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ABSTRACT

The main motivation for this work is the star-
height problem of regular languages proposed by Eggan.

We begin by investigating in some detail analogies
between regular algebra and Tinear algebra. It is shown
how, using a few simple tautologies of regular algebra, one
can derive product forms for the closure A* of a matrix A
analogous to the Gauss and Jordan product forms for (I-A)
in Tinear algebra. The product forms yield algorithms for
calculating A* analogous to the Gauss and Jordan elimination
methods of Tinear algebra. Methods for finding A* analogous
to the iterative methods of linear algebra are aiso briefly
discussed.

-1

Following this we present various results in the
theory of factors of regular languages. We show that there
is a unique minimal starth root GQ of the factor matrix F61
of a regular language Q, and give an algorithm to calculate
GQ. It is then shown that the factor matrix of a factor H
of Q is a submatrix of the factor matrix [Q|. This leads to
an algorithm to calculate the closure G6 of GQ. The algorithm
yields a regular expression for Q which is proven to have star-
height always less than or equal to (and in some cases strictly
less than) the rank of GQ. Moreover the algorithm does not
have any analogous method in Tinear algebra.

The algorithm to find G6 does not always give a
minimal star-height expression for Q and the star-height
problem is still open. But it is suggested that the
algorithm may be more generally applicable (than just to
factor graphs), thus possibly giving fresh insight into the
star-height problem.
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INTRODUCTION

The objective of the work presented here is to
study in depth certain aspects of the * operator in a
regular algebra. Although not immediately apparent, such
studies are relevant to many aspects of Computing Science,
because the star operator is just one instance of a closure
operator.

A closure operator is any operator J which is
transitively closed, i.e. J.J = J or, in words, the effect
of applying J twice (or any number of times) is the same as
that of applying J just once. A trivial example is a while
loop, since obviously while p do (while p do a) is equivalent
to while p do a. Closure operations occur wherever an
operation is iterated indefinitely. For instance a* can be
interpreted as meaning "iterate a, unconditionally" whereas
while p do a means "iterate a, conditional on p" or "iterate
(test p then do a)".

Sometimes the iteration is concealed and it is not
immediately obvious that a closure operation is involved.
One instance is in the recursive definition of a function

(e.g. Fx = if p then fx else Ffx). Recent work by Scott

[40] shows clearly that what is involved implicitly in such
a definition is indeed a closure operation - the operation
of finding the least fixed point of a function g which in

Scott's notation 1is

l__l gn(l),
n=o0



or in the notation of regular algebra g*(1). (g in the
ébove example maps Fx onto fx or Ffx depending on p).

A particular example of this is in the study of
context-free languages. We may regard the context-free
grammar G = (V,N,T,P,S) having productions

pl: S -» aSb p2: S -+ ab
as defining two operators pl and p2 mapping subsets of V*
into subsets of V*. pl is defined by

uaSbv e pl(uSv) ¥ u,v g V¥
and p2 by

uabv € p2(uSv) ¥ u,v e V*,
From pl and p2 a composite operator L = (pl+p2)* is formed,
where pl+p2 applied to w is the union of pl applied to w and
p2 applied to w, and p* applied to w is the union of all sets
found by applying p iteratively to w. The Tanguage generated
by G is T*aL(S), i.e. the set of all terminal strings formed
by applying the operator L to S. Hence of course the usual
notation S-*w.

Closure operations also arise in the study of path-
finding problems. A typical problem here is, given a network
of points such that certain points are connected by arcs to
which a cost is attached, what is the least cost path between
any two points. It can be shown [2,6] that this problem can
be formulated as finding the closure A* of a matrix A in some
regular algebra. Other related problems, such as finding a
route between two points having the least probability of

blockage, can also be formulated in the same way. Rather



interestingly the algorithms we present in Chapter II

can be used uniformly in the solution of such problems.
As a final example of where closure operators are

important, let us observe that lattice theory is a study

of relations which are anti-symmetric, and reflexive and

transitive. Quite often in the practical application of

lattice theory, one is not given such a relation but must
construct it from other known relations on the elements
being considered, and this invariably involves a closure
operation. Non-trivial evidence of this can be seen in the
construction of the lattice of "partitions with the substitution
property" in the study of sequential machine decompositions
£241.
The regular algebras are important as a step towards

a more universal study of closure operators, since they would
appear to offer the "simplest" examples of algebras having a
non-trivial closure operator. The . and + operators, which
are iterated to form the ¥ operator of regular algebra, have
quite simple properties - for instance distributivity

a.(b +c) =a.b + a.c of . over +, and associativity of +

a + (b+c)=(a+b) +c. Incomparison the while operator
mentioned earlier is much more unmanageable - distributivity
does not hold:-

a ; if p then b else c¢; # if p then (as;b) else (asc);

and associativity does not hold:-

if q then (if p then a else b) else c;

# if p then a else (if q then b else c);




(Note; this is clearer if we use infix notation:

Writing a + b for if p then a else b; the above inequalities

P

become

and
c) ).

Even though the star operator of requiar algebra is
thus a relatively simple closure operator, the study of its
properties is not simple - in fact quite the opposite.

To avoid any confusion later, we should make explicit
various terms we shall use. In Chapter I we give a purely
formal 1list of axioms and a rule of inference involving the
formal operator symbols +, . and *. By a regular algebra we
understand any algebra having operators +,. and * which obey
the rules given in Chapter I. Such an algebra is an
interpretation of the system of axioms. A regular expression
is simply a well-formed formula involving the symbols
(s),*,+ and ., and symbols a,b,... from a finite vocabulary
V. Regular expressions are used to denote elements of a
regular algebra. In particular the familiar regular languages
form just one instance of a regular algebra (a very important
one, nevertheless) in which + is interpreted as set union and

as concatenation of words. In the algebra of regular
languages a regular expression is a denotation for a regular
language.

The problem we consider in Chapters III and IV is

the star-height problem for regular languages. (We assume



of course that the reader has some familiarity with this
problem. Those readers not already acquainted with the
problem should consult the excellent paper by McNaughton
[291, in which a highly significant amount of empirical
information is presented.) The problem is concerned with
finding the "simplest" possible regular expression denoting

a particular regular language. In tackling this problem a
possible application we envisage is as follows. Assume one
is given a regular algebra R (not necessarily the regular
languages) in which, for each element Q, there is some
canonical denotation for Q. Let us call this denotation the
"value" of Q, and suppose, given a regular expression
f(a,b,...) denoting Q, it is required to "evaluate" Q.

We presume that there is some procedure to do this. Usually
one would expect that it is more difficult to evaluate starred
terms A* in f. So, if before evaluating f we can preprocess
f and find some regular expression g(a,b,...), such that in
any interpretation f(a,b,...) = g(a,b,...) and the starred
terms in g are simpler to evaluate, then evaluate g rather
than f, we will clearly optimise on the computational effort.
Since the regular languages form a free regular algebra, this
is equivalent to finding the simplest possible denotation of
a given regular language.

The approach we have adopted in tackling the star-
height problem is to regard it as a probliem of how best to
calculate the closure A* of a matrix A whose entries are
elements of a regular algebra. The approach is essentially

similar to that of Eggan (18] in his pioneering work on the



star-height problem. Eggan considered the following problem.
Given a (non-deterministic) finite-state recogniser of a
regular language Q, what is the minimum star-height of all
the reqgular expressions denoting Q which one can obtain by
using an elimination method to solve the associated system
of equations defining Q. Eggan succeeded in solving this
problem, showing that a minimal star-height expression,

obtained by applying an elimination method, equals the "rank"

of the graph. Eggan showed how to calculate the rank of a
graph, and how to order the nodes of the graph in the
elimination process in order to obtain the best possible
expression,

A rather simple converse to this result is that,
given any regular expression g(a,b,...) denoting the language
Q, there is naturally associated with g a recogniser of Q
which has rank equal to the star-height of g. Thus one arrives
at Eggan's theorem (see Chapter III): the star-height of a
language Q equals the minimum rank of all transition graphs
which recognise Q. Subsequent investigations of the star-
height problem [9,10,11,12,28,29] begin with this theorem and
aim to find a recogniser of Q having the least rank.

In contrast the main aim of this work is, given a
recogniser of Q, to invent new methods of "solving" for Q
which'do better than a simple elimination method, i.e. to
invent systematic methods of obtaining regular expressions
for Q, from the given recogniser, which have star-height less
than or equal to the rank of the recogniser - and in some cases

strictly less than the rank of the recogniser.



This approach was suggested to the author by work done
in collaboration with B.A. Carre on analogies between regular
algebra and linear algebra [2]1. The sections of this paper
relevant to the present work are included in Chapter II.

First we note in Chapter I that the problem of finding a
regular expression denoting the language Q from a recogniser
of Q@ is equivalent to finding certain entries in the closure
A* of a matrix A. Now A* is analogous to (I-A)—1 in lTinear
algebra, since the former is the minimal solution of Y = AY+E,
where E 1is the unit matrix in regular algebra, and the latter
is the solution of Y =AY+Il, where I is the unit matrix in
linear algebra. Moreover the algebra Mp(R), of all pxp
matrices over the regular algebra R, is itself a regular
algebra and thus any tautologies of regular algebra apply
equally well to matrices. Beginning with these two observ-
ations, we note in Chapter II a few simple tautologies of
regular algebra which have analogues in linear algebra and
then show how these tautologies are sufficient to enable
one to derive algorithms for calculating A*, which are
analogous to the well-known elimination methods of Gauss
and Jordan in linear algebra.

| In addition, as an aside to the main theme of this
thesis, we show how a number of other "path-finding algorithms",
having analogues in the iterative techniques of linear algebra,
can be succinctly described and compared using regular algebra.

Not all regular tautologies have analogues in linear

algebra, and so, in restricting oneself to simple elimination

methods for finding the closure of a matrix, one is under-



utilising the properties of regular events. An aim of the
research for this thesis was therefore to seek methods of
calculating A*, for a given matrix A, which do not have
analogues in linear algebra, and which improve on the
elimination methods.

Unfortunately we have been unable to discover a
generally applicable algorithm of this nature, but in
Chapters III and IV we show that for a particular class
of graph - the factor graph - such an algorithm does exist.
Moreover the algorithm achieves one of our objectives,
namely that the regular expressions produced always have
star-hefght less than or equal to fhe star-height of those
produced by any elimination method.

The algorithm, when applied to factor graphs, does
not always yield minimal star-height expressions and the
star-height problem remains unsolved. However, we suggest
in the Conclusions how the algorithm might be extended to
other important classes of graphs, and that a further attack
along these lines might eventually lead to a solution of the

problem.



I REGULAR ALGEBRAS

Regular languages, which we define in §2, have
been studied by various authors [13,22,38,39] each of whom
has given axiomatic formulations of their properties. 1In
the next section we also give an axiomatic formulation of
regular languages which is similar to that given by Salomaa
[38] and then proceed to discuss some of the elementary

consequences of the axioms.

1. THE SYSTEM OF AXIOMS F1

1.1 Axioms

The algebras we shall consider are of the form
R = (S,+,*,*), where S is a set on which are defined two
binary operators + and ., and one unary operator *, The

following are assumed as axjomatic.

(aeB)+(axy)

Al (a+B)+y = ot (B+y) A4 ae (B+Y)
A2 o (B-y) (GeB)-y A5 (a+B)-Y

A3 a+B = B+o. A6 o+o = q

(ary)+(B-v)

where o, B, v € S.

The set S contains a zero element ¢ such that

A7 a+d = a A8  bea = b = a-Q
Finally the star (or closure) operator * obeys:

A9 p*ea = @ = aeg

A10 o* = o* 4+ asa* for all o € S
A1l a* = (b* + a)*
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We shall normally denote ¢* by e. The axioms A9-A11 then

become:

A9' geq = o = o-e
A10' o* = e + aqaea*
A1l a* = (e + a)*
1.2 Partial Ordering

In view of Al, A3 and the idempotency law A6 we
can define a partial ordering c on the set S by

o c B = o+ B = g
and a strict ordering c by

acB < aoac B and o £ B .
It is easily verified that

a c B = aty c B+y

asy c Bey

In

and Yeo

In

Y8 for all a,B,y € S

Note that we do not assume the cancellative property
aey = By = o = B,

and in consequence we cannot in general infer that if

acB then asy c Bey .

1.3 Solution of Equations

We define an element o of S to be definite if and
only if tcast=>t = ¢. Then we assume the following rule
of inference.

Rl a = Bea + v = a2B*y ,

and furthermore, iﬁ B i1s definite then

a:Bo(x+‘Y=>(x=B*-'Y'
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It will be observed that for any given B and y
the equation a=Bea+y always has a solution a=g*.y. The
first part of our rule R1 postulates that a=g*.y is the
minimal solution, and the second part gives a condition
under which this solution is unique.

Henceforth we shall denote the set of axioms Al1-All
and the rule of inference R1 by F1, and we shall call any
algebra R = (S,+,+,*) such that the set F1 is valid in R a

regular algebra.

2. INTERPRETATIONS

It is important to realise that the above system of
axioms is a purely formal system in which no meaning has been
attached to the symbols of S or to the operator symbols +,

- and *., We now describe a number of interpretations of
S,+,+ and * which give rise to a regular algebra and which
are particularly important. Note that the 1ist is by no means

exhaustive.

2.1 Regular Languages

Consider any finite non-empty set V = {vl,vz,...,vm}

which we call an alphabet or vocabulary, and whose elements

we call letters. A word over V is a finite string of zero
or more letters of V; the string consisting of zero letters

is called the empty word.

The set of all words over V is denoted by V*. A
language over V is any subset of V*. The symbol ¢ denotes the
empty set, and ¢* = e denotes the set consisting of the empty

word.,
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The sum o+g of two languages a and B is their set
union, and the product or concatenation a+B is the set of
all words formed by concatenating a word in a with a word
in B. The powers of a language o are defined by

0 k k-1

a’ = e, a = a-a (k = 1,2,...)

and the closure a* of o is defined to be

a* = bX ak
k=0
In the ensuing paragraphs we shall use three terms
- regular expression, regular event and regular language -

with quite different meanings. A regular expression over a

vocabulary V is defined to be a well-formed formula constructed
from the set Vu{¢}, the operators + - and *, and the paren-
theses ( and ) . Thus (vy + ((vztvi)evs))* 1is a regular
expression. Also allowed are formulae in which the dot is
omitted, being denoted by juxtaposition, and parentheses are
omitted. In this Tatter case operator precedence is in the
order *, ., +,

We define a regular event to be any element of a

regular algebra which can be denoted by a regular expression
over some finite vocabulary V.

We also define a regular language to be any set of

words over some finite vocabulary V which can be denoted by
a regular expression,
Finally, following Conway [13], we shall use the term

regular tautology to mean any equation f(a,b,...) = g(a,b,...)

between two regular expressions which is universally true in

any regular algebra.
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Regular languages are particularly important in
the study of regular algebras, since the axiom system F1
is consistent with the regular Tanguages and is a complete
system for proving valid equations between regular Tanguages.
Essentially this was proved by Salomaa [38], although Salomaa's
axiom system differs from ours, particularly in the rule RI]
and in the condition for uniqueness of solution of equations.
For reqular Tanguages it is however trivial to establish that
the two conditions (for uniqueness of solutions) are identical,
and all other differences between our and Salomaa's axioms
are inessential. (For further discussion see §2.2.3, below,
where we consider the uniqueness of solution of matrix
equations over the regular languages.)

The regular Tanguages over V thus form a free
regular algebra, signifying that the algebra is free of any
equalities holding between its elements which cannot be
deduced using the system F1. Hence we call the algebra of

the regular languages over vocabulary V the free regular

algebra generated by V, and denote it by RF(V).

2.2 Matrix Algebras

2.2.1 The Algebra Mple

If one examines the system F1 one may observe that a
number of operators satisfy the properties of + and « . For
example the operators min and max defined on the real numbers

obey the properties of +, and real addition, min and max obey
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the properties of + . These interpretations do not have any
practical significance when S 1is the set of all real numbers,
but they are very significant when we consider matrices over
the real numbers. First, however, a number of preliminaries
are necessary.

Given a regular algebra R we may form an algebra Mp(R)
consisting of all pxp matrices whose elements belong to R.
In the algebra Mp(R) the operators + and - and the order
relation c are defined as follows:
Let

] and B = [b;.]

A= layy 1]

be any pxp matrices with elements in R; then

p
and
AcB if and only if aij Ebij for all i,j.
The unit matrix E = [eij] is defined as that pxp matrix with
e;5 = ¢ if i=J and €5 = ¢ if i#j. The rows and columns of

this matrix are described as unit vectors. The zero or null

matrix N is that matrix all of whose entries are ¢.
Powers of A are defined by

ko opa.oak-r, 21,2,

A® = E, A
and finally A* is defined informally as
5 Ak
k=0
(Note, a formal definition of A* is given in Appendix A.
However the above definition of A* is much more useful
intuitively. We do not assume this form of the definition

in any proofs.)
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If R is a regular algebra it is a logical problem
to prove that Mp(R) is a regular algebra, that is that all
the axioms A1-A11 and the rule of inference R1 remain valid in
MP(R). For our axiomatisation this is a fairly simple
problem; the main parts of the proof are given in Appendix
A. Moreover for most practical applications one can also

infer the validity of F1 from the previous literature.

2.2.2 Graphs

It is wellknown that a p-node graph G can be described
by a pxp matrix A, and, conversely, a pxp matrix can always
be visualised as a p-node graph. We shall now take the
opportunity to make this precise and to introduce some
terminology which will be of use later,

A labelled graph G = (X,A) consists of a set X of p

elements Xj;sXzseeasX

together with a pxp matrix A = Ca; ]

P J
with elements in some regular algebra R. An arc is a pair

(Xi’xj) such that the arc label a3 is non-null, and is said

to be directed from X; to x:.. A sequence of t arcs

J

H = (xi’xkl)’ (xklsxkz)s---s (th-l’xj)

such that the terminal node of each arc coincides with the
initial node of the following arc is called a path from X

to X5 of path length t. If i#j the path is said to be open;
whereas if i=j, pn is called a closed path or cycle. A path

(open or closed) is elementary if it does not traverse any of

its nodes more than once. The path product w(u) of a path u

is defined as the product of its arc labels:
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wiu) = I pee Ay

A graph without any cycles is called acyclic.

2.2.3 Regular Languages

If the arc 1abels are regular languages and, in
particular, if they are subsets of Vu{e} we call G a

(nondeterministic) transition graph. In general for any

path u from x; to xj the path product w(u) will be a set

of words. A word v is said to be a word taking node x; to
node Xj if either vew(u) for some path u from x; to X5

or v=e and i=j. The closure A*=[a?j] is such that aﬁj is

the set of all words which take node i to node j.

The consistency of Mp(RF(V)) (the algebra of pxp
matrices whose elements are regular languages over the
vocabulary V) with F1 has been studied by Salomaa [39].
Salomaa's axiom system differs from ours in a number of
respects, but mainly in rule R1. Firstly, our rule R1 is
the reverse of Salomaa's rule RT (i.e. Salomaa gives the
solution of equations of the form o = a+*B+y, not o = Bea+y)
and, correspondingly, our axiom A10 (a* = ¢*+a-0*) differs
from Salomaa's (a* = ¢* + a*+.0). This change is not essential
in that Salomaa's proofs of the consistency and completeness
of his axiom system can easily be modified to apply to our
own axiom system. Thus, henceforth, we shall assume any
theorems proved by Salomaa to be true and leave the reader

to convert them to proofs in our own axiom system.
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Secondly, Salomaa's condition for uniqueness of
solution of equations also differs (outwardly) from ours.
The relevant definition and theorem are given below.

Definition 2.1 (Salomaa): A pxp matrix M=[m1j] possesses

the empty word property (ewp) iff there is a sequence of

numbers 11,12,...,ik (k>1) such that eem, . for all v,
Vo V+1
1<v=<k-1, and eem. . .
Tk
Theorem 2.2 (Salomaa): If the matrix M does not possess ewp

then the equation Y=MY+R has a unique solution, namely Y=M*R.
' For 1x1 matrices, i.e. regular languages, it is

obvious that we have the equivalence: M does not possess

ewp <= M is definite. The equivalence is not so obvious for

larger 'matrices, but is nevertheless easily proved.

Theorem 2.3 Let A eMp(RF(V)). Then A does not possess ewp

<=> A is definite,
Proof (i) <=. Suppose 9 T#N such T=AT. Then the equation
T = A-T+N has more than one solution, namely T and N.
Therefore A possesses ewp.

(ii) =>. Suppose A possesses ewp. Then the graph of

A contains a cycle.

Yom o (xgexg) (%

12 12,x13),...,(X- X4

such that

e ¢ ailizaiz‘.3 . a1.k1.1 (1)
Let B be the submatrix of A consisting solely of the arc

labels a. . (v = 15...,k=-1) and a, i BcA, so we may
vV v+i 1k 1

choose a matrix C such that B+C=A,
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Now Tet T=B". By (1)

(by + b, : woub. : ) (bs &+ euub, + )% = (b. + ...b; .
12 1213 1k'| 1112 '|k11 1112 '|k11

and it follows that B-B¥ > B and hence T = BT. But then

)*

Tc BT + CT = AT
and therefore A is not definite.
Following Conway [13] we call a matrix A, all of

whose non-null entries are e, a constant matrix and a matrix

all of whose non-null entries are subsets a; + ay + ... ai
1 2 k

of the letters in V, a linear matrix. A constant + Tinear

matrix is, as the terminology suggests, one which is the sum
of a constant matrix and a linear matrix. Thus a transition

graph always has a constant + linear matrix. A recogniser

(G,8,T) is a transition graph G = (X,A) for which two subsets
5,7 of the set of nodes X are designated as start and terminal
nodes, respectively; the language recognised is the set of
all words which take some start node seS to some terminal node

te. A recogniser is all-admissible if for any node xeX

there is a path from a start node ses to x, and a path from x
to a terminal node teT.

Finally we define a graph to be deterministic if for

all words w and all nodes X5 there are no two distinct nodes

xj and xj. such that w takes X; to xj

recogniser is deterministic if its associated graph is

and x; to X0 s A

deterministic and S has cardinal 1.
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As usual, we shall specify a recogniser diagrammatically,

as illustrated below.

A Recogniser

The graph of this recogniser has nodes X = {1,2,3} and

matrix

There is only one start node (node 1) indicated by an
unlabelled arrow pointing to the node. Terminal nodes

(nodes 1 and 2) are indicated by double circles.

Because of the very natural correspondence between
graphs and matrices we shall in future use the two words
synonymously. Thus we shall refer to the closure G* of a
graph G, where, more exactly, we mean the graph of the

closure A* of the matrix A of @G.
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2.2.4 Boolean Matrices

In table 1, in which R denotes the real numbers, we
have shown a number of different interpretations of S,+,-
and * which have practical value. The table is adapted from
one given by Carre [61 by adding a column giving an inter-
pretation of the * operator. 1In each case the star operator
has no real significance; it becomes important only when we
begin to consider matrices.

