions is brue

Gold: bhe Picl'ura is not in this caskel .

Booleon unknowns

ca,‘cu,\a}:eo{ b Pormu,lal:in and solvin
s\\jslzem of si\r‘,nu,”:aneous g,iu,o.l:ions. J

ps the Pic\'wre is in bhe si‘w,r caskeb
Fﬁ the Pic\'wre is in bthe 5o|ol casket

IS insarif:lsion on bhe 5i\vzr caskeb (”is Em">

iﬂ inscriFl:ion on bhe 30]0’ caskeb (”is Eruu,")

Exo.cl'lj one has a Picl:urz of Porbia in it. ( ps # PS)
Silver : exacHJ one of bhese inscriPl:ions is brue . A ( IS = (is F lﬁ))

Gold: the Pici’ura is not in this caskel . A ('ﬁ = 7 Pj)




(ps¢p3) A (isz(isiij)) A (ij= "Pj)

= { rewrile : "2" is evoluated associa}iwb}

(Ps =pg= Palse) A (is = is = g = Pake.)
A (ij = pg = Pa}se)
i Pro‘:)arlrizs of boolean acilmajil\rj }
(Ps =Pp9= Pa\u.) A (lj S Po«)se)
A Qj = pg = Pa)sc)
= { ProFarl:izs of boolean aqlmo.lit:j }
(Ps;—‘:‘ pa\se) A ('3 = pa\se,> A (\)3'—; l:n,u,)

—
—

2.

Alf sys "T won" , "Bob was second
Bob says "AI® was uconol", "T was bhicd .
EXMH one op UAL al:a,\'l-mcn‘.'.s Ma.dr. bj each
of AT} and Bob is true .
(A1 #B2) A (A2 3 B3)
{ disl:ribu.hivi\lj:
[(P#ci)/\r = (par # p/\q) ]
ond sjmm,l:r of A
(so ~[ra p#9) = [rAP # v‘Acl) 1]

A1AA1[¢ AIAB3 # RanA2 #+ B2AB3
‘[ X AXg = Palse € p#g ]
[Xf; /\Y% = Palse & ?X;LY 1}

Al A B3

(Alsoz imp\icil: use oP associahv'\b 09 ¥,
falie is unib of # .)

]




Skill:  Know Your (Boolaom) al\cje)\)f&.

USe, ulual:iono.‘ reasoninﬁl- ovoid case ana'\ﬂsis.

Ne,rvous Przsio\o.nl:s

S cou.‘a\zs (Przsidu\t and bod\tjﬁu,ard) want o cross a river.
EVerjone con row. There is onb one boak

A Przsidenl: cannok be with another Pmsiolcn':'s
l:)ool\ujguaral unless his/her own bodﬂﬁmm’ is

also Pr&sanl:.

-n'\e \Doa,l: con Ca.rg l;wo PeoPla oJ: oo Lime.
How con Hae:nj je,[: across?




chor\o\i\i\on Notation
0 e
3C" nC n couf'AO, 29, 2C'1C
nP n prasidunts
nB n bodﬂgvurclo
3¢
Pos);cono\il:ion
Notakion
0 twer
3C" nC nCouflw, ta QC"C
nP n Pnsidmb
S nB n bodyquardo
1ICh1Cchic — unitlue SJmma\:r'\c crass'\r\j

2

3¢




acul

3BIISP

1Ci1Ciic

3PII3B

3¢

Notation

' wer

nC n couflw, 29. «'ZC'1C.
P n prasidubs
nB n bodyouards

Ski“s: As\( the aLue,s\:iovms :

WhoJ: is the 30&‘7.
whab is Sivzn?

EXP,oil: sl:ruclzu,re in order bo o'e.comPose
Ehe Prolo\em inko simPler suloProlole.ms.

Com\oine concision with Przcision.