The algebra Ry is the familiar Boolean algebra in
which 0 and 1 represent false and true. We may regard a pxp
matrix A = [aij] with elements in this algebra as specifying
a relation on the integers 1,2,...,p. Thus

iAJ (read i is related by A to j)

<=> i35 = 1 1<1,3<p.
In Mp(RB) the operator * is highly significant since A* is

the reflexive and transitive closure of A. That is A* is

the least relation containing A and having the properties

FA*] (reflexivity)
and (iA*j and jA*k) = iA*k (transitivity).
It is this particular application of regular algebras from
which one gets the terminology "closure" operation for the
* operation.

The applications of this algebra are numerous and are
so familiar that they need hardly be mentioned. Suffice it to
say that A* represents the connectivity of a directed graph

and wherever graph theory finds application, then so does Mp(RB).
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TABLE 1

S + . b -
Rsp min - . -g 1? gig
Ru{-e, =} +
- SRREEE
“B 0,11} ma x :
* 0
Rp w
{aeR|a20}u{=}
min 0 .
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2.2.5 Finding Shortest Path

If the arc labels of a graph A are real numbers
representing costs or distances the algebra Mp(RSp) can be
used to find the least cost or the shortest distance from
one node to another. Indeed it was only through reading
the paper by Carré [6]1 and by observing the tremendous
similarity between Carré's algebra and regular algebra that
the author first realised the usefulness of regular algebra
in the context of path-finding problems. However, before
we can make a precise comparison between regular algebra
and Carré's algebra we must remove the obstacles caused by
differences between the definitions used here and in [6].

Carrée's paper was concerned exclusively with the
solution of extremal path problems, and its definition of A¥*
was tailored to this purpose. Let us here define R to be
the matrix whose (i,j)th element is the sum of the path
products of all elementary paths from X5 to xj on the graph
of A; the matrix A as defined here corresponds to A* in [6].
Now to relate A to the closure A* of A we recall Carré's
definitions of definiteness and semi-definiteness, which can
be paraphrased as follows: Let A be a pxp matrix; then A
is semi-definite iff there is no closed path vy in A with
path-product w(y)-e; A is definite iff there is no closed
path y in A with path-product w(y)ze. (Note that Carré's
definition of definiteness is identical to Salomaa's definition

of ewp and hence is equivalent to our own.)
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In addition to A1-A9, Carre assumed the following:

(a) commutativity of multiplication, o-g

(b) the order relation ¢ is total, i.e.

either acp or Bca,

(¢) the cancellation property:

Yo ,B,y#-o,af;

o°*pB

oy =B=Yy .

= Bea Yo ,B.

for any o,B

With the above properties holding one can prove the

following well-known theorem [Theorem 4.1 of 61.

Theorem 2.4

2
series E+A+A + ...

A for all r>p-1.

Corollary A
Proof A
Theorem 2.4, A

are equal.

In

2
is finitely convergent, with E+A+A +...+AT

A*,

A* by p applications of Al0.
E+A-R and hence by RT1, R o A¥*,

Let A be a pxp semi-definite matrix.

Then the

But by
Thus they

Thus when A is semi-definite, shortest distances 1in

A are given by A*,

When A is not semi-definite A must contain

at least one cycle of negative length and the concept of

distance becomes meaningless.

real significance.

Thus in this case A* has no

Reqular algebra may also be used to find shortest

routes between any two points in a graph as follows.

Consider a vocabulary V

{v1 sV, e

.,vp} and let R

SR be the

free reqular algebra generated by V on which the following

generating relations are imposed:

V.i°OL°V.i

V.

1

eV .

i

¢ »

(i

1,2,..

.p) for all a.
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In this algebra one can prove that a* = e+a, and so

the star operator may be discarded.

To enumerate the elementary paths on an unlabelled
p-node graph G=(X,I'), we give a name Vi to each node xieX,
and we label each arc of G with the name of its terminal
node, i.e. we set 55 = vj for all (Xi’xj) el’ . Then within
the algebra Mp(RSR) the closure A* of the matrix A gives
all elementary paths on G: specifically, each product
{vi}-a$j is a set of sequences of node names, each of these
sequences defining an elementary path from X to X5

If the graph G 1is labelled with costs or distances,
the two algebras Mp(RSP) and Mp(RSR) may be combined to give
least cost routes (and their cost) through G. Specifically
éach arc of G 1is labelled with a pair (c,r) where c 1is the
cost of traversing the arc and r is the name of the node on

which the arc terminates. The product and sum operations

which are appropriate to finding shortest routes are:

(cyr) . (c7,or7) (c*c”y rer”)

(c,r) + (c”,r7) (c+c”, if c+c” = c then r else r7).

In practice it is of course inadvisable to store the
entire shortest route from node i to node j in the (i,Jj)th
element of A*. Instead it suffices to store the number of
the node immediately following node i on the shortest route
from node i to node j [7]. To do this it is simply necessary

to redefine the product operation to:

(cor) = (c7sr”) = (cec”,r).
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2.2.6 Other Applications

Finally we make brief mention of three other
applications of regular algebra of practical importance.

If arc labels a5 5 represent the probability of

going directly from node X; to node X3 then in Mp(RC)

(Table 1), aﬁj represents the maximum probability of going

from node X to xj.

If nodes represent tasks, and there is an arc from

node X to node Xj Tabelled with the duration of the task

Xis

if X must be completed before Xj may begin, then

Mp(RSC) (Table 1) may be used in scheduling the various tasks.
Finally Mp(RCP) (Table 1) may be used to find critical

paths through routes with some T1ikelihood of blockage. For

example if arc labels represent the width of a bridge on a

path from ngde X to xj, this algebra may be used to find

the minimum width bridge on a route between two given points

Xs and X3 which minimises the likelihood of a blockage.

We refer the reader to [6] for detailed references

on these topics.

2.3 Semigroups

As a final example of a regular algebra which we
shall exploit in Chapters III and IV we now mention the
regular algebra defined by a finite semigroup.

Let S = (S,+) be any finite semigroup having a unit
element e. Consider all subsets 2° of S and let + be the

operation of set union defined on 2%, Extend the operation
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* in the usual way to apply to elements of 23 by

m n m n b
(£ a.)*(zb:s) = T £ a.-bs
j=1 10 a1 d i=1 =11

For any ae2®, define al=e (the unit of S) and

o = qgea . n = 1,2,...
Since S is finite it is clear that for sufficiently large N

+
etatal+...+all = etat...+al+. .. +a VD

for any n20, and all ag2’,
We define a* to be this sum. In this way the semigroup S
is naturally extended to become a regular algebra. We will

normally denote this algebra by R(S).
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IT ELIMINATION METHODS FOR FINDING CLOSURE MATRICES

Everyone knows how to solve simultaneous equations

in linear algebra! The equations

X ax + by + e (1)

y cx + dy (2)
are solved by eliminating x from the right hand side of (1),
forward substituting this value in (2) thus‘finding y, and
finally back substituting in (1) to get x. By this process
one would get

(1-a) " b (1-(c(1-a) " 'b+d)) " c(1-a) "e+e] (3)

-1

(1-(c(1-a) " 'b+d)) 'c(1-a) 'e (4)

X

y

In regular algebra, one uses the rule R1 to eliminate
variables in exactly the same way. Thus if a,b,c are letters
and e is the empty word, one obtains as minimal solutions of

the above equations

X a*[b(ca*b+d)*ca*+el (3)'

y (ca*b+d)*ca* (4)"

(3)' and (4)' are identical to (3) and (4) if one replaces
the symbolism m* by (1-m)”', and assumes e=1.
In both linear algebra and regular algebra we may

express the equations (1) and (2) in matrix form, as

Y = AY+301
where
-
X a b
Y = , A =
Yy c d
-
e
and €g1 = is the first column of the unit
- 0
]
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matrix

(assume e=1 1in linear algebra).

The solutions are

Y

I
o
-
1
e
g

“"epy in linear algebra
and Y = A¥ey, in regular algebra

(more precisely this is the minimal solution).

This analogy between linear algebra and regular
algebra has surely been noticed by many others interested
in regular languages (for example, Aho and Ullman [1]), but
apart from a casual reference none has bothered to investigate
the analogy further. In Tlinear algebra quite significant
economies can be made in simplifying proofs and avoiding long,
involved formulae if one uses the so-called matrix methods
[211. These methods are based on the simple concept that
matrices have inverses which satisfy properties identical to
the inverses of real numbers. But in regular algebra one
can also talk meaningfully about the star A* of a matrix A,
and, moreover, it has the same properties as a* for a language
o (as well as others). In this chapter, our objective is to
investigate fully the analogy between Tlinear algebra and
regular algebra, and, in particular, to show how matrix methods
can equally be employed in regular algebra as well as in
linear algebra.

The impetus for this investigation was provided by

Carrée [6], who, in studying some path-finding problems,
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obtained product forms for A* which are entirely analogous

to the Gauss and Jordan product forms for (I-A)~1 in Tinear
algebra. Carré's paper, however, falls short of our
objective, as he also used the usual "school" methods for
deriving the product forms, and, at the time, did not realise

the possibility of using matrix methods directly.

1. Comparison Between Uniqueness of Solutions

Before proceeding to discuss algorithms for finding
A*, for a matrix A, it is worth observing the analogy between
the conditions for uniqueness of solution of equations in
linear algebra and regular algebra.

By R1, A* is a solution of the equation

Y = AY + E (1.1)
and, moreover, it is the unique solution if A is definite.
Now, in linear algebra, the equation

Y = AY + 1 (1.2)
has the unique solution Y=(I-A)"' if and only if I-A is
non-singular, or, if and only if T=AT=T=0.

Let us compare this with our definition of definite-
ness: AeMp(R) is definite iff TcAT=T=N. The analogy is
not quite complete, but this is soon rectified by Lemma 1.1
below. Note that in the proof we anticipate the proof of
the identity (2.1): AA* = A*A, but we assure the reader

that we are not arguing tautologously.
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Lemma 1.1 ( 3 T#N such that TcAT) « ( 9 T#N such that T=AT).
Proof <« s trivial. So Tet us assume o] T#N such that

T<AT.

Then TcAT=A*TcA*AT = AA*T (by 2.1).

But by A10, A*TAA*T,

Hence A*T = A(A*T),

i.e. T' = A*T = AT', and the lemma is proved.

It may also be possible to establish an analogue to
the determinant, det(B), of a real métrix B. Consider for
simplicity a 2x2 matrix

a1y ai,

dz21 d22

In regular algebra, the condition of non-definiteness of A
reduces to two conditions (cf. Appendix A).

Either (a) a;i2e or (b) aj,+ta;a¥,a,.>2e

Now suppose A is a real matrix, and consider B=I-A.

det(B) = (1-a;;) (1-a22) - @aziai12

(1-a11) |[1-az22-a2;° L *a
- 11 [ 22 21 '1__3: 12}
Replacing (1-m)~' by m*, we get:

ali (az2 + aZIaTIalz)* det(B) = 1
Superficially, det(B) = 0 if and only if either
(a)' dij1 = 1

or (b)' dop + azla§1alz = 1



31.

Of course, as anyone can see, this is not true and the
analogy between (a), (b) and (a)', (b)' has been fiddled.
Nevertheless, one cannot dispute that there is a similarity
and one which is quite interesting to observe.

The condition for definiteness takes various
concrete forms under different interpretations of a regular
algebra. For instance, as we saw in Chapter I §2.2.3, for
matrices whose entries are regular languages, non-definiteness
corresponds to the empty word property defined by Salomaa.

For further discussion of this see section 5 of [2].

2. Some Regular Tautologies and their Analogues

Rather surprisingly, with A* replacing (I-A)'l,

much of the theory of real matrices also holds in regular
algebra. In this section we shall establish a few simple
regular tautologies, all of which have analogues in linear
algebra, and which are sufficient to enable us to obtain
analogues in regular algebra of all the direct methods of
solving linear equations and inverting matrices., The
tautologies are listed below, together with their proofs,

following which we give their analogues in linear algebra.

Tautology (2.1): A*A = AA*

Proof A(A*A + E) + E AA*A + A + E

(AA* + E)A + E

A*A + E, by A10'.
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Thus by RI1, A*A + E > A*

hence, A(A*A + E) o AA*

therefore, (AA* + E)A o AA*

so, by A10', A*A 2  AA* (2.1.1)
But, by Al0', AAR* = A + A(AA¥*)

hence, by R1, AA* > A*A , (2.1.2)
From (2.1.1) and (2.1.2), A*A = AA* .,

Tautology (2.2): A(BAY* = (AB)*A

Proof Let X = A(BA)*, Y = (AB)*A, and P = (BA)*., Then
by A10' P = E + BAP
hence X = AP = A + ABAP
= A + ABX .
Therefore, by R1, X o> (AB)*A =Y . (2.2.1)
Also, since Y = (AB)*A ,
Y = (E + AB(AB)*)A

= A + AB(AB)*A = A + ABY
Hence, BY = BA + BA(BY) .
Therefore, by R1, BY o (BA)*BA
= BA(BA)* ’ by 2.1.
So Y = A + ABY gives Y o A + ABA(BA¥*)
= A(E + BA(BA)*)

= A(BA)* = X . (2.2.2)
From (2.2.1) and 2.2.2), X = Y.
Tautology (2.3): (AR + B)* = A*(BA*)*

Proof Let X = (A + B)* and Y = A*(BA*)*.
Now E+ (A + B)Y

E + AA*(BA*)* + BA*(BA*)*

(BA*)* + AA* (BA*)*

A*(BA*)* = Y,
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Hence, by RIT, Y o (A + B)* = X, (2.3.1)
Also, by Al10', X = E + (A + B)X,
so X = AX + (E + BX),
hence, by RT1, X = A*(E + BX)
= A*BX + A* .,
Now X o A*BX + A* == X o (A*B)*A* , (2.3.2)
From (2.3.1) and (2.3.2), X = Y.
Tautology (2.4): (A + B)* = (A*B)*A*

Proof This is immediate from (2.2) and (2.3).
Tautology (2.5): (ABY* = E + A(BA)*B

Proof This is immediate from A10' and (2.2).

The identities (2.1) - (2.5) all have analogues in

linear algebra, which are the following:

(2.1a) (I-A)"*A = A(I-A)"?

(2.2a) A(I-BA)™* = (I-AB)™'A

(2.3a) : (I-(A+B))™" = (I-A)7'LI-B(I-A)"'17"
(2.4a) (I-(A+B))™' = [I-(I-A)"'BI17'(1-A)"!
(2.5a) (I-AB)™* = I+ A(I-BA)™'B

The identities (2.3) and (2.4) will find great
prominence in the following sections, because they will enable
us to express any closure matrix as a product of elementary
transformation matrices. In regular algebra these identities
are weilknown, indeed they are often l1isted as axioms

(e.g. Conway [131).
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3. Product Forms for Closure Matrices

In this section we shall use the tautologies 2.3
- 2.5 to derive product forms for the closure A* of a pxp
matrix A, analogous to the Jordan product forms and
triangular factor representations of inverse matrices in
Tinear algebra. These product forms yield algorithms
analogous to the direct methods of linear algebra, for
calculating the minimal solution Y = A*B of a set of
equations of the form Y = AY + B.

In this Chapter, the typical elements of a matrix M
and its closure M* will be denoted by mij and m?i

and the closure of an element m,. of M will be denoted by

1J
th .th

row and the j column will be denoted by

respectively,

(mij)*‘ The i

m. and m_. respectively.

—io 0J

3.1 Row and Column Matrices

Our techniques for deriving product forms are based
on the following simple idea: Given a matrix A = A(O), we
can split A(O) into two matrices C(]) and S(]), and using
(2.4), write ax = a(0)e _ M) 4 s(ywe o (cMug(T)yuc (1)
= A(])*C(])*, say. In doing so, thg problem of determining
the closure of A(O) is turned into the problem of finding the
closure of two matrices A(]) and C(]). OQur strategy is to
choose C(]) and S(]) such that

(a) the closure of C(]) can be immediately

calculated and

(b) A1) has a “simpler" form than al0),
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We can repeat the process for A(]), reducing the prbb]em
of finding A(])* to that of finding C(z)* and A(Z)* and so
on. The process is terminated when, after p steps, A(p) is
of such a form that its closure A(p)* can also be immediately
calculated. Using alternative methods of splitting, combined
with different identities of regular algebra, we can derive
different product forms for A*,

The requirement (a) above is achjeved if we choose
the matrices C(k) always to be column matrices, that is

matrices of the form

which are non-null in one column only (in this case the kth
column).
C(k)* is found either by inspecting its graph (see

the following figures)

Fig. 1(a) - Graph of c(K)
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Figure 1(b) - Graph of c(K)x

or algebraically as follows:

We express C(k) as
c(k) = Sorfko

Then C(k)* B (Sokgko)*

which, by 2.5,

L otk

E + cor(Bkolok) *Bko

. E + Eok(ckk)*gko . (3.1)
Thus C(k)* differs from the unit matrix only in its kth
column,

Similarly the star of a row matrix

( _
R = &k ko

which is non-null in the kth row only is
k
REDe =B e (ngd*ny - (3-2)
We shall now show how (3.1) and (3.2) are exploited

to derive the standard elimination methods of linear algebra.
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3.2 The Jordan Product Forms

(i) Column Decomposition

To obtain a product form for A*, we first set A(0)=A

and express A(O) in terms of its column vectors:

0 4 0 :
S 5o Eéi)gjo ' (3.3)
Then we express A(O) as the matrix sum
al0) (1), (D)
where C(]) = ié?) €10 and S(]) = jgzgé?)gjo . (3.4)
Hence, from (2.4),
A@s o ¢ p sMye o AN

(3.5)
where  ACT) o c(T)sg(T)

Now since the first column of S(]) is null, the first column

of A(]) is null also, so A(]) can in turn be expressed as the

sum
A1) L (2, <(2)
(2) _ L) (2) . F L.
where C = ago’'e,, and S = jzsgoj (P (3.6)
and applying 2.4 again,
AMe = (@) 4 (@ o a(2)ac(2)s
where al2) o c(2)sg(2) (3.7)
Continuing in a similar manner, setting
(k) . ,(k=1) (k) - § a(k=T)
¢ = A5k 8kor O = 280 Ejo .
. J=k+] (3.8)
alk) o cRlas(K) (21,2, .p)
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we obtain
alk=Thw o alkdac(kde e g2, 00 5 (3.9)

Now A(p) is null, so A(p)* = E. Therefore 3.9 gives

a* = cPle (=T o c(Ms (3.10)

(i) Row Decomposition

The product form (3.10) was derived by repeated
application of the relation (2.4), (P+Q)* = (P*Q)*P*, to
column decompositions. Alternatively, it is possible to
apply (2.3), (P+Q)* =‘P*(QP*)*, to row decompositions:
Corresponding to (3.8) - (3.10), if we set

UV = eaps™, Tl 1gk+]ﬁoii$§-]) ’
and
alkl o ekl 2y 2,000 (3.11)
then
alk=Dw o pKdep(Rde 0 2 1,2,...p) (3.12)
hence
ar = RDap(2)e | p(P)s (3.13)

We describe (3.10) and (3.13) as the Jordan product

forms for A*,
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3.3 The Gauss Product Form

In order to derive a product form analogous to
the Gauss product form it is sufficient to apply the row
and column decomposition methods, defined above, alternately
to the successive matrices A(k).

We again consider a pxp matrix A(O), to which we

first apply the row decomposition

A(0) (1), (1)
where R(]) = go]g§g) and T(]) = igzgoiggg) (3.14)
Whence
a0 o R 4 1My o g(Dag()s
where
s o (e (3.15)

We note that since the first row of T(]) is null, tHe first
row of S(]) is null also. We now perform the column

decomposition

s( = (1) 4 a(M)
where
¢ = sMe  ana Al . jgzié})ﬁjo' (3.16)
Whence
st = e 4 aMys o (cManMyae(Mu (3,97

Here both the first column and the first row of A(1) are
null; and since only the first column of C(1) is non-null,
in (3.17) we have ¢(T)xal1) (£ 4 c(Dac(1)ya (1) o 4(1)
Therefore (3.17) simplifies to

s(Ma - AlM)ae()s (3.18)
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so (3.15) gives

Continuing in a similar fashion, setting
(k) (k=1) (k) _ P (k=1) (k) _ c(k)p(k)
R = ZokZko > T - ._Z £o0ilio > S = TURTEOE
i=k+1
k) _ (k) (k) o
C( = S e s A = T s_.e.
=ok =ko j=k+1_°J_J° (3.20)
we obtain
alk)e o plk#1)y p(ka1) o o (ke), (3.21)

(k = 1,2,...p)
At the pth stage A(p) and C(p) are null, so (3.21) gives

LA* C R (2% p(0)e (-1 c(p2)w  ((1)4

(3.22)

This decomposition process is illustrated in Figure 2, which
shows the disposition of the non-null elements of the

successive R(k), C(k) and A(k) matrices.

2 (1)

NOIRG

Fig. 2 Triangular Decomposition
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4, Algorithms from the Product Forms

The product forms (3.10), (3.13) and (3.22)
immediately yield algorithms for computing the minimal
solution Y=A*B of the equation Y=AY+B, These algorithms

are now presented in more detail.

4.1 Jordan Elimination Method

(k-1)

Firstly, we note that if we substitute C(k) = a5k ero

(from (3.8) into (3.1)), and then use the definition of
Atk) 5n (3.8), we get

- ] p
A= e vl el e ) ¢ x alk e )
J=
’ k-1 k-1 k-1) 15 o (k-1
) J=§+] Eéj D v afgh (g ™) aéj ))gjo . (4.1)

The non-null columns of A(k) can therefore be

obtained directly from those of A(k']), using
(k) _ S(k-T) (k=1) (k-1) (k-1)
3550 T 2 ook (A )T agg
for k<j<p (k = 1,2,...p-1) . (4.2)

To find A*B = ¢(P)x ¢(P=T)w c(T)up, we form
the sequence

0)

8(0) =g, (K)o c(Kup(k=T) (o Sy 5, ) . (4.3)

The final term gives the required solution: B(P) = A*B. we

note that from (4.1), the successive B(k) matrices are given

by

3(0) - g, k) o g(k-T) 4 o(kel) ( (k1)) 0y (KeT)

(k = 1,2,.0.5p) . (4.4)
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Hence. the solution can be obtained by performing p
successive transformations of A and B, the matrices A(k)
and B(k) at each stage being obtained from (4.1) and (4.4)
respectively. This method is analogous to the Jordan method
of solving Y=AY+B in linear algebra, with Y=A(k)Y+B(k)
(k = 1,2,...,p) being the equivalent system obtained after
the elimination of the kth Y- variable.

Note that once p transformations of the original
matrix A have been completed the contents of A have been

overwritten by C(]), C(z), ces s C(p). I.e. after p

transformations

This is very convenient if later one wishes to
calculate the solution of an equation Y=AY+B for a new
value of B since one need only compute the product
c(Ple ¢(P=1)x  ¢(V)xg ysing (4.4).

In linear algebra this is very often used to
advantage. The matrix (4.5) is referred to by Tewarson [42]

as the product form of the inverse or PFI.

When it is required to find A¥=A*A the equations

(4.2) and (4.4) take on a rather simpler form. Substituting

B(O)=A into (4.4) we note that the final p-k columns of B(k)

k)-

are identical to the final p-k columns of A( Moreover,

since the first k columns of A(k) are null we can store A(k)

and B(k) in the same matrix. Thus to calculate A+ the above
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method reduces to the rather simpler form A+=A(p), where

A0 L, alK) L alkem) G LkeT) o (keT)y e (KoT)

(k = 1,2,...,p) . (4.6)
This method has been rediscovered by many authors.
On the two-element Boolean algebra it is commonly known as
Warshall's algorithm [43], for finding shortest paths it is
often attributed to Floyd [191].

4.1.1 Triangular Matrices

For triangular matrices the relations (3.8) - (3.10)
and (3.11) - (3.13) defining the Jordan product forms can
be greatly simplified. Specifically, in applying the column
decomposition method to a lower triangular matrix L, we have
in (3.8) C(k)* S(k) = S(k) and hence

O A (T

j=k+1_°j =jo, = 1,2,00.5p-1) (4.7)

which is simply the original matrix L with its first k
columns nullified. Thus C(k) is formed directly from the
kth column of L, and from (3.8) and (3.9) we have
L* = C(p)* C(p_])*...C(])* (4.8)
k
where  c(K)x B w2 (0 0% e (ko= 1,2,.0.,p)

Similarly for an upper triangular matrix U, (3.11) - (3.13)
give

u* = R(])*R(z)*...R(p)* (4.9)

(K)sx . _
where  RY/* = B+ e (U )*u . (k=1,2,...,p)
To obtain the solution Y=L*B of a lower triangular
system Y=LY+B, (4.4) and (4.8) give the familiar forward

substitution method

p(0) - 3

K k-1 er (k=1
. LI P CAML T (4.10)

(k = 1,2,...,p)
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which does not involve any modifications of L. For an
upper triangular system Y=UY+B, (4.9) enables us to express
the minimal solution as

uxg = R{T)x p(2)w | p(P)sp (4.11)
which leads to the back-substitution method

B(O) = B, B(k) = R(p'k+])* B(k_])

(4.12)
(k = 1,2,...,p)
From (4.9), the B(k) matrices here are given by
plk) - glk-1) 20q (Ugq)* Ygo plk-1) (4.13)
where q = p-k+1; hence they have elements
r
bgg'l) for ifq
o) = ] b(k=1) « D (k-1) _ e
ij ¥ (uqq) r_Z__qUQrer' for i=q -
4.2 The Gaussian Elimination Method

To obtain a convenient method of calculating the
successive C(k), A(k) and R(k) matrices we first use (3.2)

in (3.20) to obtain:

(k) . (K)p(k)e o F (k=1) 5 (k=1)  (k=T) 4, (k=1)
S = TR =T 80i(Rig TR (A )M )
(4.15)
Therefore, from (3.20), the C(k) and A(k) matrices are
given by
(k) _ (k)
¢ = Sok ko
P k-1 k-1 k=1 -
- z e01(a1(k )+ agk )(aﬁk ))*aﬁt ]))Eko
i=k+1
= g e a(k'])(a k']))*e (4.16)
- ik kk =ko )
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and
(k) . 5 sk
' jeka170d S0
I D (alk )y (k1) (k1) (K=
Jek+1 i=k+] 01t ik kk ki ‘%50
; p (k=1) , (k) (k1)
T okl dekels goilaiy Tt k% )2 (4.17)

The matrix R(k) is already defined directly in terms of
Alk=1) by (3.20).

Since the non-null elements of R(1), R(z),...,R(k)
and C(]), C(z),...,C(k) and A(k) all occupy different

k) and C(k)

positions (see figure 2), all the R( matrices

can be computed and recorded simply by performing p-1
successive transformations of the original A- matrix. Writing
M(0)=A, we compute M(k) (k = 1,2,...,p-1), where the elements

of M(k) are obtained using successively

mSt RECIHERIE for ke<i<p; =k
(k) _ (k-T) (k) (k-1) .
mij = J m1J + mik mkj for k<i,j<p (4.18)
(k 1) otherwise.
13 '

On termination M(p-]) contains the non-null
elements of R(]),R(z),...,R(p) and C(]),C(z),...,c(p—]) in
their appropriate positions (see figure 3). In linear algebra
M(p-]) is considered an extremely useful form of the inverse,
particularly for sparse matrices and is referred to as the

elimination form of the inverse or EFI [42].
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k)

o (k)

Fig. 3

To complete the solution of the equation Y=AY+B
we need to calculate the product (3.22). It will be
observed that the R(k) matrices together form an upper
triangu]ar'matrix

:
v o= 3 r(K
k=1
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whose closure by (4.9) is
ur = RUDx  R(P)x (4.19)

and that the C(k) matrices form the strictly lower triangular

matrix

whose closure by (4.8) is

Lx = c(p=T)*clp=2)* ()™ (4.20)
Hence the minimal solution of Y = AY+B is

Y = A*B = U*L*B. (4.21)
The required solution can therefore be derived by applying
the forward substitution method (4.10) followed by the back
substitution method (4.14) which give in turn L*B and
Y = U*L*B. The above procedure is analogous to the Gauss

elimination method in linear algebra.

4.2.1 Calculating A*

To complete the calculation of A* we need to
calculate the product (3.22) which we can do in the order
A* = (R(])*(R(Z)*(...(R(p)*(C(p-])*(...(C(z)*C(1)*)...)
Note that (other than e elements on the diagonal) the non-null
elements of the accumulated product and the non-null elements
of the remaining factors do not intersect at any stage of the
product. Thus the product can be performed by transforming
MP=1) ¢ A% in 2p-2 steps, overwriting the contents of
MP=1) 4t each step.
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Accordingly, let
B(]) = M(p_])

then B(k), k = 2,3,... p-1, are obtained by applying the
forward substitution method (4.10):

(k-1) (k=-1) L(k-1) . .
bij + bik bkj Jj<k<i
bsg) - (4.22)
bgg'l) otherwise

Finally A* = B(2P-1) yhere BLK) for k = PsP+l,...,2p-1

are obtained by applying the back substitution method (4.14):

[

b%) i#q
SHEEI BUVRREC UM AN
bé§‘1) s (bé§'1))* r=§+]bé§—1) b£§-1)’ i=q. 29
\
where q = 2p-k. (4.23)

4.2.2 Calculation of Submatrices of A* - Aitken's Method

It is often necessary to find the intersection of each
row a¥. with each column ggj where ieV and jeW for some sub-
sets V and W of {1,2,...,p}.

To solve this problem we observe that any sxt
submatrix of A* can be expressed as

H = PA*Q (4.24)
where P is an sxp matrix composed of the s unit row vectors

corresponding to nodes ieV, and Q is a pxt matrix composed

of the t unit column vectors corresponding to nodes jeW.
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The expression (4.24) can be evaluated by a method

analogous to the Aitken method of linear algebra, which

can be very easily explained in graph-theoretic terms.
Consider the graph G = (X,A) of the matrix A and suppose

this graph is augmented to form a graph G® = (XuV uW’,A+{,+{,)

where V7 = {X7 ,X7 ,...,%X2 } and W = {x% ,...,x7 } are sets
13 12 1S J1 Jt

of “duplicates” of the nodes of V and W, and {; and {, are

sets of unit arcs joining nodes x; e V' to the corresponding
k

node X5 € V, and nodes Xj e W to the corresponding node
k k

x3 e W. This graph (illustrated in figure 4) has matrix
k

M(O) b12 Q
P bzz ¢23 . (4.25)
d31 ds2 das

1(0)

0) - a.

where M(
Applying the transformations (4.18) to this matrix
it is easily verified that after k steps

[y (k) by g (k)
p(k) ¢22 H(k)

¢31 ¢32 ¢33

(k)

where  p(K) pr(1)*  p(kK)*
(k) o k™ c1)%, (4.26)
and n(K) o F ()
i=17 00
Thus on termination,
HPY o paxg, (4.27)

Since a number of elements of the matrices ﬁ(k) are always
null we may dispense with them, and hence the algorithm

reduces to the following.
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Fig. 4
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Let
-~ (0) m(0) Q
M = (4.28)
P ¢
then we form ﬁ(k) (k = 1,2,...,p) where
[~ (k=1) ,~(k-1 : :
mgk ) (mlgk ))* for k<i<p+s, Jj=k
(k) o Jo(k-T) L 2(k) ~(k-T) ;
mss 1M +omsy My 5 for {k<15p+s (4.29)
k<j<p+t
mgg-]) otherwise

At the pth stage of this algorithm

ﬁ(p) _ M(p) Q(p)
p(P) H(P) |
where H(p) = PA*Q 1is the required submatrix of A%*,

The Gaussian elimination method was first described
by Carre [6,71, and is particularly important when handling
sparse matrices [8]. The method we have just described for
finding submatrices of A* first appeared in Backhouse and

Carré [2].

4.3 The Escalator Method

An alternative form of the formulae describing the
Gaussian elimination method gives rise to the escalator
method, which we describe briefly below.

Consider,once again, the first step in the
derivation of the Gauss product form (eqns. (3.14)-(3.19)).

Let us define the matrices A,,,A,,,A;; and A,, by
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Az, Az, T(])

Then, using (3.15), we get

r —_
b b 9
(1) _
AzlAfl A21A’1\‘1A12 + A22
L —

whence from (3.18) and (3.19),

Cia Ci2
A* =
Czi Caz
where
Cll = Af’lkl + AT1A12C22A21A?1
Ciz = Af1A1:Cs0 (4.31)
Cz1 = szAzlAfl
and
C22 = (A21A.{‘1A;2 + Azz)* .

These formulae applied recursively to a sequence of
matrices of orders pxp, (p=1)x(p-1),...,1%x1 yield a method
of calculating A* equivalent to Gaussian elimination.

Alternatively we can apply the formulae (4.31) to

find successively the star of a 1x1 matrix, a 2x2 matrix
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etc. as shown in figure 5. In this form the corresponding
shortest path algorithm is known as Dantzig's algorithm

[1417.

Finally, as with all our formulae, we are not con-
strained to split the matrix A into a row, a column and
the remainder in applying (4.31). Instead we could use
a "binary" splitting technique to split the matrix A
(roughly) into 4 equal sized matrices. Munro [32] has
applied this technique to triangular matrices in order to
take advantage of a recently introduced method of matrix

multiplication [411].

4.4 Woodbury's Formula

Our method of deriving product forms for closure
matrices, using (2.3)-(2.5), is based on the same principles
as a method discussed by Householder [26] for finding inverse
matrices in linear algebra, involving repeated use of the
formula:

(8 + URV)™! = 71 - g lyr 4y T Ty Tyl (4.32)

Indeed, by combining our relations (2.4) and (2.5) we obtain

the analogous formula:
(A + USYT)* = A% 4 A*U(SVTA*U)*SYTAx (4.33)
which can be verified as follows:

(A + USVT)* = (A*USVT)*A* (by (2.4))

(E + A*U(SVTA*U)*SVT)A*  (by (2.5))

A% + AXU(SVIA*U)*SVIA*,



11 matrix

2x2 matrix

3x3 matrix
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To demonstrate that (4.32) and (4.33) are analogous, we

1

replace the symbolism M* by (I-M)" " in (4.33) which gives

(1-A-USV' )™ = (I-A)"'+(1-A)"'uU(I-sV (1-A)"'u)~'sv' (1-A)7"
(4.34)
or
T -3 -1 -1 -1 T -1 -1 T =1
(T-A-USV')™Y = (I-A) ' +(I-A)"Tu(s™ =v (1-A)""u) "y (1-A)

(4.35)

If in (4.35) we set I-A = B, and S = -R, we immediately
obtain (4.32). It would have been possible to derive our
product forms from (4.33), but it is more convenient to apply
(2.3) - (2.5) separately.

As in linear algebra, the direct application of
(4.33) is not usually to be recommended as a practical method
of computing closure matrices, but it is sometimes useful for
finding the modification of a closure matrix A* which results
from a change of a single element of A. In particular, from
(4.33) the modification of A* caused by adding o to the

element aij of A is given by

(A +e ¥ = A% + a*.(ca%,)*sa* . (4.36)

o8 —01 ji —Jjo

oi " =jo
A concrete form of (4.36) has been derived from graph-
theoretic considerations by Murchland [33] and Rodionov [36]
who used it to calculate the changes in distances in a
transportation network when one of its arc lengths is reduced.
Note also that (4.32) forms the 'basis of "Kron's
method of tearing", which is sometimes found useful in linear

algebra for finding the inverse of matrices having particular

structural properties [42].



56.

4.5 A Comparison of Aitken and Jordan Elimination

In this section we shall compare the Jordan
elimination method ((4.3) and (4.4)) with Aitken's method
((4.29)) for finding particular submatrices of A*. The
relationship between the two methods has been extensively
studied by linear algebraists [42] and our contribution is
merely to translate an important theorem [42, Pp.97-100],
well-known to linear algebraists, into its appropriate form
in regular algebra.

Recall ((4.30)) that in Aitken's method we need to
store the non-null elements of a matrix ﬁ(kf (k = 1,2,0005P)

which consists of the matrix M(k)

bordered by the three
matrices P(k), Q(k) and H(k). We shall assume that a
relatively small number of elements of A* are required and
hence that the storage required by and the manipulations on
P(k), Q(k) and H(k) may be disregarded.

Similarly using Jordan elimination (§4.1) we assume
that the matrix B(k) may be disregarded. We therefore need
to investigate the relationship between the matrices

— -

J(,k) = C ]) C(z) « . C(k) A(k) (4.37)

57 e ; ;
; |

and M(k) (see figure 2) for k

1,2,004,5p-1.

Note that, for sparse matrices, the fill-in (i.e.
creation of new non-null entries) in the matrices J(k) usually
exceeds the number of non-null entries in CSk) (which is no

longer required) and thus the release of this storage is not
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normally exploited in 1inear algebra. A similar statement
applies to the matrix M(k).

In order to compare the storage requirements of

M(k) and J(k) it is technically simpler to compare the
matrices
- -
R{1)
R(2)s
mik)s (4.38)
SUR
c{?)
(k)=
Rg
k)* (k)
Cé ) AG
and
§
- 1 k k
S 1 R I St IR [ SR Y Y (4.39)

(For convenience in the above matrices we use the
notation C* (R*) to denote the non-null elements of the
closure of the column (row) matrix C (R) excluding the e's

on the diagonal.)
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Note that M(k)‘ (J(k)‘) has the same number of non-
null elements as M(k) (J(k)) because, other than e's on the
diagonal, R* (C*) has the same number of non-null elements
as R (C) for any row (column) matrix R (C).

The analogue in linear algebra of the following
lemma is given in [42,Pp97-1001].

Lemma 4.1 1f M{K)~ s given by (4.38) then

),0(2), k),
Ré ) Ré Ve, R0
J(k)’ = Cé1)*cé2)* '
(k)
C *
G
K
i Ad) |

Proof The Temma is very easily proved by induction on k.
In fact intuitively the result is obvious, since in Jordan
elimination one performs the back-substitution as soon as
possible, whereas in Gaussian elimination back-substitution
is delayed until all elimination steps have been completed.
For k=0 the result is immediate. If it is true

for k-1, then certainly M(k)fand J(k)’are equal below the
diagonal and in rows below row k, simply by comparing (4.2)
and (4.18). Indeed from (4.2) and (4.18), M(k),and J(k)(

differ only in those entries (i,Jj) where i<k and j>k.
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This is Where the matrix

B I R IO IR
| differs from Réz)*
L |
r KD«
G
Now in J(K)” these elements are given by (c.f. (4.2))
r
(ap K1)y i i=j=k
- (k (k=1 - (k-1 P .
aig ) - 4 (aké ))* akg ) if i=k, j>k
k-1 - (k=1 - (k-1 ~(k=1) .. . .
ai§ ) 4 ai£ ) (aké ))* ak§ ) if i<k, j>k.

But since, by the induction hypothesis,

- (k-1) k)

a3 [Ré ka for
and aggk_]) = [Ré])*...Rék-])*Jij for
it is clear by inspection of (4.40) that
a;§k) - [Ré])*...Rék-1)*]ij
g P T
= R R DK

(4.40)

i<k, jzk

Hence the lemma is also true for k, and so is true for all

1,...5pP.
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For comparable implementations of Jordan elimination
and Aitken's method the implications of Temma 4.1 must be
carefully considered. Essentially the lemma indicates that
Aitken's method will generally be better than Jordan
elimination both in time and space. It is better with respect
to storage because wherever the matrix J(k) is non-null then
so also is the corresponding element in M(k). It is better
with respect to time in that at each stage at least as many
- and + operations need to have been performed (either
explicitly or implicitly) using Jordan elimination as using

Aitken's method.

5. The Iterative Techniques

In many applications Theorem 12.4 holds. For such
applications one can use iterative techniques analogous to
those in linear algebra to solve the equation

Y = A'Y + B (5.1)
for semi-definite matrices A. Although such techniques are
not applicable to regular languages, and hence out of the
scope of this thesis, they are extremely important in many
practical applications and so worthy of a brief mention.

The simplest iterative technique is to set

v(0) - g (5.2)
and then perform successively the transformations

y(k) o oap(k=T) g,

1,2,... . (5.3)
Assuming A is semi-definite and Theorem I2.4 holds, this
process may be terminated after at most p steps giving

v(P) = axp (5.4)
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More generally, to solve the equation (5.1) we may
split the matrix A into two matrices C and D such that
A = C+D (5.5)
and with initial condition given by (5.2), iterate

successively the transformation

k) k) (k-1)

y(k) o oy (K) 4 py +B . (5.6)

Note that the minimal solution of (5.6),

y(k) = C*DY(k-])

+ C*B (5.7)
involves the closure matrix C*., It is advantageous to choose
C so that the calculation of Y(k) does not involve modifying
C. One such choice is when A is split into astrictly lower

triangular matrix L andan upper triangular matrix U. This ¢ives the method
v(0) = g

5.8
y(k) oy (k) gy (k=T) g (5-8)

which can be solved using the forward substitution method
(4.10) to find L*uy(K=1) + LB, |

The method (5.3) is analogous to Jacobi's method and
(5.8) is analogous to the Gauss-Seidel method in linear algebra,
as was first observed by Carre [6].

Yen [45] has described a method which consists
essentially of iterating the procedure

(2k+1) (2k+1) , y(2K)

Y = Uy
(5.9)
2k+2)

Y(2k+2) (2k+1)

= LY( + Y

for k = 0,1,... with initial approximation Y(o) = B. This

involves applying the back-substitution method (4.14) to find

2k+1) (2k) followed by applying the forward substitution

(2k+2)

v from Y

method (4.10) to find Y
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One can easily prove that

vi) = ru iRl y e (5.10)

2k 2k-2
and v(ZK) o ey (Z2) g (5.11)
Hence, as L*U* o> L*U+L*> A , it is clear by comparing
(5.11),(5.10) and (5.3) that

Ca v L e (512

Since method (5.3) converges after at most p iterations
if A is semi-definite we have
Lemma 5.1 If A is semi-definite and Theorem I2.4 holds,
methods (5.8) and (5.9) converge after at most p iterationsf.
We can strengthen thisblemma by saying that Yen's method
(method (5.9)) will always converge at least as quickly as, if
not more quickly than, method (5.8) which in turn converges at
least as quickly as, if not more quickly than, method (5.3).
In fact the number of iterations of Yen's method will always
be less than about half the number of iterations of method
(5.3) as the next lemma states.

Lemma 5.2 Suppose A* = E+A+. .. +AT

(i.e. method (5.3) converges
after at most m iterations), then Yen's method converges after
Lm/21+1 iterations.

Proof After k iterations of (5.9),

v = (Lrux) s

and after k 1iterations of (5.3)

) S (IR N S SRR L

T A single iteration of method (5.9) consists of calculating

(2k-1) (2k) (2k-2)

both Y and Y from Y .
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But A = L+ U,
. .
L* = E+L+L + ... + LP
. 2
and U* = E+ U+ U + ... + UP
Hence
(2({m/2]+ 1))
Ys5.9
Lm/2]+1
= {(E+L+...+LP) (E+U+...+UP)} B
(m) 2 3 m
2 Yo '3 = {E + (L+U) + (L+U) +...+ (L+U)"}B

( by comparing terms on both sides of the inequality).
Note that Yen's method may require much less than
half the number of iterations of methods (5.3) or (5.8) for
example if A=U is strictly upper triangular.
Finally we observe:
Lemma 5.3 The number of ¢ and + operations used by each of
the methods (5.3), (5.8) and (5.9) per iteration is the same
even when sparsity of A is exploited.
Proof Each of the elements of A is multiplied into once
per column of B, the methods differing only in the order in
which the multiplication is performed. Each such multiplication
which can lead to a modification of the (i,j)th element of Y
must be added to every other multiplication which can lead to
a modification of the same element of Y. Since there are
identical numbers of multiplications there are also identical
numbers of additions.

Corollary 5.4 Yen's method (method (5.9)) invariably uses

a number of operations less than or equal to the number of
operations of methods (5.3) and (5.8).
The comparison between Yen's method and methods (5.3)

and (5.8) was first observed by Carre [unpublished workl.
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6. A Brief Comparison of the Methods

The algorithms we have given in this chapter have,
as we have shown, a very wide range of applications. 1In
the previous paragraphs we have given comparisons of the
elimination methods and of the iterative methods, which are
independent of the input and of the application. To compare
the elimination methods with the iterative methods 1is however
a much more difficult task since the methods differ widely
in the manner in which they depend on both the input and the
application. The difficulties are also compounded because
we would need to compare the generally applicable methods we
have given with methods tailored to a particular application
(e.g. Dijkstra's [16]1 algorithm for finding shortest paths).
This is beyond the scope of this thesis, and so we shall
merely try to give a brief review of the literature on this
topic.

In practice the problem of finding a particular row
or column of a closure matrix should be considered separately
from the problem of finding the whole closure matrix. The
reason for this is that, in practice, the matrix A may be very
large but may also be very sparse (i.e. contain relatively few
non-null entries). The matrix A* will, however, usually be
quite full. In calculating particular rows or columns it is
therefore important to preserve sparsity as much as possible,
in ca]cu]éting A* this is just not possible.