Brul:c—"\orco. 5earcl'\, Sl;oia-l:ransil:ion Dia.jmms

Tower of Hanol <2 o\isks>
AA

AcC / AB

BC c8

/

BB BA CA cc

Stake Transibion Di%mm




Skills: Pra,cl:isz mwkinﬁ Pre,cise
0 valid skakes

0 valid Eransitions

ook For and axP]oil: inherent shruchure
Use bruke Porce onl\u) as o lask yesorb.

Gfame.s
a'mPa.r’:.ioJ, Q-Person combinatorial games with comPlelv_ informalion

o\ssu,mP\:ions: 3ame.s 3u,a.ranl:aao| |:o terminate

o Plaﬁu in an end PosiBon loses .

end posil:ion: Poeila’on from

which no moves are Possil»la

o Cmma 3mP)\
\/\/fnninj and Losinj Po.si':ions

o) SULVY\ OF G&Mbs




Ma‘:c‘nsl:icl( Game_

Move:  remove 1 or 2 makches .
NS
S
(Ra,no\ow\) Game GraPh

Posibions are the
nodes of the Sr“fh'

Moves are direckd wbes.

N

\.Osinﬁ Posi\’jov\‘. every move is ko o winnin Posi‘:ion.
(SWa,nl’u.d to Yose a‘jainst o ‘oarpeo': Playeg

\/\/inninﬁ Posi‘:iow . Hmre IS ¢ Mmove l:o G losinj Posi‘;ion.
(3uaranl:eeo| to be able bo win)

L W

LT

w w w L

In ]arinciPle. (even for gomes like chess) it is Possil)la
bo debermine Por each Poa'\lﬁon whether it s

winninﬁ or |osir\3.




Ma.l:olﬂsl:iclc Game
Move : remove ) or 2 mabches.

L w W L w W

m makches is a \osin\a Posil:ion (losinj.m>
= ((m mod 6) = O>

A/Hﬂlﬂj Séﬂé

From a wmmn\a) Posnbon ((m mod 3) = O} = Pa.\s&)
m%{,’ (mmod -0 by removing m mod 3 makthes

How to win :

IdmL 6. propert oP ositions
( the szmffﬁ; /Em;?a/wz Psur)\ Ehak

° a“ end Postl:nons sa,l:lsp\lj Hsa FroPe,r‘:j

oviry move Prom (73 osnanV\ salzxsp n qu_ 1o
J//)&S H‘\Q P(OPQ(% \Lj j P Pa(b

o for every posd:non that does not sabisfu the
PrOP”b bere is a move thab frzéﬁ

u\.& Ff‘OP&v’ﬁ




Game Sum

TTREERTTRE THR

A ﬁame wiH\ bwo Pi)es op malches I3 U’)e
“sum"  of bwo s'\n@)e—?i)a makchskick gpmes

(NB‘- rule Por movin3 in ‘e,N: Pi\z maj di'}f‘er
From cule Por movinj In righ': Pi\c. )

The sum of Ewo games is a game delined

as Follows:

CG.“ kt\?. ISWO 3&m¢$ Uxa /e/%saml. ano' H\Q /‘/‘}A/Same.

A /aosl'//'an in bthe sum game is an ordered pair

(l,r) oP Pos(‘:ions, where L is a Posi’:ion in the loPt gome
ond r is @ Posi,:ion in the rigkl: game.

A move (Q,r) = (l',r') in the sum game sakisfies
either . L4 is a move in the lft game, and r=v’,
or L:l’ ano‘ rer’ is a move in U\a riﬁl'\(: jamz,




D

I

Go.me, 3raph Op Sum 3&"&.

&
>
(E—®

A Sum Game

IF the number of Posi':im\a in bhe bwvo games is m and n,
the number db Poaibions in the sum gamz is mxn.

Goal:  Debermine o winnin .slnl:@j that can be
comFuhd in Lime Propcrl:ional

o m+n
(nob mxn).