The iterative techniques are particularly suited to

preserving storage space (when calculating particular rows or
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columns of A*) since they involve no modification of the
original matrix A. On the other hand the elimination methods
do incur an overhead on the storage space since the
elimination form of the inverse (§4.2) will usually contain
more non-null elements than the original matrix A. In the
experience of linear algebraists [5,37,42] the elimination
form of the inverse is often sparse also, and the overhead
manageable. Note, however, that in the worst-case the EFI
is full as figure 6 illustrates. (Indeed after eliminating
node 1, A(]) has no null elements.) This example should not
deter one from using elimination techniques since the
experience of many linear algebraists [5,37,42] indicates
that the worst-case analysis is of hinor importance. The
escalator method used with a bindry splitting technique is
not generally to be recommended for finding particular
elements of A* for large sparse matrices A since it involves
calculating the closure A* of a large submatrix A11’ and

11
A*  will usually be full. The technique is nevertheless

11

sometimes used by linear algebraists when the use of backing
store is essential [37J]. Here, however, Arl is not calculated
explicitly but its EFI is calculated and stored and (3.22) is
used wherever Afl is required.

Comparisons of closure algorithms that appear in the
literature are usually restricted to the "worst case". Such
analyses can only be used as an indicator of the bottlenecks

within an algorithm and should not be used as the sole measure

of the algorithm's efficiency. On a worst-case analysis Yen's
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Fig. 6
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jterative technique requires 3po - and + operations [27],
where p is the number of nodes of the graph and a is the
number of non-null elements. In the Jordan method the elimina-
tion process (4.2) requires §p3 » and + operations (in the
worst-case) and then completing the solution of Y=A.Y+B using
(4.4) requires an additional p? - and + operations per
column of B [21]. To find A* the algorithm given in §4.2.1
requires p3 « and + operations. Using Gauss's method the
elimination process (4.18) requires 1/3p3 . and + operations,
and once again completing the solution of Y=AY+B requires an
additional p2 « and + operations per column of B.

Considerable effort has recently been put into
trying to find algorithms to compute A* which are asymptotically
better in the worst-case than the above algorithms. For
Boolean matrices Munro [32] has given an algorithm which

2.81)

requires 0(p « and + operations, and for shortest paths

Hoffmann and Winograd [25] have given an algorithm which
requires O(pa) comparisons and O(ps/z) (approx.) real additions
and subtractions.

Worst-case analyses are, however, particularly
derogatory to the elimination methods. Figure 6 is an example
given by Johnson [27] to illustrate that Jordan's method is
a Q(pa) algorithm, If p is large the matrix of this graph is
large and sparse and so this would imply that the elimination

methods cannot exploit sparsity within a matrix. On the

other hand the elimination methods are usually recommended
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for solving large sparse sets of equations in Tinear algebra
£42] and many linear algebraists consider the worst-case
analyses to be of minor importance [5,37,42]. We have no
reason to suspect that their experience will not also apply
to path-finding problems.

Unfortunately other than worst-case analyses there is
very little in the literature comparing the algorithms. 1In
an interesting paper Fontan [20] has compared Yen's, Gauss's
and Dijkstra's algorithms for large rectangular grid networks
of various sizes with arc labels uniformly distributed within
the range [0,10]. These networks are sparse and are similar
to those commonly occurring in traffic flow problems. Fontan's
results indicated that for this type of network Dijkstra's
method took significantly longer than Yen's for large matrices.
Gauss's method took almost as long as Dijkstra's to find one
row of A*, most of the time being taken by the elimination
process, but if more than one row of A* was required Gaussian
elimination became rapidly more advantageous. These results
are in complete contradiction to a worst-case analysis, since
Dijkstra's algorithm is well-known to be 0(p2) and,
theoretically, should be superior to Yen's and Gauss's
methods. Recently Johnson [27] has presented a new method
of implementing Dijkstra's algorithm which is asymptotically
better than, for example, Yen's [44] implementation of
Dijkstra's algorithm. It remains to be seen whether Johnson's

method is better in practice than Yen's iterative technique,
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In addition Grassin and Minoux [23] have compared
Dantzig's method (the escalator method) and Floyd's algorithm
£19] (Jordan elimination) with a "new" algorithm for finding
shortest paths through Targe sparse symmetric networks. Their
new algorithm is a variation on Dantzig's algorithm which
exploits sparsity and some additional properties of symmetric
matrices. Their algorithm shows significant improvements but
it is not clear to what extent this is due to exploiting
sparsity and to what extent to exploiting symmetry.

Finally mention should be made of review articles
and books, The paper by Dreyfus [17] is an early review
of shortest-path algorithms, and an excellent recent review
of the iterative techniques and Dijkstra's algorithm is
given by Johnson [27]. Neither Johnson nor Dreyfus mention
the elimination methods. A very full discussion of the
elimination methods in the context of linear algebra can be

found in the book by Tewarson [42].

7. Conclusions

In this chapter we have demonstrated the very strong
connection between problems in linear algebra and various
path-finding problems, This relationship is important because
we can now draw upon the very considerable practical experience
of linear algebraists [5,37,42] in solving such problems,
Previously this analogy had been observed by Carre [6]1 and

others. OQur contribution has been to introduce an algebra
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which is applicable to both matrix operations as well as
operations on individual elements. This has enabled us to
justify the elimination methods in a new way which, we feel,
adds much greater depth to our understanding of these
algorithms. We have also given an algebraic characterisation
of the uniqueness of solution of equations which shows
unequivocably the relationship between e.g. negative cycles
in a distance matrix and singularity of a linear equation.

We have also been able to give a simple comparison of the two
major elimination methods (§4.5) not previously given elsewhere,
and have given simple, concise comparisons of the iterative
techniques (§5).

It is remarkable how much of the theory of real
matrices holds in regular algebra. However one should not
suppose that all concepts of linear algebra have analogues
in regular algebra. The notion of Tinear dependence in a
p-dimensional vector space is one such concept, and hence the
orthogonalisation methods of linear algebra cannot be used for
finding closure matrices. Nor should one suppose that all
regular tautologies have analogues in linear algebra. The
axiom A6 a=a+a is one example, and all other tautologies which
involve this axiom in their proof do not have analogues in
linear algebra, This has prompted the author to look for other
generally applicable closure algorithms which improve on the
elimination methods with respect to the star-height of the
resulting regular expressions., The explanation of "star-height"
and the results of this search are contained in the next two

chapters.
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ITI THE FACTOR MATRIX AND FACTOR GRAPH

1. Motivation - The Star-Height Problem

In this chapter and the next we present some new
results in the theory of factors of regular languages. The
term "factor", as we shall use it, was introduced by Conway
[13]1, and to him are due all the fundamental results of
“factor theory". Although we would hope that our results
will be of value in their own right as a contribution to
factor theory, our interest in this theory was motivated by
an interest in the "star-height problem"” of regqular languages.

Any regular language may be denoted by an unbounded
number of different regular expressions. Thus (a+b)* and
(a*b)*a* are two expressions denoting the same language (con-
sisting of the set of all strings of a's and b's). Different
expressions denoting the same language may of course differ
rather trivially, but often they are remarkably "unalike".
For example (b+a(aa*b)*b)* and (b+ab)*+(a+b)*b(b+ba)*b both
denote the same language, (see example 1 of this chapter), but
are quite different in form from each other. It is therefore
natural to seek some canonical expression denoting a partic-
ular Tanguage - wherein the "canonicality" of an expression
signifies that it is the "simplest" of all expressions which
denote that language. Little, if any, progress has been
made in finding a canonical form for regular languages, and
s0o, as an intermediate step, efforts have been directed
towards finding a way of assigning to each regular language
some measure of the "complexity" of the Tanguage.

As a measure of the complexity of a language,
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Eggan's [18] definition of "star-height" would appear to
be very reasonable and is generally accepted [9, 10, 11,
12, 15, 28, 29]1. To define this, one first defines the

star-height of a regular expression to be the maximum depth

of embedded starred terms in the expression. In our earlier
example (b+a(aa*b)*b)* has star-height 3 and

(b+ab)*+(a+b)*b(b+ba)*b has star-height 1. The star-height

of a reqular language 1is the minimum star-height of all

regular expressions which denote that language. The star-
height problem is then just the problem of finding the star-
height of any given regular language.

This problem was first posed in 1963 by Eggan, and
has been tackled by various authors [9, 10, 11, 12, 15, 28,
29]. But, in common with many mathematical problems which
are quite simply stated, its solution has not been forth-
coming and it would appear to be a very difficult problem.
In the next few paragraphs we have summarised those results
which we consider an essential part of the repertoire of
anyone who wishes to tackle this problem. We then continue
to discuss, quite briefly, other results on this problem
which have appeared, and indicate why these results led us
to feel that Conway's factor theory was pertinent to the

problem.

1.1 Previous Work

A concept which is fundamental to any study of the
star-height problem, is Eggan's [181 notion of the rank of
a transition graph. The rank is a measure of the loop com-

plexity of a graph, but it is also very closely related to
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the notion of star-height.

In order to define rank some additional terminology
is needed. A subgraph of a graph G is a graph GY determined
by a set Ye X of the nodes of G, having just those arcs
(x5, xj) of G between nodes x. and xj,\both of which are

i i
in Y. A subgraph is strongly connected if there is a path

from x, to x, for every ordered pair (x,, x,) of its nodes.
A section of a graph G is a strongly connected subgraph
that is not a proper subgraph of any strongly connected sub-
graph of G. A

The rank r(G) of a transition graph G is then

defined as follows:
(1) If G is not strongly connected then

a) 1if G has no strongly connected subgraph r(G)=0,

otherwise

b) r(G) is the maximum rank of all the sections

of G.

(i1) If G is strongly connected r(G) = n+l1 if and
only if
a) it does not have rank i for any i<n, and
*b) it has a node x whose deletion from G results

in a subgraph of rank n.

The above recursive definition of rank is not par-
ticularly enlightening; readers not familiar with the notion
should refer to McNaughton's paper [29], (from which the
above definitions were taken), for amore detailed discussion.

Now consider any recogniser (G,5,7) of the language
Q. If we use, for example, the escalator method to calcu-

late G* we obtain some regular expression a for Q. Re-
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ordering the nodes of G and reapplying the escalator
method to calculate G* will result in a different regular
expression B for Q which, moreover, will often have a
different star-height to that of a. Thus there will be
some optimal ordering of the nodes of G which, when using
the escalator method to calculate G*, will yield some
minimal star-height expression y for Q from the graph G.
The definition of the rank of the graph G 1is so contrived
that the star-height of y equals the rank of G. This is
expressed by Eggan's theorem [18] which is essentially the
following:

Eggan's Theorem

Consider the use of the escalator method to .calculate G*

from a given graph G. Then

(i) for a suitable ordering of the nodes of G the re-
sulting regular expressions for those entries

[G*]ij for which G is an all-admissible recogniser

have star-height equal to the rank of G. For
other entries (ones for which G 1is not an all-
admissible recogniser) the resulting regular ex-
pressions have star-height Tess than or equal to
the rank of G.

(i) For all other orderings of the nodes the resulting

regular expressions for entries [G*]i" for which

G is an all-admissible recogniser, have star-height

greater than or equal to the rank of G.
A converse to this result was also observed by

Eggan, namely that to every regular expression there natur-
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ally corresponds a graph G having rank equal to the star-
height of the expression. Thus one obtains the following
corollary:

Coro11§ry (18, 293 The star-height of a regular language
equals the smallest rank of all transition graphs which
recognise the Tanguage.

This corollary to Eggan's theorem immediately sug-
gests an approach ;o the problem of determining the star-
height of a regular language which is to find a method of
obtaining a graph of least rank which is a recogniser of
the language; it is this approach that almost all papers
on the star-height problem have adopted. (Note that in the
literature [29] the above corollary is usually referred to
as "Eggan's theorem" - for reasons which will emerge we
would 1ike to remove the emphasis from this corollary.)

The most significant contribution to the star-height
problem has been made in two papers by McNaughton [28,29].
In the first of the two, McNaughton studies languages whose
semi-group is a pure group. For this class of languages
McNaughton solved the star-height problem completely, al-
though his solution involved enumerating a possibly rather
large number of different graphs. However, for the subclass
of this class consisting of Tanguages for which the finite-
state machine has a unique terminal state, he showed that
the star-height of the language equals the rank of the
finite-state machine. In spite of this result any connection
between the structure of the semigroup of the language and

its star-height would seem to be very illusory.
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In order to establish his method McNaughton intro-
duced the idea of a pathwise homomorphism between two graphs,
and then proved a simple but fundamental theorem on the
ranks of the graphs. As we shall need this result in the
next chapter we state the theorem below.

Definition A pathwise homomorphism is defined as a mapping

v from the nodes and arcs of the transition graph G onto
the nodes and arcs of G°, such that y(x), for any node x
of G, is a node of G” and the following two conditions hold
between the arcs of G and G”:

(PH1): For each arc B of G labelled b and leading from
node x; to node x,, either y(B) is a node of G” and y(x1)
= y(x2) = y(B) or there is an arc y(B) in G” labelled b
and leading from y(x;) to yv(xz2).

(PH2): If w is a word taking node xi to node xz in G~
there are nodes x; and x, in G with y(x1) = xi and y(x2)
= x; such that w takes node x; to node x, in G.
McNaughton's theorem is the following:

McNaughton's Pathwise Homomorphism Theorem If there is a

pathwise homomorphism y from G onto G” then the rank of G~
is less than or equal to the rank of G.

Following McNaughton's work a number of papers were
written by Cohen [9,10,11] and by Cohen and Brzozowski [12].
Some of these papers were concerned with extending
McNaughton's work on pure group languages (to "reset-free"
and "permutation-free" languages and to languages with the
"finite intersection property"), the basic idea being to
apply a combination of McNaughton's pathwise homomorphism

theorem and the corollary to Eggan's theorem. Others pro-
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vided more empirical results on the star-height problem.

However, with the exception of Eggan's theorem and
McNaughton's pathwise homomorphism theorem, progress towards
solving the star-height problem has been rather slow and
fragmentary.

Our own first step in tackling the problem was as
follows: Eggan's work showed that one closure algorithm
(the escalator method) yielded regular expressions having
star-height characterised by the rank of the graph. Is it
possible that other closure algorithms yield regular ex-
pressions characterised by some other property of the graph
and possibly even offer an improvement over the escalator
method? In particular, do any of the elimination methods
of Chapter II (e.g. Jordan elimination) offer such an
improvement?

It is not long before one realises that this is not
so, and that the rank is indeed the appropriate character-
istic of a graph when applying any "elimination method".
This statement is made precise in Appendix B where we give
a general formulation of an "elimination method" and use
this to prove the following theorem.

Theorem B4 If an elimination method is used to find G*

for a graph G, then G* will contain regular expressions
having star-height at least equal to the rank of G.

We have observed, however, that the elimination
methods are all based on regular tautologies having ana-
loques in linear algebra, but that not all regular tauto-

logies have such analogues. This suggested two problems:
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a) Can we invent new closure algorithms which do not
have analogues in linear algebra? and
b) does the rank of a graph represent the "best" one
can do using these new algorithms, or can we do
better than the rank (i.e. obtain regqgular expres-
sions for the entries [G*]ij of star-height Tless
than the rank of G)?
The main stumbling block to this approach is problem
a), since it would appear extremely difficult to solve this
problem in full generality. (Otherwise, no doubt, such
algorithms would already have been published.) We were
therefore obliged to seek a new closure algorithm which
could be applied to particular classes of graphs, e.g.
finite-state machines, each graph in the class being somehow
naturally defined by a given language. Yet once again, for
graphs such as the finite-state machine or semigroup machine,
such algorithms seem impossible to find; thus we were
forced to look for other "naturally defined" graphs to which
such an algorithm could be applied. Cohen and Brzozowski
[12] introduced the notion of a "subset automaton" but the
difficulty in studying this class of graphs is that even for
very simple regular languages the size of the "subset auto-
maton" may be immense, thus precluding any empirical in-

vestigations.

1.2 The Relevance of Factor Theory

The class of graphs which we eventually decided to
study are called "factor graphs". The idea of studying

factor graphs came from reading McNaughton's paper [29] and
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the chapter in Conway's book [13] on factor theory. Let us

use Conway's terminology and call G.H.K a subfactorization of

a language Q if G.H.K < Q, and call H a factor of Q if there is
no H' = H such that G.H'.K < Q. (Thus H is in a sense maximal).
In his paper, McNaughton presented an extremely useful tech-
nique for establishing a Tower bound on the star-height of

a given language. The technique involves spotting partic-

ular regular languages and showing that in any recogniser

of Q these languages define nodes of the recogniser which

are connected by arcs having loop complexity at least equal

to the conjectured lower bound. Now, in general, subfactori-
zations of a language Q are mathematically unmanageable; but
Conway showed that factors are manageable and, moreover, exhibit
some remarkable properties. One such property particularly
relevant to our aims is that the factors are all the entries

in a matrix, denoted r51 and called the factor matrix, which

+ L )* of a constant + linear matrix.

max max
Thus the factors naturally define a transition graph, which

is the closure (C

is, moreover, a recogniser for Q.

The matrix Cmax + Lmax’ as it turns out, 1s not very
useful for our purposes, but it is a stepping stone to prov-
ing that there is a unique minimal constant + linear matrix

Gq, which we call the factor graph of Q, such that Ga

- [l

One of the main reasons for studying a problem Tlike
the star-height problem is the possible side-benefits that
one can gain on the way. In trying to attack the problem

using factor theory, we have been particularly on the Tookout
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for such benefits; but also we are expressing a belief

that a mathematical solution to the problem, which is not

an impracticable "enumerative" solution, does exist. Rather
disappointingly, the algorithm we shall present does not
always yield a minimal star-height expression for a given
regular language. Nevertheless we feel it is important as

a contribution to our understanding of factor theory and
because it offers a new approach to the problem, one which
may well be more successful than earlier approaches using
Eggan's theorem.

The presentation of the algorithm to determine Ga
occupies both this chapter and the next. This chapter is
devoted to the fundamental properties of factors (due to
Conway [131) and to introducing the factor graph, GQ’ of a
regular language Q and providing an algorithm to calculate
GQ’ In the next chapter we introduce the notion of separ-
ability of factors and exploit this notion to derive an
algorithm to calculate the closure Ga of the factor graph.
We also prove that the algorithm yields regular expressions
for Q of star-height less than or equal to the rank of
GQ’ and, as we demonstrate, in many cases strictly less than
the rank of GQ' Finally we discuss how the results could

be extended in a further attack on the star-height problem.

2. 2-classes, r-classes and c-classes

We shall assume that the reader is familiar with the
basic results on finite-state machines, to be found 1in
Rabin and Scott [35]1, and the method of derivatives due to

Brzozowski [37,
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The purpose of this section is merely to summarise
those results which we shall require later, and to define

the 2, r and c-classes of a regular language Q.

2.1 Machine, Anti-machine and Semigroup

Let Q < V* be any language. Qnaturally defines
three equivalence relations on V* - Qz’ Qr and QC - given
by:

xsz < (¥zeV*, zxeQ < zyeQ)

ery < (¥zeV*, xzeQ < yzeQ)
xQCy <« (Yu,veV*, uxveQ < uyveQ).

These are, of course, the usual left-invariant equivalence
relation, right-invariant equivalence relation and congruence
relation introduced by Rabin and Scott [35].

The fundamental theorem 1linking these relations to
regular languages is the following:

Theorem 2.1 A language QcV* is regular <« the relation

Q2 is of finite index < the relation Qr is of finite index
<> the relation QC is of finite index.

Definition Let Q be a regular language. By theorem 2.1,

each of the relations Qz’ Q. and QC partitions V* into a

r
finite number of equivalence classes. We shall call an
equivalence class modulo Q2 an r-class of Q, an equivalence
class modulo Qr an 2-class of Q and an equivalence class
modulo QC a c-class of Q.

Note the peculiar switch: an equivalence class

modulo Q, is an r-class of Q. The reason for this will

become evident later.
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We shall also write 2(x) for the 2-class containing
x, r(x) for the r-class containing x, and c(x) for the c-
class containing x.

Definition The machine of a ré&gular language Q is the

unique deterministic recogniser of Q having the least
number of nodes.

The anti-machine of Q 1is the machine of E, where

6 denotes the set of all words which are the reverse of
words in Q.

Nodes of the machine and anti-machine will usually
be called states.

The semigroup of Q@ 1is the quotient of the free semi-
group V* with respect to the congruence relation QC.

The machine and the %2-classes of Q, and the anti-
machine and the r-classes of Q are connected by the follow-

ing theorem.

Theorem 2.2 Let Q be a regular language. Let the states
of the machine for (¢ be {21, Cee s zn} and the states of
the anti-machine be {r1, cee s rm}. Suppose that 21 and r

are the start states of the respective machines and let xeV*.

Then we have:

(a) If x takes the start state 21 to state L of the
machine, then the 2-class containing x, 2(x), is the
set of all words which also take state 24 to state zi.

(b) If X takes the start state ry to state rj of the anti-
machine, then the r-class containing x, r(x), is the
set of the reverse of all words which take state ry to

state r..
J
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Corresponding to the semigroup we can always con-

struct a semigroup machine, whose states correspond to

elements c; of the semigroup, and where, for all acV,
there is an arc labelled a from state C; to Cj if

ci-c(a) = Cy- Let ¢, be the identity element of the
semigroup. MWe then have:

(c) If x takes the state 4 to state ¢, of the semigroup

t
machine, then the c-class containing x, c(x), is the

set of all words which also take state <y to state Cyi-

Corollary The 2, r and c-classes of Q are regular if Q
is regular.

Because of this theorem, we shall henceforth use the
symbols Q], 22, ... to denote states of a machine for a
regular language Q and also to denote the g2-classes of Q
to which they correspond. (And similarly of course with the

symbols Fis Tos - and C1s Coos v )

(2.2) Derivatives, Anti-derivatives and Contexts

Let us consider the relation Qr' We note that any
word xeV* partitions V* into two sets, denoted DXQ and mDXQ,

where

D,Q {ylxyeQ}
D, Q {y|xy¢Q}

DXQ is called the derivative of Q with respect to x.

1

We then have:
Lemma 2.3 X Qr y<ﬁ>DXQ = DyQ
This is the basis of the method of derivatives for

calculating the machine of a language Q [3].
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Similarly the relation Q2 leads one to define anti-
derivatives: The anti-derivative of Q with respect to x,
denoted qu is

d,0 = {ylxyely = {y|¥xeQ}

Lemma 2.4 x Q, < deQ = C1*jQ

Finally, the relation QC partitions the set V*xV*

into CXQ, the context of x 1in Q, and mCxQ where

€,Q = {(u,v) | uxv e Q}
Lemma 2.5 X QC y<e>CxQ = CyQ

The following observation, although rather elementary,

is quite important in the sequel.

Theorem 2.6 (a) The word derivatives DXQ of a language Q

are unions of r-classes of Q, where Dngr(y) if and only if
xy Q.