Loes Lhe h//hﬂ/':?f-/aoslllfon /ormé'mé disbibule over sum .7

//nswr: Ho. (combina,l:ion of bwo winnin3 Posi\;ions

con be winninﬁ

or ‘osi@B .

W.(c+1) brue

W.(b+ \> = false
@ W.c brue

(o) Wb = brue
(av0) W.1

Erue

u




Mex Numbers

How to win. Assijn o (ml:uml) number ko 2ach Posil:ion in

the left and riJN; es.

Use .sémbjj /hmn'm[ mzx.l = mex.r

where mt.x.P is bhe number o.sslifnd ko Posil:ian]:

L s the Posn[aon in

< left
ris bthe Pasﬂ:ion in the ri\cj\t

E«,amz
3&"!2. .

o all end Posil;ions so.l:isp\., the P“’P"‘i‘]
Assign number O bo all end B:sil:ions.
° mo Prom a :'lﬁon .soJ;isP n
sy . bom o pation aling b pepcy

the frbpuly.

{ mexl = mexe )
L=V 0O ri=¢

{ mex.l # mexr j

Ruluire: it st is o move, maxs # mexlt

o o ition thab does nob sabisfy the
Iy &mlﬂtcpmm.

pmyvb bere is o mowe that

{ mexl ¢ mexe }
# mexl > moxr — mnm\’m
O mexr ) mex.l — move in rlJl\t gome

‘. mcx.'. - mcx.r}

R;iuin: for all m, mex.l>m, bhere is a move Fom
lta posikon U such that mexl' = m
Similarlj for r.

mex minimal axc[udanL”

mex number of a Posi‘:l'om
is bhe smadles‘: number

not included in Ehe

numbers msi&ned ko iks
SULCCL3SOrs

ExamFﬂa :

53

3 0 2




I -

L(,N: 3&"\&: remove 1 u\m M mo.bdlu
mex no. of m mabches = m mod (Ms))

R'J”; 3o.m¢: remove | thew N ma.l:clus
mex no. 4) n maches = N mod (N+D

S\’Ioj'w invariond : m mod(M+\) = n mod (N+|)
\l\/innin\o) s\:ra}%:

W m mod (M+l§ > n mod (N+|) —> remove m mod (M+l) - n mod (NH)

m mod (M-\-l\( n mod (N"-l) - rzmovr n :\:d (NTI) - umod m-'-l)
p; makches from riJkl; Pile
Keu: ]
W e

{m mod M+1) = n MOD‘(N‘”)}

iF m#0 = decrease m Joj ot most M
O n+#0— decrease n %)j ot most N

ki
1 m mod (M+) 2 n mod (N—\-\) }

W mmod (M+l\ > n mod (N*-\) —> amove m mod (M+I) - n mod (NH)

D al:d\ Prom lefb i‘f-
m mod (MH»( n mod (N4~|) - rlmov,: n :;sod (N+|) - umoo\ (M"-l)
p- mokches From nJH; ])i'e,

f‘ m mod (M+)) = n mod (N+)) }




Skill: Don't auess \.

FOrmulalfe, e wiremenkbs recise,‘ :
T precisey

ExE\oik rulu'\rammks o calewlate solukion.

Tnduction

Ier'na/'o/e of Mathemabical Inofuction

Su e P is a pro of na.l:ura] numbers .
ThPeEosP 15 tVLVUVIE“Eu E?u. iP

PO (basia\
for all n, P.(m»\) Pollows from Pn (induckion sllP)

Used bo solve a chss of Pmb\tm
where each instance has o size (o naburol nmlur),

° Consbruct a solubion bo mstances of size O.

° Assu.minj that it is PossiUc to consbruct solubions
bo instances of size n, consbruct a solubion Lo

insbances of size n+l.

used ko

T Vl.riPJ cor\{lzcl:uas




Skill: Abskm,cl:ion: idmtzip\u} o 3iven Pmlo)em

as an inshance of A class of Pmb)ems.

induckion h\\jPonsis = invariant

Fir\a\ word

PRACTISE !