{b) The reverse of anti-derivatives of Q,
i.e. languages of the form 735@2 are unions of %-classes of
Q, where ?T§632(x) if and only if xyeQ.

(c) The contexts CXQ of a language Qare unions
of subsets of V*xV* of the form &xr, where £ is an g2-class

of Q and r is an r-class of Q, where C Q22(u)xr(v) if and

only if uxv eQ.

Proof Let Q be a language and let xe V*.

Then ¥y ¢ DXQ®xyeQ®§Ze ClyQ

But by lemma 2.4, (ij = (jy.Q for all y' such that y' Q, ¥.

y erQ<%>y'e DXQ for all y' such that y' Q2 y.

i.e. D.Q =  r(y), and part (a) is proved.
X
yeD,Q
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Part (b) is proved similarly.
Consider now CXQ. The pair (u,v) eCXQ~¢>uxv e Q
< ve DuxQ and ﬁecl;v Q.
But then, by an identical argument to that above, this implies
that u'xv' € Q for all u'e2(u) and v'er(v).
i.e. Q@ 2 2(u) xr(v).

Whence CXQ = z 2(u) xr(v), and we have proved (c).
(u,v)erQ

Note that although the displayed unions are over an
infinite set, the number of distinct terms is finite when
Q 1s regular, and so the unions themselves may be taken over

only a finite set of words.

3. The Fundamentals of Factor Theory

The following definitions are taken from Conway [131].

Definitions Let F, G, H, ... , K, Q denote arbitrary

languages (not necessarily reqular).

F.G...H...J3.K is a subfactorization of Q if and only if'

F.G...H...J.K < Q. (*)
F.G...H...J.K dominates it if it is also a subfactorization
of Q and FcF, Ge& ..., Ke K.
A term H is maximal if it cannot be increased without

violating the inequality (*).

A factorization of Q 1is a subfactorization in which every

term is maximal.
A factor of Q 1is any language which is a term in some
factorization of Q.

A left (right) factor is one which can be the leftmost

(rightmost) term in a factorization of Q.



86.

Next we state two lemmas, due to Conway, which are
quite fundamental to future results. The proofs are quite
simple and can be found in Conway's book [131].

Lemma 3.1 Any subfactorization of Q is dominated by
some factorization in which all terms originally maximal
remain unchanged.

Lemma 3.2 Any left factor is the left factor in some
2-term factorization. Any right factor is the right factor
in some 2-term factorization. Any factor is the central
term in some 3-term factorization. The condition that L.R
be a factorization of Q defines a (1-1) correspondence
between left and right factors of Q.

We shall now give a characterisation of the factors
of Q which gives some insight into their properties. Recall
(§2) that an 2-class of Q is a right-invariant equivalence
class, an r-class is a left-invariant equivalence class and

a c-class is a congruence class of Q.

Theorem 3.3 The left factors of any language Q are

either ¢ (the empty set) or are sums of 2-classes of Q.

The right factors of Q are either ¢ or are sums of r-classes
of Q and the factors are ¢ or are sums of c-classes of Q.
Corollary (Conway) A language Q 1is regular if and only

if it has a finite number of factors. The factors are
regular for regular Q.

Proof Let L be a left factor in the two term factoriz-
ation L.R ¢ Q of Q. If L # ¢, let xelL and consider any
ye?(x). Since L.Rc Q, R g DXQ = DyQ (by Lemma 2.3).
Therefore y.R ¢ Q, and so, since L is maximal, yeL. Hence

L > 2(x), and L =  2(x), i.e. L is a sum of g-classes
xel
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of Q. Similarly any non-empty right factor is a sum of
r-classes of Q.
If H is any factor of Q it is the central term in

a factorization LHR ¢ Q (lemma 3.2). If H # ¢, let xeH.

Then the set €. Q = {(u,v)uxveQ} 2 LxR = {(u,v)| ueL,veR}.
But if yec(x), CyQ = CXQ o> LxR. Thus, as above, yeH and
H = I ¢(x).

XeH

The corollary follows from the corollary to Theorem
2.2.

The above characterisation of the factors of Q is
different to Conway's. The advantage will be seen later when
we consider the problem of calculating the factors of Q.

From now on, unless otherwise stated, we shall only

consider the case when Q 1is regular.

4, The Factor Matrix

Following Conway, let us index the left and right

L and R R R wherein

2’ « . [ q -I, 2, a a e ’ q
corresponding factors (see lemma 3.2) are given the same

factors as L], L

index. We now define Qij (1<i,j<q) by the condition that
LiQinj is a subfactorization of Q 1in which Qij is maximal.
(It is important to note that LiQinj may not be a factor-
ization of Q). We note that, by lemmas 3.1 and 3.2, H is
a factor of Q if and only if it is some Qij' Thus the
factors of Q are organised into a gxq matrix which is

called the factor matrix of Q and is denoted [T].

Various properties of the factor matrix may be

observed, some of which are summarised below.
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Theorem 4.1

(i) H is a factor of Q & H is some entry Qij in the
factor matrix rﬁ].

(T1) 0y ij < b
and Qij'Rj < Ri' Thus Qij is a right factor of Lj
and a left factor of Ri‘

is maximal in the subfactorizations Li-Q c L

(i11) 3 unique indices s and t such that Q = L, = R_ = Q.

t
Li = Qg and Ry = Q4¢
(iv) 1Qf = [Q[*.
(v) If A1-A2 “e Am < Qij is a subfactorization of Qij’

then a indices Kys koo wvv 5 k such that

m-1

A, < Q. ALc Qo s vor s A c O, .
1 1k1’ 2 k1k2 A Km-1d

Proof Although the proofs of all parts of this theorem
can be found in Conway's book, the proof technique is so
fundamental that it is worth repeating.

The proof of (i) is contained in the preamble to the
theorem.

To prove (ii), we observe that the subfactorization

(Lioij)'Rj c Q is dominated by Lj'Rj c Q. Therefore
L1°Qij < Lj is a subfactorization of Lj in which Qij must
be maximal. Similarly Qij'Rj < Ri is a subfactorization

of Ri in which Qij is maximal. The rest follows from lemmas
3.1 and 3.2.

The indices s and t in part (iii) are chosen by
the condition that Lt-Rt c Q dominates the subfactorization
Q-e
e-Q

N

Q, and LS-Rs < Q dominates the subfactorization

In

Q. Then, by definition, Lt 2 Q; but also

> L,ee = Lt‘ Therefore Lt = Q. Similarly
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RS = Q. The index s (t) is then unique, because all the
left (right) factors are distinct. To prove that QSt = Q,

we note that QSt is maximal in LS-QSt-Rt c Q implies that

it is also maximal in.the subfactorization LS-QSt c Lt' But
Lt = Q, and RS is maximal in LS-RS c Q. Therefore QSt = RS

= Q. Now LS-Q < Q and Li'Ri c Q are both factorizations

of Q; SO0 Ls°L1'Ri c Q 1is a subfactorization of Q in which

L. and Ri are maximal. Therefore, by definition of Q

1 si?

L, = Qgy- Similarly, Ry = Q..

Part (iv) can now be proved quite simply. We observe
(a) Q
(b) Q'IJ 2

because, by (ii), L, 2 LsQ;, s and R, = ij-Rj. Therefore

;i 2 e (Since Ly*R, = L.ce*R, = Q). and

Qik'ij’ for all k =1, 2, ... , gq. This follows

Li'(Qikaj)'Rj < Lk-Rk < Q. So, by definition, Qij > Qik°ij.

In matrix terms (a) and (b) are

()" fal 2 €, (b)' [Q] 2 [ai-[al.

Therefore Q] = E+{Q]-]q]

v

V)

Q], and so by R1, [Q] = [Q]*.
But fol* = |Q]. Therefore [Q] = [Q]*.

We shall prove (v) for the case m = 2; for m > 2 the

result follows by simple induction. Suppose then that

A-B c Qij' Then (LiA)-(BRj) c Q 1is a subfactorization of
Q and so must be dominated by some factorization L -Rk < Q.
ik

I.e. Lk 2 Li-A and R, » B-Rj. But then, by (ii), A ¢ Q

k
and B ¢ ij.

4.1 1is an extremely interesting and powerful
theorem, from which most results on factors can be deduced

immediately. Particularly useful is 4.1 (iv), which we shall

often apply in its alternative form (a) Qii > e and (b)

Q35 = . Qi Qs
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Part (iii) tells us that the s th column of ﬁ;
contains all the left factors and the tth row all the
right factors, and the intersection of this row and column
is the language Q itself. This and (iv), ra] = ra]*,
suggest very strongly that there is some recogniser of Q,
(G,{s},{t}), consisting of a graph G with start node s and
terminal node t, such that Li is the set of all words taking
node s to node i, and Rj is the set of all words taking
node j to node t. In fact there is often more than one
such G, but we shall show that there is a unique minimal
one.

Note, also, that (iii) does not imply that Q only
occurs once in its factor matrix. For instance,

Q = (11)* has factor matrix [Q] = [(11)*  (11)*1
(11)*1  (11)*

in which Q occurs twice. (We mention this because there is

a misprint in Conway's book [13,p 491, in which Conway says

"The theorem does prevent Q from occurring twice in its

matrix ...". This should, of course, read "does not prevent").
As we shall see, the combination of Theorems 3.3 and

4.1 (ii) is sufficient to enable one to calculate [Q].

Various "brute force" methods can be used, but the method

we give appears to be the most straightforward and easiest

to apply.

5. The Factor Graph

Our objective in this section is to find a method
of determining the factor matrix of a regular language Q.

We shall prove that there is a unique minimal matrix GQ such
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that [Q] = 63 .Gy is a constant + Tinear matrix and so

is called the factor graph of Q.

The proof technique we use may seem rather round-
about, and so it is worth while explaining the difficulty.
Consider any element A of a regular algebra r. We shall

call any X such that X* = A* a starth root of A*,

Our aim is to prove that there is a unique minimal starth
root of [Q]. In a free regular algebra it is quite easy to
prove that there is always a unique minimal starth root of
any element a* in the algebra (see Brzozowski [41). The
proof, however, relies on length considerations and does not

apply to all regular algebras. Indeed it is not generally

true. Consider the matrix M = [e e e
e e e
e e e
This matrix has starth roots A] = [¢ e ¢] and
¢ ¢ e
(e ¢ &
Ao = |9 ¢ e , which are
e ¢ ¢ both minimal.
6 e ¢

Thus there is no unique minimal starth root of M.

In order to prove that [Q] nevertheless does have a
unique minimal starth root we first prove that [Q] has a
starth root which is a constant + linear matrix, and then
that this matrix can be reduced to one which is minimal.
Lemma 5.1 - unique maximal constant and Tinear matrices
C and L such that [Q] =2 (C + L

*
maXx max max max) :

Proof Define Chax and L to be the unique maximal

max
constant and linear matrices (respectively) such that
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Chax and Q] 2L . Then [Q] 2 C . + Lnax and, as
[QT*s Tol 2 (Cpay * Lpay)*-

We shall now prove that the inequality in the above

V)

<] A

lemma can be changed to an equality.

Theorem 5.2 (Conway) Let Cmax and Lmax be the unique

maximal constant and linear matrices of lemma 5.1 such that

[Q] 2 (Chax * Lmax) ™ Then [Q] = (Co o+ Lo 0%,

Proof Suppose x € Q... If x = e then (a) xe [C ..,
—_— 1] max 1]

since Cmax is maximal. Otherwise (b) x = a) 35 ... 2 is

a word of length m = 1, in which each ap is a letter. But

then applying Theorem 4.1(v), = integers k1, k2, .. 5 k
such that a; € Qikl’ a, € lekz’ cee s B E ka_1j' But

max]klkz’ P2 am e [L

But (a) and (b) imply

then a1 £ [Lmax

*
I.e. x ¢ [Lmax'Lmax]ij'

ra] < Cmax + Lmax'L;ax . But, using lemma 5.1,

[Q] ¢ C ooy ¥ Loax - Liax € (Coax * Lmax)® € [Q. Hence the

theorem.

Tig,» 3, & [L

We have already mentioned that in a free regular
algebra RF any event A* has a unique minimal starth root.
This is given by (AVE)\(A\E)?*™, where E is the unit element
of Res \ denotes set difference and x°** denotes
x2+x¥+x"+... . In the algebra Mp(RF)’ of pxp matrices over
the free regular algebra Rps the most we can say is that if
(A\E)\(A\E)2+* is a starth root then A* does have a unique
minimal starth root which is given by the above expression.
More formally:

Theorem 5.3 Let A be an element of Mp(RF) where Rp is

a free regular algebra. Let Mp(RF) have unit element E.
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Let [B\C]ij = [bij\cij] where \ denotes set difference.
If A* = {(A\E)N(A\E)?T™}1* then (A\E)\(A\E)**™ is the unique

minimal starth root of A*.

2+

. Proof Let X = (A\E)\(A\E) By assumption X is a

starth root of A*, Suppose Y is also a starth root. We
must show that XcY.

Suppose W e Xij‘
Clearly w e Y?j = [(Y\E)*]ij’ because Y 1is a starth root

of A* and A*>X. Hence w £ [(Y\E)"] for some n where,

1J
by definition of X, n = 1.

Now Y ¢ A* = (A\E)*.
Hence  Y\E ¢ (M\E)¥

c [((AME)")"1,

we [(Y\E)™] i

iJ
2 4%

L (ANE)\ (A\E) 1

But W e Xij

iJ
= n =]
I.e. X cY and the theorem is proved.

Considering the matrix M mentioned at the beginning

of this section, we find that
¢ ¢ ¢
(MENN(ME)® ™ = |6 ¢ ¢

¢ ¢ ¢

This is clearly not a starth root of M.

e note however that M has e-cycles which pass
through more than one node. This cannot be true of the
factor matrix as the next lemma states. This observation
together with theorems 5.2 and 5.3 enable us to proceed to

the proof of our main theorem.



Lemma 5.4 CmaX\E is acyclic.
Proof = Suppose CmaX\E is cyclic. Then there must be two
distinct nodes i and j such that [C ] = e = [C 1

max-ij max-ji:®
Now consider the matrix [Q]. It will help if the reader

refers to the figure below, which shows part of the matrix
[Q]. The nodes labelled s and t are the nodes mentioned

in Theorem 4.1.

We have indicated by labelled arrows that
Qi = Ly» Qi = Ry
Qsj = Lj and th = Rj.
Since [Q] = Chax> Qi3 2 & and Q4 2 e.
This has also been indicated. We shall now prove that

Ly = Lj and Ri = Rj‘

We have [Q] = [Q]*, (4.1(v)), and [Q] 2 Chax® DY

Theorem 5.2.

Therefore [Q]

[Ql-[aQl = [Ql-c .-

Hence Qsi ) Qsj-[CmaX] = Q

Ji N
and Qg5 2 Qg Lopax iy = Qg
Therefore Qsi = Qsj i.e. Li = Lj.

Similarly, using [Q] 2 Cmax-rﬁ], we get Ry = Rj.

But then nodes i and J cannot be distinct and we have a
contradiction. Therefore the initial assumption is incorrect

and CmaX\E must be acyclic.
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Corollary 5.5 Let [Q] be a gqxq matrix. Then (C \E)p =N

ma x
for all p=q.

Finally we come to the main theorem of this chapter,

Theorem 5.6 Let Q be a regular Tanguage, and Tet Cmax

and Lmax be as defined in Theorem 5.2. Then there is a

unique minimal matrix GQ such that G6 = [Q], given by

2+%
GQ = ({(Cpax * Lpax)\EN ({(Chax * Lpax)\E) .

triple (Gq,{s},{t}) (where s and t are given by Theorem

Moreover the

4.1 (iii)) 1is a recogniser for Q.
GQ is a constant + Tinear matrix and so its graph

will be called the factor graph of Q.

Proof Using Theorem 5.3, we need only prove that

56 = [Q] where GQ = ({(Chax * bmax) VEN((Crax t Lnax)\E

In turn this only requires proving that G6 > (C +L J\E,

2 4%
) .

max max
since then GF = (8%)* 2 (Cp,, +Lp,,)* = [Q], by Theorem 5.2.

ma x
Let pl : W € [(Cmax'+Lmax)\E]1j
Then pe : w has length 0 or 1.
Suppose p3 @ w ¢ [Gajij.
Then pd @ w ¢ [6qdi
2+
and so p5 ¢ woe [((C . +L . I\E) *]ij
Hence - indices i= k,, k,s ... , km+1= j and words
Qys @5 -0e 5 A s.t. m=2, W = d18z...8,
and pl : a, e [(C +L J\E]
h ma x ma x khkh+1
and hence p2 : ap has length 0 or 1, for all h=1,...,m

Now for some h we must have

p3 : a, ¢ [GX]
h Q khkh+1

(otherwise weg [Gajij ).
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Hence for this h
pd : a, ¢ [G,]
h Qkpkp 4
and so, for this h

p5 : a, e [((C Lo NEYTTRT

+
maxXx max hh+1

Let this ap be v. v has the same properties as w
and so can in turn be expressed as the product of two or more

words b,b,...b where by the same argument one of the

n ?

bg's = u, Say, also has the same properties as w. In this

way we can express w as a product

w = Yo¥s5.0 Yy

of an unbounded number x of words Yeo where
ye e [(C + L J\E]

f ma X ma X P

for some nodes n,, But the product of two linear

’nx+1'
matrices is either null or non-linear. Therefore at most
\E)P §s

one y. has length one, and we conclude that (CmaX

non-null for all p. But this contradicts corollary 5.5.
Hence the initial assumption that property p3 holds for w

must be false. Hence G% > (C L \E, and by our earlier

Q_
argument Ga = [Q]. Finally, applying Theorem 5.3, GQ is

+ )
max = -max

the minimal starth root of [Q]. The, last part of the theorem

follows immediately from Theorem 4.1 (iii), Q = QSt = [Galst.

6. AN EXAMPLE

The previous results embody an algorithm for calcul-
ating [Q], which we shall develop with the aid of an example.

Essentially our aim is to calculate C L we could

+ 5
max maxXx

then use any one of the algorithms of chapter II to calculate
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[Q] from Gqs» using Q] = 66 and

INENN((Cpay * Lpay ) VE)

2+*, although the next

Gy = ((Chax * Lpax
chapter will develop a rather better algorithm to determine Ga

Example 1: Let Q = (b+a(aa*b)*b)*

6.1 Machine, Anti-machine and Semigroup

Theorem 3.3 suggests that we begin by calculating
the machine, anti-machine - and semigroup of Q. This we have

done, using standard methods, in Figures 1(a), (b) and (c).

===
- b

Fig. 1(a) Machine of Q.

Lo,
@{ a > b >'i> a+h

a

Fig. 1(b) Anti-machine of Q.
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Fig. 1(c) Semigroup of Q.

In these figures we have labelled the nodes of the
machine %,, &, and &,, but, as stated after the corollary
to theorem 2.2, we shall also use the symbols 2&,, 2,, &, to
denote the sets (b+a(aa*b)*b)* (=Q), Qa(aa*b)* and
Qa(aa*b)*aa*, respectively, these being the right-invariant
equivalence classes to which they correspond. Similarly r,

is used to label a node of the anti-machine, but also denotes

the set (ab)*, this being the set of the reverse of all words



99.

which take node r to itself in the anti-machine (=(ba)*)

6.2 Calculating the Derivatives etc.

In tables 1(a) and (b) we have used Theorem 2.6 to
determine the derivatives and anti-derivatives of Q as sums
of r-classes and sums of 2-classes of Q, respectively. Thus
in the first column of each table we have listed the %2- and
r-classes, and the third column shows the corresponding
derivative or (reverse of) anti-derivative as a union of

r-classes or 2-classes of (Q, as the case may be,

Node/ ReP:fﬁ:&;ﬁf]ve Derivative
2-class
%, e rotr,+r,
s a r,tr,
2, aa r,
Table 1(a) Machine.
Node/ Representative Reverse of
r-class element anti-derivative
r e 2,
rs b 2, 0+ %,
ry bb Ly + L, + 2,
r, a )

Table 1(b) Anti-machine.
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A very important point to note here is that, since

each %-, r- or c-class consists of words which are equivalent

with respect to some relation, the properties which follow

from the equivalences can be found by considering representative

elements of the equivalence classes only. In order to calcu-
late the derivatives of Q as sums of r-classes we have chosen
in column 2 of each table a representative element of each
equivalence class. The choice is quite arbitrary. Then we

- have used Theorem 2.6 (a) directly to determine the derivative.

For instance the class &, has representative a

and since a*e ¢ Q (e 1is the representative of r,),

and dead o Q (a | 1 : %q)ﬁ
but a-b € Q (b o . n ‘ 7 rz)s
and a<bb e Q  (bb — p— ry)s

the derivative corresponding to &, is r, +r,. Thus it is
quite unnecessary in these calculations to calculate regular
expressions represénting the various 2-, r- and c-classes.

A similar table, illustrating part (c) of Theorem 2.6,
could be constructed for the c-classes of Q. The part of
this table for those c-classes containing e or a word con-
sisting of a single letter is shown in Table 1(c). Once again
column 1 1ists the c-c1as§ and column 2 gives a representative
element of each c-class. The third column expresses the
corresponding context of Q, CXQ (where x 1is the represent-
ative), as a union of direct products of the form 21 xrj.
A simple way of calculating the appropriate entry is as fol-

lows. Suppose one is considering the c-class Cx having as

representative the element x. Consider each state %; of
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the machine in turn. If under input x state % goes to

state Zj , read off the entry in column 3 of the zjth row

of Table 1(a). Suppose this is + + ... 4+ Then

"3, 71, "3y
add Zi x (r'J.1 + ...-Prjh) to the entry already in the third
column of Cp -

For example consider the class ¢, having represent-
ative a. Let us write Zi}»Zj if input x takes state 21

to state zj of the machine. Then we have

a . :
2, —%, and &, has derivative r, +r,. Hence enter &, x (r,+r,)

Q,ZL,Q,3 and ,Q,s n rs. u 'Q'z X T,

a
2,~—%, and 2, " r,. " 2y Xy .

Thus the entry in column 3 for c, is

The reader should ignore column 4 of Table 1(c) for

the time being.
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Node/ Representative Context Context
Congruence class element Form 1. - Form 2.
Co e Ly X (ry+ ro+ ry) Lyx Ryt Lyx Ry+ Lyx Ry
+ 9,2 x (r2+ r‘s) le R2+ sz R3+ le R3
+ L, %Xy qu Ri (i = 1,2,3,4)
+ L, Xr, L,x Ry+ L,;x R,
+ 23 X r, Lux R'I (1 = 1325334)
C2 b 21 x (Y‘1+ Y‘2+ r‘3) LSX R2+ LZX Rl
+ L, X (ry+ ry+ ry) L,x R,+ Lyx R,
* 23 xArpt r‘3) L, x R2+ sz R3+ L1x Ra

Table 1(c)
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6.3 The Left and Right Factors

We can now deduce the left factors and right factors
of Q from Table 1(a). If we consider any sum

2. + L. + ... + &, of &-classes of Q, including the
i, i, Tk

empty sum ¢, and then determine those r-classes rj + ...+rj
1 m

common to the third column of all the i,th, i,th, ,» 1, th
rows of Table 1(a), then

L.+ L.+ + % e (r, + +r c Q

(25 + 2y P )y, i)
will be a subfactorization of Q. By inspection of all such
subfactorizations we can deduce those which are also
factorizations of Q. Thus for our example we would get
the following subfactorizations:
(8,+ 2,+ 2,) r, > (2,+ 23)- ros (2,+ £5) ry 8,0 r,,

(2,4 2, ) (ratry) ’ Lyo(r,+ ry),
Lioc(rtrtr,) s

¢-(r1+r2+r3+r“).

Table 2 Subfactorizations of Q.

We have displayed these subfactorizations in such
a way as to make it evident that only those in the first
column are also factorizations of Q.

This information is summarised in Table 3, in which
we have also named the left and right factors L,, L,, L,,

Lh and Rl, R R R

27 3? 4 *
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Left factors Right factors
Lt = L1 L. RS = R1 ro+or,+tor,
L, L.+ 2, R, r,t r,
L, Lo+ L+ L, R, r,
L, ) R, rit or,t ora+or,

Table 3 Left and right factors

In the table we have also indicated that the indices

s and t of Theorem 4.1(iii) are both equal to 1. This is

because, from the machine (Fig. 1(a)), Q = 2

L and from the

anti-machine (Fig. 1(b)), Q = r;+ r,+ r,; but L, = &,

and R, = r;+ r,+ r,.
6.4 Construction of Cmax + Lmax and GQ

The penultimate step in the construction of the
factor graph is to construct C + L In our example

max max”®

the graph of C + L will have four nodes (see Fig. 2).

max max

In order to fill in the arc labels there are two approaches

we can adopt.

(1)

In Table 1(c), column 4, we have expressed the
context CXQ of each constant or linear term x (i.e.
x = e or x e V) in all possible ways in terms of
direct products of left and right factors of Q.
There is then an arc labelled x from node i to
node j of Cmax + Lmax if and only if there is an

entry L. x Rj in Column 4 of Table 1(c) of the row

corresponding to Xx.
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(1) Alternatively, we can apply Theorem 4.1(ii), which

can be restated as, x ¢ Qij ¢>Lix < Lj. To do this

we use the representation of L. as 2. + 2. + ... +2. ,
i i, i, T

given in Table 3. Cm can be calculated immediately

using [C ]

max'ij = e ¢>Li c L;,. To find L

Jj ma x
consider each element x € V in turn. Under input x

the state L of the machine goes to state L, » say-
m m

Thus L.x = (211+ 212+ eo. + zik)-x < 2h1+ Qh;+"’+zhk’
and [Lmax]ij o> x for all those j such that

L. 2 &, + 2, + ... + &

i = Thy h, hy
Using either of these techniques, we get the graph

of Cmax + Lmax shown in Fig. 2.
e+a+b
e+a+b

Fig. 2 C +L .
max ma x
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Finally to get the factor graph we remove those arc

labels in C + Lm which are in E or may be decomposed

‘max ax
\E)2**,

into paths in ((Cmax + The factor graph for

Lmax)
this example is shown in Fig. 3. In both Figs. 2 and 3 we
have indicated, in the usual way, that the graphs are

recognisers of Q with start node s=1 and terminal node

t=1
J/ et+a e -
_NTTN L/
O) Quum—g &)
~\ b \_/\ b
e
atb
Fig. 3 The factor graph of Q.
6.5 The matrix [Q]

From GQ we could now calculate [Q] = 66 using one
of the standard methods of chapter II, However we can
get the same information about [Q] by determining each
entry Qij as a sum of c-classes of Q. To do this we
replace each entry in GQ by the c-class of which it is a

representative (see Fig. 1(c)). Thus GQ is represented by

) CotC, ) )
c, $ c, )
) C, c, )
C0 ¢ ¢ C1+ C2

and then calculate GS in the algebra Mq(R(§Q) ) where

§Q is the semigroup of Q, and R(EQ) is the regular algebra
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generated by §Q (c.f. 182.3). For this example one

can verify that Ga is represented by

CotCptlstig CotCrtCptes S )

+C4+C6+C7
c2+c6 c0+c2+c3 S 0

+C4+C6+C7

o Co*CatCy S 5
+C7

S S S S

L -

7
where S denotes the whole semigroup i.e. S =2 c..

6.6 Some Remarks

There are various minor improvements one can make

to the above method of calculating Gq.

First of all, if it is only required to calculate
GQ’ it is unnecessary to calculate the semigroup of the
language. However, the representation of the matrix [Q]
in terms of c-classes, as in the last section, is (as we
shall see) very useful and also much more informative
than calculating regular expressions denoting each of the

factors.

A second point concerns Tables 1(a) and (b). It
should be noted that the third column of Table 1(b) can
be deduced directly from the third column of Table 1(a)

(or vice-versa), and thus gives redundant information.
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This small amount of redundancy can, however, be quite
useful in checking hand calculations and so is probably
worth retaining.

Thirdly, we note that by lTength considerations,

GQ = Cmin + Lmin’ where
- 2+%*
Cm1'n - (Cmax\E)\(Cmax\E)
_ 2+%*
and Lmin - Lmax\(-Lmax + Cmin) .

The above formulae suggest that one first calculates Cmax

and from it C , and then determines Lm and from it

min ax

L The sum of C and L is then the factor graph G

min® min min

Q"

In fact one rarely needs calculate C and Lmax explicitly

ma X
because one can remove arcs from these matrices by inspection
as they are being constructed. Note also that the second
method of calculating Coax and Lmax (§6.4(i1)) is preferable
to the first, and hence the construction of Table 1(c) is
unnecessary - although it does add some insight into what
is happening.

Finally, a minor technical nuisance in the study
of factors is that ¢ may be a factor. In this example
Ly=¢ is a left factor, but ¢ is not a right factor. If ¢
is a factor then the factor graph can have up to two "useless"
nodes, i.e. nodes such that there is no path from node s to
the node, (for example node 4 of Fig.3), or no path from
the node to node t. If we are interested in the graph GQ

as a recogniser for Q, we can always ignore these nodes and

consider the resulting all-admissible recogniser for Q. In
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all future calculations we will take the liberty of
disregarding this technical problem, and all the factor

graphs we display will be all-admissible factor graphs.

7. An algorithm to calculate the factor graph

We are now in a position to summarise the steps
in an algorithm to determine the (all-admissible) factor
graph for a given regular language Q. We assume naturally
that Q is given either as a regular expression or by a system
of lTeft (or right)-linear equations. Following the algorithm
we have worked through another example, which shows explicitly
the various steps of the algorithm.

Algorithm 1 To calculate the factor graph GQ of a given

regular language Q.

Step 1 Calculate the machine and anti-machine for the Tan-
guage Q. (Use the method of derivatives [3]), Label the
states of the machine (anti-machine) 2,, 225 ... s Ly

(ris rzs «v« 5 rap) and use these labels to denote the
corresponding 2-class (r-class).

Step 2 Construct two tables, the first listing the g-classes
of Q and the second the r-classes of Q. Each table has 3
columns. Construct first of all the first two columns of
these tables, the first column containing simply a 1ist of
the Tabels £ (rj) given to the 2-classes (r-classes) of Q,
and the second column containing an arbitrary representative
element of the corresponding class., The third column of

each table is now constructed. In the first table this
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column represents the various derivatives of Q as unions

of r-classes of Q, and in the second table it represents

the reverse of the various anti-derivatives of Q as unions

of 2-classes of Q. Suppose the g-class %5 has representative

X and the r-class r; has representative Yje Then rs appears

as a term in the Rith row of Table 1 if and only if xiyj e Q,
and similarly 2; appears as a term in the rjth row of

Table 2 if and only if Xi¥j € Q.

Step 3 Deduce the corresponding left and right factors of

Q and label them L,, L,, ... Lq, R,» Rys wun s Rq‘ Find
the unique indices s and t such that Q = Lt = Rs'

To do this, one considers all subsets {21,...,21 }
1 k
(excluding the empty subset) of the %-classes of Q and

finds for each subset those classes rj sess rj common to
1 n

the Ri th, Ri thy cevs Ri th entries in the third column of
1 2 k

Table 1. One then has (£, + ... + &, )e(r, + oo + r. ) cQ
i, iy 3, 3.

is a subfactorization of Q in which (rj + ...t rs ) is
1

maximal. By inspecting all such subfactorizations one may

deduce the left and right factors. L, = 2, +8,_ +...+R is
t t, 7t, ty

that left factor such that the 2-class Rt_g Lt if and only if
i

it corresponds to a terminal node of the machine for Q.

Similarly R_ = r +r + ees + P is that right factor
s S, s, sp

such that the r-class r_ ¢ Rs if and only if it corresponds

J
to a terminal node of the anti-machine for Q.

S
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Step 4 Calculate Cmax' Whence deduce

C . = (C \E)*+* |

min \E)\ (C

max max

Lc ]

maxJij 2 © if and only if L. 2 Lis and this can easily

j 2
be deduced from the representation of Li and Lj as unions
of &-classes of Q.

Step 5 Calculate Lmax‘ Whence deduce

L. =1 WEYHE,

min max\((cmax+ Lmax

[Lmax]ij 2

a if and only if a € V and Li.a < Lj . This can
also be easily deduced from the representation of Li and Lj
as unions of %-classes of Q and the knowledge that lk.a E.Qj
if and only if under input a the Zkth state of the machine for
Q goes to state zj.

Finally GQ = Cmin + Lmin .

We shall now illustrate the various steps in the
above algorithm by a second example.

Example 2 Q = [(x+y)¥*zx*(x+y)1*

Step 1

O

(A11-admissible) machine (Al11-admissible) anti-machine
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2-class Representative
2, e
2,2 Z
Ly ZX
Table 1.
r-class Representative
r e
r, X
r, ZX
r, XZX
Table 2.

Left factors

L, %,
=L, 0.+, R
L, %,+ &,
L, L+ L+ &,
Ly 20+ %,% &,+ &,

Derivative

Reverse of
anti-derivative

Lt %,
Lo+ Rt L,

L+ R,+ L.+ &,

Right factors

r,+ r,+ Y‘3+ r

R, ry+ ry+t ory

R, ro+ r,
R, ryt+ r,
R r

5 [}

L
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Steg 4
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X+y+2z X+y+2z

(A11 admissible) Factor Graph GQ = C . + L
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IV CALCULATING THE CLOSURE OF A FACTOR GRAPH

1. Introduction

We recall that our original objective in studying
Conway's factor matrix was to try to obtain a method of
finding the star-height of a given regular language. It
is not long, however, before one realises that this cannot
be obtained directly from the factor graph for the language
Q. Thus for the language Q = (b + a(aa*b)*b)* of Example 1
one obtains directly from the anti-machine for Q (see III
§6, fig. 1(b)) -the regular expression

Q = [(a + b)*bb + b + e] (ab)*
shbwing that Q has star-height one. However the factor
graph of Q (III §6,fig. 3) has rank two.

Yet a very enigmatic feature of factor graphs,
| observed by examining just a few examples, is that very
often one can see ad hoc ways of determining regular
expressions for the languages which they recognise, which
have star-height less than the rank of the factor graph.

The purpose of this chapter is to develop a systematic way

of finding the closure Ga of the factor graph GQ, which does
have the property of often yielding expressions of star-height
less than the rank of the graph GQ.

The intuitive approach adopted to tackle this problem
is based on the recursive nature of the definition of a lan-
guage Q in terms of its factors (we use recursive here in

the computer scientists sense, not the mathematicians). We

observe that if there is a Toop
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W ~N—""7

i L 1 3

such as the one shown above in the factor graph for Q we

would get equations

Q¢
th = v-Qit + ...

W.th + " o0

in the system of equations which define Q = Qst‘ In this

way Q is defined recursively in terms of its factors.

The question we ask is "when is a factor necessarily defined

in terms of Q?" A clue to answering this question is given

by Theorem 2.1 below, due to Conway, which states "factors

of factors are themselves factors". This means that the
relation "factor of" is a transitive relation, and so it can

be naturally reduced to an equivalence relation on the factors,
which we call "inseparable from", (Note that this is no
different to considering the relation "is connected to" on
nodes of a graph, and reducing it to "is strongly connected to",
which is an equivalence relation on the nodes.) Examining the
properties of factors further (section 3), we prove that the
factor matrix of a factor F is a submatrix of [Q], and,
moreover, is equal to [Q] if and only if F is inseparable

from Q. Having made this observation an algorithm for
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determining 66 (sections 4 and 5) which exploits
separability of factors is then obvious. The remaining
sections are then concerned with discussing the applicability

of the algorithms to the star-height problem.

2. Inseparable Factors

Theorem 2.1 (Conway) Let Q be any language, and let F be

a factor of Q. Then any factor of F is also a factor of Q.
Corollary The relation "factor of" is a reflexive and
transitive relation on the factors of any language Q.

Proof If F is a factor of Q it is maximal in some
subfactorization LFR € Q of Q. If H is a factor of F it

is also maximal in some subfactorization GHJ £ F ., But then

H is maximal in the subfactorization LGHJR £ Q of Q and so

is a factor of Q. The corollary follows because Q is a

factor of Q, i.e. the relation is reflexive. (That "factor

of" is transitive is merely a restatement of the above theorem.)

Definition 2.2 Let F and H be factors of any language Q.

We say F is inseparable from H if and only if F is a factor

of H and H is a factor of F. Otherwise we say F and H are
separable.
Lemma 2.3 Inseparability is an equivalence relation on the

factors of Q,
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3. Factor Matrices of Factors

Let the matrix M have nodes N = {1,2,...,n} ‘and
let N'cN be any subset of this set. Then we shall call the
matrix M' derived from M by simply removing the rows and
columns corresponding to nodes i ¢ N' the submatrix of M

defined by N'. If N' # N we say M' is a proper submatrix

of M,

Consider, now, any factor F of Q. Then F is some
entry Qij of r_] (ITI4,1(i)), and each two term product
Qik'ij is, by III4,1(iv), a subfactorization of Qij (i.e.
Qik'ijEQij)' Moreover, by III4,1(v), all the L.R

factorizations of F = Q are included in the subfactorizations

1J
Qik'QkJEQij' These observations are highly suggestive that
the factor matrix rFT of F is a submatrix of'rﬁ], and, indeed,
we shall show in this section that this is the case.
Complications arise inevitably in the proof because factors
of Q do not necessarily appear uniquely in the factor matrix,
but often appear repeatedly (as in example 1).

To avoid confusion we shall henceforth always need
to use subscripts or superscripts to identify the factor
under consideration. Thus we shall use NQ to denote the set
of nodes of the factor graph GQ’ sQ and tQ (where we previously
used just s and t) for the nodes mentioned in Theorem III4,1
(iii), and so on.

The proof of the main theorem, that the factor matrix

[F] of a factor F = Q;; of Q is a submatrix of [Q] , follows
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from four simple lemmas. The first lemma recognises that F
may occur more than once in [Q], and so identifies unique nodes

and t- such that F = Q and which will play the same role
F

(see III4.1(iii)). Following

SF F
in [F] as h and tQ
this we define a subset Ng of the nodes Ny of the matrix [ql,

st

F

and in lemmas 3.3 and 3.4 show that ke Np=Qg Q¢ €0 ¢ = F

is a factorization of F and that these include

all the L<R factorizations of F. The final step is to show
that if k and me NF’ ka is maximal in Qst-ka-thFgF. Then
by the definition of [F] the submatrix of [Q] defined by the

set of nodes N. is the matrix [F].

F

Lemma 3.1 Let F = Qij be a factor of Q. Then I indices

sp and t. such that F = Q

factors of F,.

and Q and Qt g are both

Sptr SFSF FF

F

Proof By III4,1(ii), LiQ. cL, is a subfactorization in which

3=
Qij is maximal. Let this be dominated by the factorization
LS Q. . c L.. (Note that III4.1(v) is being used implicitly

here.) Then, by Lemma 1113.1, Q = QS i and
F

ij

by II114.1(iii) the index s is uniquely defined. Now Tlet te

F
be that unique index defined by Q R, < R is a factor-
sFtF tF Sg
jzation which dominates the subfactorization Q_ ;+ R, < R_ .
SFd J SF
Then also QSFtF = QSFj and hence QSFtF = Qij = F. To prove
the last part, we note that, by construction, L_ +Q R < Q
sgp Sptp tp

is a factorization of Q. Thus, using III4,1(ii),

L. -Q ) *Q *R < Q 1is a factorization,
S SESp Spip tete tp
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and ( must be maximal in Q *Q *Q
FSF tetr SPSF SR tptp

and so are factors of Q = F.
sFtF

of the set NQ of nodes of the

and hence QS

= QSFtF

Definition 3.2 The subset NF

factor matrix ra] is defined by ke NF¢>th is a factor of F
F

and Lk'th < Lt is a factorization of Lt .
F F , F

Lemma 3.3 k ¢ NF=>QSFk-th is a factorization of F.

<Q

F - SFF
Proof | By definition k ¢ NF implies Lk-thF < LtF is a
factorization, which implies, by III4.1(ii), that L_ +Q *Q

Sk st ktF
< Lt is a subfactorization in which Q K is maximal.
F SF
But by the definition of tF in the proof of lemma 3.1,

LSF-QSFtF < LtF is a factorization. Therefore, QSFk must also

be maximal in QSFk-thF < QSFtF and so is a left factor of F.

is a factor by assumption, so the lTemma follows immediately.
F
Lemma 3.4 If L'.RF < F is a factorization of F, 4 a unique

F F
L" and q,, =R,
ktp

Qt

node k ¢ NF such that QSFk
F oF

Proof By III4.1(v), LF.R F

c F = QSFtF implies L' ¢ QSFp and
RF-g th for some p. Moreover, as LF and RF are factors,

F
the Tast two inequalities must be equalities. Suppose
Lp-Q <L

t is dominated by the factorization Lk'th < Lt .

Ptr F F F
Now, by I114.1(ii), Q. = Q,, =R, and L, 2 Ly=>s b

Foo Pt :
III4.](1.'I), ka e =>QS k 2 Q =L . Hence QS k'th < F
F

v

F SFP F F
dominates LF-R < F3; but, as the Tatter is a factorization,

. F _ oF
QSFk = L and thF = R, Moreover, by definition 3.2, k ¢ NF‘
Finally, k is unique follows directly from Q = Q and

ktF pt

E
Lk'thF < LtF is a factorization of LtF.
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Lemma 3.5 Let k and m ¢ NF' Then ka is maximal in

Qe 1 * Qe @ c Q .

st km th sFtF

Proof By definition, m e NF ﬁ>Lm'thF < LtF is a factor-
ization; hence, by III4,1(idi), Lk-ka-Qth c LtF is a sub-
factorization in which ka is maximal. But LkothF < LtF is
also a factorization of Lt , from which we conclude that ka

F
must be maximal in ka-thF < thF. Thus, by lemma 3.3, ka
is maximal in Q_ _,+Q, <Q < Q .
st km th sFtF

Theorem 3.6 F is a factor of Q< the factor matrix [F| of F

is a submatrix of the factor matrix fﬁT of Q.

Proof Let F be a factor of Q. Then if we compare lemmas 3.3
to 3.5 with the definition of the factor matrix [F| of F at
the beginning of Section III 4, we see immediately that the
submatrix of [Q| defined by the set Np is indeed [F].
Conversely if [F] is a submatrix of [Q], F is an entry in [Q]
and so is a factor of Q (see III4.1(i)).

Corollary 1 Let F and H be two factors of a regular language

Q. Then F is inseparable from H
< they have the same factor matrix
<> they have the same factor graph.
Proof F is a factor of He rF]is a submatrix of [H]. H is a

factor of Fe rﬁ] is a submatrix of |F|., Hence F is inseparable

from He [F] = [H]. The rest follows from the uniqueness of

the factor graph,.

Corollary 2 Let F be a regular language, and let C;ax and
L;ax be the maximal constant and linear matrices such that
(Croy * Li_)* = [F]. Then F is a factor of Q if and only if

F F . . Q Q
Cmax + Lmax is a submatrix of Cmax + Lmax‘



122.

. F F — . .
Proof If F is a factor of Q, Corax * Lmax S |F]s which is
. — L Q Q
a submatrix of |Q|. Thus by maximality of Crax * Llmax®
F F . . \ . .
Cmax + LmaX is a submatrix of it. <« is obvious.

Finally, we recall that inseparability of factors
was defined as a symmetric closure of the relation "factor
of". The other "half" of this relation - the anti-symmetric
half - is a partial ordering on the classes of inseparable
factors, or equivalently, by Corollary 1 of the last theorem,
a partial ordering on the factor graphs of factors. This is
now defined.

Definition 3.7 Let F and H be two factors of a regular

language Q, and let GF and GH be their factor graphs. Then

we define the relation 4 on the factor graphs of factors of Q

by

Ge 4 6, iff [F| is a submatrix of |

Theorem 3.8 :% is a (reflexive) partial ordering on the

factor graphs of factors of Q.

The proof is obvious.

4, Example 1 again

The above theorem immediately suggests a new method
of calculating ra] when Q has a factor H which is separable
from Q. For, using our knowledge that rﬁ] is a submatrix of

[Q] , we can write

ﬁﬂ [ Ciz
Cas [H] (1)

n

(]
-
-
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where C,, is a sguare matrix, The factor ‘graph GQ'can be

decomposed into corresponding submatrices

GQ = Ay Ay
(2)
Az; Asz»
Using this notation the escalator method (II § 4.3 ) is
given by the formulae
Civ = A§1+Af1A12rﬁ]A21Af1 (3)
Ciz = A’f1A12|_.H—| (4)
C2q, = |H[A, A%, : (5)
where [H] is usually given as [H] = (A,, + A, A¥; A;,)*.
However [H| is the factor matrix of the Tanguage H, and so
[A] = 6} (6)

where GH is the factor graph of H.
Formulae (3), (4), (5) and (6) form the basis of

an algorithm to compute |Q|. We shall first use these

formulae to calculate the factor matrix of Exémp]e 1.
For ease of reference the all-admissible factor graph

of Q = Q,; is reproduced below.

e+a v N\ e
©: (2 X (0
b NG b

F.igo ]
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The first step is to find the factor graphs of
factors of Q. We already have an algorithm to do this,
contained in the proof of Theorem 3.6. If F = Qij is a
factor of Q, this involves locating other entries Qf j
which are also equal to F, and using lemma 3.1 to choose

SE and tF. Then the LR factorizations of F are found by

checking whether any one subfactorization ( .Q
SpPPEE
dominated by another subfactorization Q .Q c F; finally
st ktF
definition 3.2 is used to choose those k ¢ NF' It is here

c F is

that the representation of each entry in G6 = |Q| as a union
of c-classes of Q 1is particularly useful. For this example

we have already shown that GG may be represented by

Cot €, Cot C;+ Cot C, + S
+ C,+ Cg c,+t Cgt C,
C,+t C4 Cot C,ot+ C, + S

Cut Cgt+ C,

Ceg C,+t C,u+ Ci S
+ c,
(Refer to IIIs6fig.1(c) for the meaning of ¢, ... , c,).

Using this representation of G6 to determine whether
Up Qs = Uy

to compare finite subsets of the set of elements in the

dominates Qik .ij =1 Qij it is only necessary

semigroup against one another.

This example has been chosen for its simplicity.
Only one factor, Q,,=Q,,=Q,,, appears more than once in
the matrix, and this, from fig. 1, is obviously equal to

(a+b)*, and so has the factor graph shown below.
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Fig. 2

A1l other factors Q can be easily shown to have

_ iJ
the same factor graph as Q = Q,,. For j=1 and for all 1,
one need only check that Qi1'011 < 011 is not dominated by

any subfactorization Qik'Qk1 c Q This is clearly im-

i1”
possible since Q,, = ¢c,+ c,+ c,+ ¢, 2Q,, =c,+c, 2Q,, =c.
Thus Q = Q,, is a factor of Qil,.and so they are inseparable.
Similarly Q,, can be shown to be inseparable from Q. This
only leaves Q,,, but since Q,, » Q,, and

Q,, 2 Q,, (¢, € Q,,, ¢, & Q,,+Q,,)., Q,, is a factor of Q,,.

But Q,, is inseparable from Q, hence so is Q,,. Now in

order to use formulae (3), (4), (5) and (6), we write

e+a

All I A12

b la Az l Aza

A¥, is calculated by a standard elimination method and found
to be

(b+ab)* (b+ab)*(e+a)
AT, = (b+ba)*b (b+ba)*

The factor H in (3) - (6) is Q,,, and its factor

33

matrix is determined from fig.2.
[H] = [ (a+b)*]
We now have all the information necessary to apply the

formulae (3) - (6), giving
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(b+ab) * (e+a) (a+b) *b (b+ba) *b  (b+ab) * (e+a) (a+b) *b(b+ba) * (b+ab)*(e+a)(a+b;1
+(b+ab) * 4+ (b+ab) * (e+a)
(btba) * (a+b) *b (b+ba) *b (b+ba) * (a+b) *b (b+ba) * (b+ba) * (a+b) *
+(b+ba) *b +(b+ba) *
L(a+b)*b(b+ba)*b (a+b) *b (b+ba) * (a+b) * ; _J

The rggu]ar expressions appearing in FﬁT could be
made much simpler had we used the knowledge that
Q,,=Q,, =Q,, = (atb)*. However this is irrelevant to our
aim which is simply to obtain regular expressions of smallest
star-height. Indeed for this example we have achieved this
aim, since all the expressions appearing in [Q] are of

star-height one. Moreover this is strictly less than the

rank of the factor graph. The final expression for Q is

Q =Q,, = (b+tab)*(e+a)(a+b)*b(b+ba)*b+(b+ab)*

which simplifies to

Q = (a+b)*b(b+ba)*b+(b+ab)*

5. An Algorithm for Calculating [Q]

We shall now formulate the algorithm for calculating
[Q]. 1In general the algorithm is not quite as simple as in
the example above. In the above example all the factor
graphs GH of factors of Q were totally ordered by the
relation  (there were only two!), Technical difficulties
arise in the algorithm because in general the relation :% is

a partial ordering on the factor graphs associated with Q.
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Algorithm 2. To calculate |Q| for a given regular language

Q.

Step 1 Find the factor graphs GH of all factors H of Q
(including GQ)‘ A method of doing this is given in the next
section. Associate with each factor graph GH a subset

NH = {i;s i, oo ih} of the nodes {1, 2, ... , g} of the
factor graph GQ, where the submatrix of rﬁ] defined by the
set Ny is the factor matrix [H] of H. Note that for some
factors H there may be more than one submatrix of rﬁ] which
is equal to [H| (see e.g. the next example). For the pur-
poses of exposition, we shall assume these factor graphs to

be distinct.

Step 2 Calculate the upper semi-lattice defined by the
partial ordering f\on the distinct factor graphs GH of
factors H of Q. We shall call GH a minimal element of
this lattice if there i1s no other factor graph GF such that

G < Gy Gy is of course the only maximal element.

Step 3  Choose any path G; 4 Gy... GgA6p% Gy from a

minimal element GZ of the semi-lattice to the maximal
element GQ. This defines a sequence NZ<:NYc "‘CNS‘:NR‘:NQ
of the nodes of GQ. Reorder the nodes of GQ such that the
nodes in the set Ng\Np are numbered from 1 to |NQ\NR|, the
nodes of Np\Nc are numbered from ]NQ\NRI +1 to |NQ\NS] etc.

Within any of sets NR\NS the order is immaterial.

Step 4 For the minimal element GZ of the path calculate

6% = {Z] using a standard elimination method.
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Step 5 Suppose the current factor matrix that has been
calculated is Gﬁ = ﬂﬂ . If GH = GQ, stop; otherwise let

GF be the next point in the chain. Split GF as shown below

= ~ 1 1
GF AFF AFH “ofgs in
F''H Nodes
+ in NF
Nodes 1in
Aur Auw | Ny

and correspondingly define CFF’ CFH’ CHF and CHH

C

HF Cun

Compute AFF using a standard elimination method.

Compute all entries of G%¥ using

2
Chy = [H] (which has already been calculated)
Cep = ARp + ARp Apy[R1AGRAEE

Cen = ARFARn[H]

Cup = THTA4EAEE -

Step 6 Repeat Step 5.

The above algorithm requires that one calculate the
factor graphs of factors of Q. Once the factor graph of Q
has been calculated it is not necessary to repeat all the
steps of the algorithm given in section 7 of Chapter III to
find the factor graph of any factor F of Q. Instead one

essentially uses the proof of lemma 3.1 to find nodes Sp and
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and te such that F = Q , and then definition 3,2
Spte
and corollary 2 to theorem 3.6 enable one to deduce

F F . Q Q
Cmax + LmaX directly from CmaX + Lmax . For ease of

reference the steps in this algorithm are given below.

Algorithm 3 To calculate factor graphs GH of factors H

of Q.

Suppose H = Q is the (i,j)th entry of [Q].

1J

Q Q
Step 1 Calculate CmaX + LmaX and deduce Gq.

Q Q :
Step 2 Calculate (CmaX + Lmax)* in the algebra Mq(R(§Q)).
(R(§Q) is the regular algebra generated by the semigroup

§Q of the language Q). In other words calculate each entry

of [Q] as a union of c-classes of Q. Let this matrix be

denoted [C(Q)].
In the following steps, in order to check that

> Q

mn® °ne checks that

C(Q)kg = CyytCy, bk €l 2 C(Q)mn = Cj1+cj2 + ...+ ij‘

This involves comparing two finite sets for set inclusion.
Step 3 Consider H = Qij’ and consider all nodes i' such
that Qij = ( FE Let SH be that node i' such that LSH is
maximal. Now consider QSHJ and all nodes j' such that

be that node j' such that R

.i

.,. Let t is maximal.

HJ H
Step 4 We now have H = QS . Compare all subfactorizations
H"H
Hm’thH c H for one dominating the other;
thus deduce the right factors th of H.
H

H t

Q «Q c H and Q
sHk ktH S

Step 5 For all k such that th is a right factor of H,.
H

let k' be that node such that th = Qk't and Lkl is maximal.
H H
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Let NH be the set of all such k'.

H H . . Q Q :
Step 6 Cmax + Lmax is the submatrix of Cmax + LmaX defined

by the set of nodes NH. Calculate GH using

24%

_ H H H H
GH - ((Cmax + Lmax)\E)\((Cmax t Lmax)\E)

Needless to say in practical applications it is not
necessary to go to quite these lengths to calculate GH, and
various ad hoc techniques, such as were used in example 1,

can be acquired with practice.

6. Two More Examples

Consider Q = a(a+b)*b(a+b)*a.
We shall apply algorithm 2 to determine the factor

matrix [Q].

Step 1 The factor graph and semigroup of Q are shown below.

O==0==0==0) o

Fig. 3 Factor Graph of Q = Q,,

Fig. 4 Semigroup of Q.
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The matrix |C(Q)| which exhibits each entry of |Q]

as a union of c-classes of Q 1is easily found to be:

- o

e+a+ab a+ab aba aba+ab
+aba +aba
S S aba b+ab+ba
T(Q)| = +ba +bab+aba
S S e+a S
+ba+aba
S S a+ba S
+aba

where S denotes the whole semigroup.
Applying algorithm 3 we can deduce the following

factor graphs for factors Q1J of Q.

(@) e O e €

(a) Factor graph of Q,,

O (O——)

(b) Factor Graph of Q ,

Jeo==¢

(c) Factor graph of Q

o==0=§e0==—0

(d) Factor Graphof Q,, (e) Factor Graph of Q,,
(f) Factor Graph of Q,, (g) Factor Graph of Q,,

Fig. 5
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Step 2 The semi-lattice defined by the relation = is

shown graphically below. Each node contains a representative
element of the class of inseparable factors to which the node
corresponds, together with the set of nodes which define the

submatrix of [Q] which equals the particular factor matrix.

Qs
{1,2,3,4}

/
&

oRe

Fig. 6 Semi-Tattice =
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Step 3 The particular path from bottom to top of this semi-
lattice, which we will use in the calculation of [Q], has
been arrowed. The node numbering has already been chosen

to meet the requirements of step 3 of algorithm 1.
Step 4 Clearly [Q,,] = [(a + b)*1. (from fig. 5(f)).

Step 5 Repeating step 5 of the algorithm we get successively

—

|Qq3] = e+(a+b)*a (a+b)* (from fig. 5(d))

(a+b)*a [Qy ., |

[Q,,] = [a*+a*b(a+b)*a* a*b(a+b)*a a*b(a+b)*
(a+b)*a* Q,,]
(a+b)*a*

(from fig.5(a))

n

e+a (a*+a*b (at+b) *a*) a(a*+a*b (atb)*a*) aa*b(at+b) *a aa*b (atb)
é*+a*b(a+b)*a*
(at+b) *a* IQz3l

(a+b) *a*

(From Fig.3).
In each of these matrices we have only shown the new

entries in the matrix. The final expression for Q is

Q,; = aa*b(a+b)*a.

Remarks. This example is instructive for two reasons. First-

ly it illustrates that in general one has a choice of path
through the semilattice. Different paths will usually give
different regular expressions for the language Q, although in

this case all paths yield expressions of the same star height.
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Whether there are examples where two different paths through
the semi-lattice yield different star-height expressions

I do not know. In any case one can always determine the

star height that a particular path will give and choose one
which is optimal. Secondly, all regular expressions appearing
in [Q] are of star height one, yet the rank of the factor
graph is two: Indeed we shall show later that the algorithm
always yields regular expressions having star-height Tless

than or equal to the rank of the factor graph of Q.

Example 2 (continued)

Let us return to example 2 (see pages 111-114). The
language considered is Q = [(xty)*zx*(x+y)l*, and its factor
graph is reproduced in fig. 8(b) below. As we are only
interested in deriving a regular expression for the'language
Q, which is the (2,2)th entry of the factor matrix, we shall
not calculate the whole factor matrix using algorithm 2 but
only Q,,. To do this we apply steps 1 to 3 of algorithm 2
as before, but then apply steps 4 and 5 in the reverse order.
This results in a system of equations for Q,, which can then
be solved to deduce a regular expression for the language
Q = Q,,-

The semigroup of Q is shown in Fig. 7, and in
table 1 we show the factor matrix as a union of congruence

classes of Q.
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Fig, 7. Semigroup of Q,
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e Z+zX
+zy+zXx ZX+HXZX +XZ+XZX M-xz M+z
+XZXtxXzZy
e+x et+x e+x M-xz M+z
+ZX+XZX  +ZX+XZX +ZX+XZX
ty+zy+xzy +Z+X2Z
y+x X e+X N-e-xz N
+XZX+XZy +XZX +XZ+XZX
Zy+zZX z M-xz M+z
+XZX+XZYy  ZX+XzZX +XZ+XZX
XZX+XZy XZX XZ+XZX N-e-xz N

where

M e + X + y + Xz + XzX + xzy + zx + zy + zyy + yy

=2
n

e + X + Yy + XZ + XZX + XZY + Yy

Table 1.

The Matrix [C(Q)

He now find that thevre are three factor graphs
associated with the language Q. The first is the factor
g}aph of Q, which for convenience we have reproduced below,
and the second and third are factor graphs for the languages
{Qs5, Q5,5 Q.51 and {Q,,s Q5,5 Q,55 Q551 respectively.

The ordering {\ on the factor graphs is total and

so there is no question of a choice of path through the semi-

lattice.
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(a) Factor Graph of Q

e+

x+y
‘(b) Factor Graph of 033, (c) Factor Graph of Qu,»
Q34> U3 Q5> Q54 3nd Qg4
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Applying the last step of algorithm 2 requires us to

split GQ in the manner indicated below:

- - r— —

e A B

L X+y

(Cf. figs. 8(a) and (b)).

Q = [66]11 is then calculated as
Q = A* + [A*-B-Gﬁ-C-A*]
11 11

where GH is the second factor graph, i.e.

e e

G, =

X+y J

A* s just e, and so we can write down an equation for Q,
11

viz:
Q = |e|+Lel.|en.IQ“31 * l‘yl.legl
A* A* B [Gﬁ] C A*
11 11 14 43 31 11
e et Queoe e e e
A* B [Gﬁ] C A*
11 14 2 21 11

(1)

i
[¢7]
+
L)
£
w
<
+
L)
£
o
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In the above equation we have indicated how each term arises.

A11 other terms in the product A*-B-Gﬁ-C-A* are null. In

order to calculate Q,, and Q,, we apply the same procedure

to GH. (See figs. 8(b) and (c)). First we write

e e
K L
Gy = X e = s Say.
z e
M N
X+y
Q,, and Q,, are then calculated using
Q5 = [GF'M°K*]u3
Q“Z, = [GE'M.K*]“Z
where GF is the minimal factor graph (fig. 8(c)):
e+z
G =
X+y
By inspection K* = xX* x*
x*x  x*
thus QH = .Quu.°. z - x*, = Q““zx* (2)
[GF]uu Mus K§3
and Q'-}Z = Q'-Ilb . Z . X*X = Q“uzxx* . (3)
| I | | S —— ——)



140.

Finally Q!+ is calculated directly from the factor graph
4
Gp (Fig. 8(c)). One easily obtains

Q,, = (xryrzxezy)* o . (4)

Using back-substitution, equations (1), (2), (3) and (4) are

solved to give

Pan)
n

e+ (xtytzx+zy)*zx*y

+(x+y+zx+zy)*zx*x

e+ (xtytzx+zy)*zx*(x+y) .

Note that once again we obtain an expression for Q
which has star-height strictly less than the rank of the

factor graph.

7. Final Theorem

We have observed in the previous examples that the
algorithm for determining the closure Ga yields expressions
for Q@ which are of star-height strictly less than the rank of
the factor graph Gq. The algorithm requires that one use an
elimination method to determine certain closures AFF and the
closure Gﬁ of a factor graph GH which is minimal with respect
to the ordering <$. We shall now prove that, provided the
order of elimination of nodes used in the determination of the
various matrices AFF and Gﬁ is optimal with respect to the
star-height of the resulting regular expressions, the algorithm
always yields expressions for Q of star-height less than or
equal to the rank of the factor graph GQ of Q. The proof

follows rather simply from the following theorem.
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Theorem 7.1 Let Q be a regular language with factor graph

Gq, and 1Tet H be a factor of Q, with factor graph GH. Then
rank(GH) < rank(GQ).

We shall in fact prove more than this, namely that

for any factor H of Q there is some graph Gﬁ such that

' H H . ) .
GHE(%iECmax + Lmax’ and GQ is pathwise homomorphic to G

H
Suppose that the graph GQ has nodes Nq, that NHg;NQ

is the set of nodes of GH’ and H = Q where i,J sNH

iJ
(i.e. i = Sy and j = tH). The next lemma is a necessary

Q_*NH'

Lemma 7.2 Let peNg. Then 3 a unique node mpe:NH such

preliminary to defining a mapping y: N

that (i) Q dominates Qip' and

a0 sQ e Qs Q,; Qs
1mp mpJ 1J PJ 1]

(ii) if m' eNH also has the property that

dominates Qip°ij c i

.imu'anJ- EQ:IJ'
then

(a) Qi 20, and  (b)

Proof Let {n], "2"""r} c NH be all those nodes in NH such

that Qink'anj c Qij dominates Qip'ij < Qij’ k=1,2,...r.

(Obviously the set is non-empty.)

Then (Q_inl + Q_-In2+...+ Q_inr)’(inJ- nanj Nl e oo ﬂQnrj) c Q:Ij

dominates QipoQ » and is itself dominated by Qimp'Qmij(hj

for some mpg Np. But mp clearly satisfies (i) and (ii) (a).

pi =Yy

Part (ii) (b), follows directly from Theorem III 4.1(ii), since
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Qim' and Qimp are both left factors of H = Qij )
by (ii) (a). Finally uniqueness of mp follows from (ii) (b)
H

max

and Qim 2 Qim"e

and the acyclicity of C \E (Lemma III 5.4).

Now we may define a mapping y:NQ > NH by:Y(p) = mp

where mp for any peNQ is the unique node of Ny defined by
lemma 7.2 above.

We now extend y to be a pathwise homomorphism in a
rather trivial manner, We define the graph Gﬁ to have nodes
Ny» and an arc labelled a from node k to node m (k,meNH) if and
only if there is an arc a from some node pey'l(k) to some
node reY_l(m) in the graph GQ. Finally vy is extended to be
a mapping from arcs of GQ into arcs of Gﬁ by : if a labels an

arc from node p to node r in GQ then vy maps it into the arc

labelled a from y(p) to y(r) in Gﬁ.

By the construction of Gﬁ, v is a pathwise homormorphism
and so we deduce from McNaughton's pathwise homormorphism
theorem that:

Lemma 7.3 rank@Gy) < ranMGQ).

Lemma 7.5 will state that G, ¢ G}, from which Theorem

H
7.1 follows immediately.. In order to prove this we prove the

following lemma.
Lemma 7.4 Let p and r be any two nodes of GQ and let y(p) = k
and y(r) = m. Then ka B Qpr'

Dj c Qij which is

(by the definition of y and Temma

Proof Consider the subfactorization Qip'Q
dominated by Qik'ij < Q
7.2(1)).

id
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Q. ..

Now Quy 2 Qpy 2 QpprQpj

Hence - m'eNy, such that

Qpr = kal (])
and

er = lej . (2)
But er < lej =>(Qir+Qim|)'er = Qij .
Suppose this subfactorization is dominated by Qim"'Qm"j < Qij
where m"eNH. Then Qimn 2 Qim' and as these are both left
factors of H = Qij’ by III4,1(i1i),

Qm|mu > e ., (3)

But, also, Qim"'Qm"j < Q dominates Qir'er = Qij'

13
«"e, by lemma 7.2 (ii) (b),

Q e . (4)

m"m =
Now, by (3) and (4),Q,., 2 e . (5)

Hence ka > ka"Qm'm 2 ka., by (5)

2 Qprs by (])'

Lemma - 7.5 G, < G

H H
Proof In order to prove this lemma, we first prove
' H H
(a) Gy < Cmax + Lmax’ and
(b) Gﬁ < Gﬁ* .

(a) Suppose a e [G)I .. Then by construction of G, 4 nodes

p and r € N, such that v(p)=k,y(r)=m (k,msNH), and a € [G,]

Q Q pr’
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H

H
Thus, by Temma 7.4, a ¢ ka. Hence a ¢ [Cmax + Lmax]km'
1 H H
I.e. GH s Cmax * Lmax‘

(b) Now Tet us prove Gﬁ < Gﬁ*. Since Gﬁ is a submatrix of

[Q] = 6%, a word w e [G£1,  if and only if there is a sequence

Q

of nodes k = PgsPyseeePy, =M with each p. e NQ and such that

Wo=aa,...8, where a, € [GQ]pr-lpr .

1 —_ —_
But then a, ¢ [GH]Y(Pr_I)Y(Pr)’ and Y(p,) = k, and y(p ) = m.
I.e. we [Gﬁ*]km . Thus Gﬁ < Gh* .

Now from (a) and (b) and Theorems III 5.6 and 5.2, |H| =

: H H _ P
Gf < Gy* e (Co .+ Lo )% = [H]. Hence Gfj = Gu* = [H].

Finally, since G, is the unique minimal starth root of [H]
(Theorem III 5,6), GH < Gﬁ and the Temma is proved.

We may now deduce Theorem 7.1 directly from lemmas
7.3 and 7.5 since Gy ¢ Gﬁ trivially implies rank(GH) < rank(Gﬁ),
which by lemma 7.3, < rank(GQ).

Corollary (to Theorem 7.1) With a suitable ordering of the

nodes of the factor graph GQ’ algorithm 2 yields a regular
expression for the language Q which is of star-height Tess than
or equal to the rank of the factor graph GQ.

Proof The algorithm requires that one determine Gﬁ for a
factor graph GH which is minimal with respect to the ordering
4. By the above corollary the rank of GH does not exceed the
rank of GQ and so with a suitable ordering of its nodes the

escalator method yields regular expressions for the entries of
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Gﬁ all of which have star height not exceeding the rank of

G Also required is that one determine AFF for a number of

gSaphs AFF' Each such graph is a subgraph of a factor graph

Gr and hence also has rank not exceeding the rank of GQ.

Thus once again one can obtain regular expressions for the
entries in AFF of star-height Tess than or equal to the rank

of GF. Since these are the only two cases where starred
expressions are introduced by the algorithm the corollary holds.

As we have already demonstrated in examples 1, 2 and 3
the regular expressions obtained by the algorithm may well
have star height strictly less than the rank of Gq.

The proof of Theorem 7.1 is very useful in hand
calculations to search for factor graphs of factors of Q
which are separable from Q. The idea is to endeavour to
eliminate nodes from the factor graph Gy by "coalescing' them
with other nodes of the factor graph. To eliminate node p by
"coalescing" it with node k, one simply converts any arc a
from some node i to node p into an arc a from node i to node k,
and any arc a from node p to some node j into an arc a from
node k to node j. Suppose after eliminating a number of nodes
from GQ, this results in a graph G' having nodes N' ¢ Nq.

The next step is to "prune off" arcs of G', i.e. 1in
effect construct G = (G'\E)\(G'\E)2+*; This graph G will then
be a factor graph only if G g(CgaX+L3ax), which can easily be
checked by inspection. Note, however, that G is not necessarily

a factor graph of Q (see example 7, section 8), although all

factor graphs can be obtained in this way.
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Thus the method is not fail-safe and ultimately resort must
be made to Algorithm 3. Nevertheless it is undoubtedly a
useful aid to rough calculations.

Example 3 illustrates the process quite well., In
order to obtain the factor graph of Q23 one eliminates node 1
by coalescing it with node 2, the graph for Qlu is obtained
by coalescing node 3 with node 4, the graph for Qzu by
coalescing node 3 with node 4 and node 1 with node 2, and so

on.

8. Empirical Results

We would have liked, of course, to end this chapter
with a theorem to the effect that algorithm 2 always yields
a minimal star-height expression for the language Q. Indeed
for a long time we thought that this could well be true,

Just by taking a very large selection of regular languages
which have appeared in the 1iterature, and laboriously
calculating factor graphs we achieved almost 100% success in
arriving at minimal star-height forms for these languages.

If algorithm 2 did always yield a minimal star-height
expression for any regular language Q, a necessary condition
would be that, for those languages Q all of whose factors are
inseparable from Q, the star-height of Q would equal the rank
of the factor graph of Q. In our empirical investigation we
eventually found an example which appeared in McNaughton's
paper [29] which refuted this condition, thus showing that

algorithm 2 does not always give the minimal star-height
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expression for a language Q. The example follows.
Example 4 (Refutation of conjecture that algorithm 2
always yields a minimal star-height expression.)
Consider Q = (b + aa + ac + aaa + aac)*. The machine

and anti-machine for this language are shown below.

|
="

b a+tc
c
>
. GO
a
Machine Anti-machine

Fig. 9

If we use algorithm 1 we find that

= +
Dzlq rl ra
= +
DQZQ rz ra
d = + + r |,
an DgaQ rl rz ,

Thus the L.R factorizationsof Q are

L xR o= (8 + 2 + 82 ) xor
1 1 1 2 3 3
Lt = L2 x R2 =R, = (21 + 23) X (r‘1 + ra)
L3 X R3 = (22 + 23) x (r2 + ra)
L xR = 2 x(r +r +7r) .
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The factor graph of Q can now be determined:

Fig. 10

In order to determine whether Q has any factors
whose factor matrix is a submatrix of ra] we calculate the
semigroup of Q. The semigroup machine is shown in the next
diagram in which nodes, or equivalently c-classes of Q, are

labelled by a representative element of the corresponding

c-class.
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Fig. 11
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Using the semigroup multipliication we can now
determine each entry in Gf = [Q] as a union of c-classes

of Q. Thus we get:

e+a+aa ac+aa at+aa aa

+ac+aca +aca

e+a+aa e+aa a+aa aa

+ac+aca +ac +aca

+b+ba+baa +b+baa +ba+baa +baa
]l =

e+a+aa a+aa e+a+aa a+aa

+ac+aca +ac +aca

+c+ca+caa +c+caa +ca+caa +caa

e+a+aa e+a+aa e+a+aa e+a+aa

+ac+aca +ac +aca

+b+ba+baa +b+baa +ba+baa +baa

+c+ca+caa +c+caa +ca+caa +caa
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Finally by inspection of the above matrix we can verify
that there are no indices i,j,p and k such that

Qip c Qi and ij s Qy >
and hence all factors are inseparable from Q.

The rank of GQ is two whereas we already have an
expression for Q which has star-height one. Thus for this
example algorithm 2 fails to give a minimal star-height
expression,

We conclude this section with a brief discussion of
some of the "more interesting" examples studied by other
authors,

Example 5 This example appears as example 6,5 in the paper
by Cohen and Brzozowski [12].
Consider the language Q defined by the following

machine.

a+c

atc

b+c Fig. 12 Machine

Its anti-machine is given in the next diagram,
following which we show a sequence of factor graphs of the

language Q and some of its factors.



152.

Fig. 13 Anti-machine

Fig. 14 Factor Graph
of @ = Q5

Matrix indicated by
dotted lines = A, say.
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a+c

Fig. 15 Factor Graph of 022

Matrix indicated by

|
i
|
|
i
i
: dotted 1ines = B, say.
i
|
|
|
|
i
|

(:::)fi:::) a+b+c Fig. 16 Factor Graph of Q11

If we apply algorithm 2 to the above sequence of
factor graphs we would have to calculate Q11 (which is
trivially (a+b+c)* - see fig. 16) and the closures B* and A*,
where we have indicated the matrices A and B by dotted lines
(figs. 14 and 15). Both of these matrices have rank 1 and so

we deduce that Q has star-height 1.
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This example was introduced by Cohen and Brzozowski
to illustrate the difficulties inherent in a method they
propose for finding the star-height of a regular language,
their method being an enumerative one viz. calculate all
subgraphs of a sequence of graphs of a specific type and
determine whether each such graph is a recogniser for Q. In
contrast using factor theory we are able to determine the
star-height of this language directly, without any enumeration
being involved.

Note also that neither the machine nor anti-machine
have rank one - astute readers may have criticised our earlier
examples on this point.

Example 6 (McNaughton [291,p314)., The language

Q = {x¥(x + z) x*(y +z)}*
was proved by McNaughton to have star-height 2. His proof
technique is to consider subfactors of a language and show
that the complexity of their interconnectionsin any recogniser
of Q must be above some value. In this case let G be any
recogniser of Q,. and consider those nodes N of G such that
a word w in the subfactor x*zyz takes node N to some node N°'
in G. Let A be the set of all such nodes. Consider also the
set B of all nodes M of G such that a word v in the subfactor
zyzx* takes some node M' to node M in G. Then one easily
proves that the sets A and B are disjoint but are strongly
connected, and that they each define some strongly connected

component of G of rank at least one. This then allows one to
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prove that the language has star-height at least two.
Examination of the machine or anti-machine for this

Tanguage yields no insight which would lead to the above

determination of the language's star-height. However if we

study the factor graph (shown below - fig. 17)

y+z

Fig. 17

we notice that we can eliminate nodes 1 and 4 to obtain the

following factor graph in which all factors are inseparable.
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A and B define two (almost) symmetrical halves of this

graph (see fig. 18), but are distinguished by the asymmetry
of the graph.

Example 7 Let Q = (a + (a + b)c*(c + d) )* .
This example was also proved by McNaughton [29,p315]
to have star-height two. The above expression is identical

to what one would obtain from the factor graph (fig. 19).

Fig. 19

A1l factors of Q are inseparable from Q. Note that
the factor graph is pathwise homomorphic to the following

graph, but which is not a factor graph for any language.

c+d
a+b

Fig. 20
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CONCLUSIONS

In his book [13,p123]1 Conway advises readers to
avoid calculating the factor matrix of any language Q.

While disagreeing with this advice, for the simple reason
that one cannot expect to make any advances in the theory
of factors without doing such calculations, we should
nevertheless mention two drawbacks to any practical use of
factor theory.

The first is that calculations with factors
inevitably tend to be rather long. With practice the method
given in Chapter III to calculate the factor matrix fa] is
quite simple and straightforward, most of the effort in fact
going into calculating the machine and anti-machine for Q.
But, by hand, the work is tedious and rather prone to error,
as well as involving quite a large amount of computation.
Moreover, as soon as one begins calculating factor graphs of
factors, the effort involved really does become quite daunting.
(An obvious case for programming on a computer!) The second
and much more significant reason, is that the factor graph
may well have an extremely large number of nodes, even for
languages having quite simple finite~-state machines. For
instance the language recognised by the finite-state machine

below has a factor graph having 64 (=26) nodes,
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Indeed, for any n > 3, the subset of (a+b)* consisting of
all words such that the number of a's minus the number of
b's is not congruent to 0 mod n has 2" nodes in its factor
graph (the above example is the case n = 6). Also if the
language Q has a factor graph of a manageable size, the factor
graph of ~Q will often be quite unmanageable. However these
problems are not peculiar to factor theory, and would appear
to be a fact of 1ife when handling regular Tlanguages.. If
anything, they illustrate just how much we don't know about
regular languages!

In retrospect, the algorithm given in chapter IV
for calculating the closure 66 of GQ is based on very simple
ideas. The essential ingredients of the algorithm are the
following:
(a) there is a transitive relation "is a factor of" on

the entries in 66 .
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(b) the relation "is a factor of" can be reduced to an
equivalence relation "is inseparable from" on the
entries in Ga

(c) each equivalence class modulo "inseparability"

defines a graph GH such that Gﬁ is a submatrix of Ga

By way of comparison, consider any graph G and

consider the following sequence of ideas.

(a)' there is a transitive relation "is connected to" on
the nodes of the graph G.

(b)"' the relation "is connected to" can be reduced to
the equivalence relation "is strongly connected to"
on nodes of G,

(c)! each equivalence class modulo "is strongly connected
to" defines a subgraph of the graph G (in fact a

section of G).

The process of deducing an algorithm to calculate Ga
is thus a very familiar one, and one inevitably seeks to
extend it to other recognisers of Q. For example entries in
M*, where M is the machine of Q, are derivatives of Q and
derivatives of derivatives are derivatives. Thus "is a
derivative of" is a transitive relation on the derivatives of
Q. Unfortunately in this case no additional benefit is gained
by considering a2 symmetric closure of "is a derivative of"
since if S and T are derivatives of Q, S is a derivative of T
and T is a derivative of S if and only if the two nodes to

which they correspond (cf Theorem III 2.2) are in the same
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section of the machine of Q. Similarly analysis of the
anti-machine or the semigroup machine yields no improvement
on the usual elimination methods for finding their closure.
One possibility remains. We have observed that
factors of a language Q are unions of c-classes of Q which
are maximal in some subfactorization of Q. Instead of
considering maximal unions of c-classes we could consider
arbitrary unions of c-classes. Using similar techniques to
those given in Chapter III, we could construct "c-class graphs"
for Q. In a c-class graph, G, entries in G* are unions of
c-classes of Q and each node can be labelled (21I+...+21k) %
(rjrf...+rjm) where the li's are g-classes and the rj's
are r-classes of Q. The only requirement is that

(. +oo040, )o(r. +...+4r, )cQ
1 'Ik J Jm

is a subfactorization of Q. Using some results of McNaughton
and Papert [31], it is very easy to prove that unions of
c-classes of unions of c-classes of Q are themselves unions

of c-classes of Q. We thus have the beginnings of an analysis
similar to the one given here for the factor graph. Moreover,
in studying c-class graphs one can benefit much more from
previous work on the star-height problem than we have been

able to. For the "pure-group events" studied by McNaughton [28]
a c-class graph is clearly what he would call a "u-graph".

Cohen and Brzozowski [12] also study "subset automata" which

are particular cases of c-class graphs.
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Very severe practical problems arise however, as
there is usually not just one, but many c-class graphs for
a particular language Q (one of which is the factor graph).
Problems which we mentioned above in studying factor graphs
are thus accentuated tremendously. Needless to say, we have
no empirical results to date as to how successful this could
be, and there is still a lot to be done before the star-height
problem is solved.

An intermediate problem which is probably worth
tackling before embarking on an investigation of c-class
graphs is the following. Let F and H be two regular languages,
and suppose F is a union of c-classes of H and H is a union
of c-classes of F. Is the star-height of F equal to the
star-height of H? An answer of no to this question would
make us very sceptical of pursuing this Tine of investigation,
but we would guess that the answer is more likely to be yes.

It is important to note that algorithm 2 cannot have
an analogue in linear algebra. Considering yet again example 1;
from the factor graph of the language Q (fig. 1,p.123) we get

the following system of equations defining Q:

Q = (et+ta)P + e
P = bQ + eT
T = aT + bP ,
where P =0Q2; and T = Q3;, . Substitutinge =1, a = -},

b =1 in these equations and solving (in linear algebra) for

Q, we get
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However if we replace m* by (1-m)—1 and substitute the same
values for e,a and b in

Q = (b+ab)*(e+a)(a+b)*b(b+ba)*b + (b+tab)*

(IV § 4 ) we get

Q = 6
If the method did have an analogue in linear algebra, the
two values would agree, which they evidently do not.

The main conclusion to be drawn from the
work presented here is that one should not be content with
the simple elimination methods of Chapter II, and more effort
should be put into developing new closure algorithms. The
approach we would suggest for doing this would be the same
as that used here. That is, investigate one particular class
of graphs, develop closure algorithms using properties
particular to this class and finally seek to extend the
algorithms to have more general applicability. Moreover, let
us not see any hypothetical solutions to the star-height
problem which simply involve "enumeration" until all other
possible hypotheses have definitely been exhausted.

We have had little to say in this thesis about other
appiications of Conway's factor theory, but we would anticipate
that it will become much more important as a theoretical tool
in the study of regular languages. Conway introduces it as a
method of studying approximations to regular languages, and
goes on to use it extensively in his study of the biregulators.
(Note: biregulators are usuaily called "generalised sequential

machines".) Some connections between factors and the semigroup
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of a language have been pointed out, and we feel that the
direction of future research on factors wgu]d be to
investigate such connections more fully. Note that it is
always possible to discover the semigroup multiplication
directly from the matrix Cgax + Lgax , and so in studying
the factor matrix one loses no information about the semi-
group. Indeed much more information is contained in the
factor matrix. The semigroup is often too coarse a description
of a lTanguage, since it is invariant under relabelling of the
start and terminal nodes of the machine. However under such
relabelling the factor matrix changes quite substantially.
For these reasons we would expect factor theory to yield
more insight into those problems which have traditionally been
tackled by studying the semigroup of the Tanguage [30].

But these are just a few suggestions for further
work on regular languages. The study of regular languages
is a particularly attractive area for further research since
it offers quite a large number of unsolved or inadequately
solved problems. (See [34]1 for further discussion.) Moreover
problems in regular algebra are usually expected to be
solvable - but they are clearly very difficult and very

challenging.
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APPENDIX A - PROOF THAT MP(R) IS A REGULAR ALGEBRA

Let R be a regular algebra, and consider all pxp

matrices with entries in R. Let this set be denoted by
Mp(R). In Mp(R) define operators » and + by:
If A = [aij] , B = [bij]

A p

We define A* by induction on p. For p=1 A* Js already
defined, since M, (R) may be identified with RrR. For p>I
split A into four matrices

AL, A,

A, Aso
where A, is Ix1, A,, is (p-1)x1, A,, is 1x(p-1) and A,, is

(p-1)x(p-1).

Define
ax = | ATt ATLALLC, LA LAT, A¥ ALLC,,
C,,A, AY, - Cyy
where C,, = (A,, + A, AY, A )%,

We shall now prove that, with the above definitions
of +, « and *, Mp(R) is a regular algebra.

In fact this is quite simple to do. Axioms A1-A9
are straightforward. A10 and A1l are also trivially veri-
fied by induction on p. The only non-trivial aspect of the
proof is to show that the condition for uniqueness of
solution of equations carries over to matrices.

To prove this we proceed by induction on p. For
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p=1, ¥ (R) can be identified with R and so is, by assumption,
a regular algebra. Consider then a square matrix A of

order p>1, and suppose M (R) is a regular algebra (and

p-1
hence the condition for uniqueness of solutions of equations
ho]dsiYLMp_](R)). Let n = p-1.

Split A into four submatrices:

Ayy [ Ria

A21 l A22

where A, and A,, are square matrices of orders 1 and n
respectively. Let N(q) denote the null matrix of order q.
We now prove an alternative condition for the
definiteness of A in terms of A, ,, A,,, A,, and A,,, and
then use this alternative condition in lemma 2 to prove

uniqueness of solution of equations if A is definite.

Lemma 1 A is definite = A, and A,, + A,,A¥ A, are

definite.
Proof
(a) Assume A , is not definite. Then, by definition,

- T,, such that T,,¢hA, T, and T, = ¢.

Take

Then T < AT and so A 1is not definite.

(b) Assume A,, + A, ,A¥,A,, is not definite. Then

37, N such that T,, c (A,, + A, A% A, ,)T,,.
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Take _
d) |AT1A12T22
T =
o | Tas
Then -
d) IAIIA?IAIZTZZ + A12T22
AT =

6 | A, A* AT+ AT

112 22 22 22

q) | ATIAIZTZZ

d) | (A22 +A21A?1A12) T22

L
2 T.

Hence A is not definite.
(a) and (b) together imply A, or A, +A  A*¥ A not
definite = A is not definite. The contrapositive of
this is the lemma.

Consider now the equation Y = A.Y+B, and split
Y B

Y and B into submatrices Y Y and Y,, and B

11°2712°" 21 112712

B,, and B,, exactly as in A.

Lemma 2 The equation Y = AY+B has solution Yo A*B with

equality if A, and A,, +A A¥ A are both definite.

Proof Multiplying out the equation Y = A-Y+B, we get four

equations:
Yy, = A Yy, + ALY, + By (1)
Y., = A, Y, +A.,Y,, +B, (2)
Y21 = A21Y11 + A22Y21 + 821 (3)
Yoo = ApYy, + ALY, + By, (4)
Now A, , has order 1, so we may apply R1 to (1) and

(2) giving
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Y11

v

ATIAIZYZI + A’l\.lBll (5)
Y12

v

A.{‘IAIZYZZ + A’l\.lBIZ (6)

with equality if A, is definite.

(5) and (6) are now substituted in (3) and (4), giving:

Y21

v

(Rpp + A AT IALL)Y,y + Byy + Ay AT By, (7)
Y

v

(A22 +A21A?1A12)Y22 + B22 + AZIA?IBIZ (8)

22
A,, +A, A¥ A, has order p-1, so by the induction hypothesis
we can apply R1, giving

Y21
Y

v

(A22+A21A¥1A12)* (BZI+A21A,1\.IBII) (9)

v

(A22+A21A,1\.1A12)* (822+A21A?IBIZ) (]0)

22
with equality if both A, is definite and A,, +A, A¥,A,,
is definite.

Finally (9) and (10) are substituted in (5) and (6),

giving
Y., 2 AT, A ,C,, (B, +A,AF,B,,) + AT B, (11)
Yio 2 AT,A,C,,(Byy +A, AT, By,) + AY By, (12)

with the same condition for equality.

Combining (9),(10),(11) and (12), the definition of
A* and Temma 1, we clearly get the rule of inference R1 for
M _(R). So by induction Mp(R) is a regular algebra for

P
all p.
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APPENDIX B - INFORMAL PROOF OF THEOREM B4

Here we shall demonstrate that the algorithms for
finding G* which we have loosely called "elimination methods"
invariably result in regular expressions having star-height
at least equal to the rank of G. We begin by abstracting
the salient features of an "elimination method" and then show
how any elimination method defines an "order of elimination of
arcs"., We then investigate in detail the effect of eliminating
arcs of the graph, and finally show how we can build an
"analysis" of the graph from the order of elimination of the
arcs,

Before doing so we need some definitions and a
fundamental theorem from McNaughton [29]1. By an analysis of
a graph G we shall mean a partial ordering of ordered pairs
<N,G,> where N is a node of G,»a strongly connected component
of G, having the following properties:

1. For each section Si of G there is a node N of Si such
that <N,Si> is maximal in the partial ordering.

2. For no subgraph G; are there two nodes N,N' such that
both <N,G,> and <N',G;> occur in the partial ordering.

3. If <N,Gy> occurs and G2 is a section of that subgraph

that has all nodes of G; except N then, for some N’

of G,, <N',G,> is an immediate inferior of <N,G;> .

4, A11 of the immediate inferiors of <N,G,> are of the
kind mentioned in 3. (and hence <N,G,> is minimal if

all loops of G; contain N),



176.

An analysis of a graph will always be a forest of
as many trees as the graph has sections.

The height of an analysis is the length of the
maximal length chain in the partial ordering.

Theorem Bl (McNaughton [291). The rank of a graph is the

minimum height of all analyses of the graph.

Our aim is to show how an "elimination" method defines
an analysis of G such that the height of the analysis is less
than or equal to the maximum star-height of regular expressions
of G*¥, Firstly we state more precisely what we mean by an
elimination method.

Definition B2 An elementary matrix is a matrix whose non-null

elements all lie in the same row, or in the same column.

Note that it is "elementary" to find the closure of
a row or column matrix using II (3.1) or (3.2) - hence the
definition.

Definition B3 An elementary elimination step is a step in

an algorithm which involves solely the computation of the
closure of an elementary matrix.

We can abstract three essential features of the methods
of Chapter II.
1. The tautologies II (2.3) and (2.4) are applied
exclusively to derive an expression for A* as a product

AY = 3R gE Ll g (1.1)

of elementary matrices.
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If at some stage in the derijvation of (1.1) the
matrix B, say, is split into matrices C and D such that
B=C+D, and either (2.3) is used to express B* as
B* = C*(DC¥)* (1.2)
or (2.4) is used giving
B*¥ = (C*D)* C* (1.3)

then C and D are always chosen so that

2. C is null wherever D is non-null and vice-versa;
and
3. if (1.2) is used, DC* is null wherever C is non-null

and vice-versa, and if (1.3) is used C*D is null wherever C
is non-null and vice-versa.
Some terminology is useful here. We shall refer to

calculating the closure C* of C as eliminating C. Evaluating

the product DC* or C*D, as the case may be, is called forward

substitution of C in D and finally finding the product

C*(DC*)* (or (C*D)*C*) is called back substitution of D in C.

An elimination method consists of expressing the computation of

A* as a sequence of forward and back substitutions and elementary
elimination steps, in which subsequences of these steps may be
interpreted collectively as eliminating C for some matrix C.

The definition of an elimination method has a number
of implications which we now consider. Firstly an elimination
method always defines an ordering on the arcs of G which we

shall call the order of elimination of the arcs. Specifically

if at some stage (1.2) (or (1.3)) is used we say that the arcs
of C are eliminated before the arcs of D. By virtue of

properties 2. and 3. this ordering is clearly well-defined and
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total, except that the arcs of each elementary matrix Ji
are incommensurate - these are eliminated simultaneously.
Secondly, conditions 2. and 3. imply that we can
always evaluate the non-null elements of J1,J2,...Jm by
successive transformations of G. Specifically we can set
M(0)=G, then perform in-situ modifications of the elements
of M to transform it to a matrix M(f) which contains the
non-null elements of the matrices Jf,J:,...J; (other than
e's on the diagonal) in their appropriate positions. If for
instance at some stage in the derivation of (1.1) we use the
formula (1.2) then the appropriate action would be to evaluate
DC* (possibly using additional storage) and store the non-null
elements of this matrix in the appropriate positions of M.
The remaining elements of M are left unchanged. Once M(f) has
been calculated G* can be calculated using (1.1). (This may
not be the most efficient way of evaluating G* by the particular
elimination method but our concern here is solely with the
star-height of the resulting regular expressions.)
To investigate what actually happens when we perform
an elimination step, let us suppose that at some stage the

matrix M has the form

— e

My Mi2 M;s
M = M21 M22 M23
M3, Ms3» M3 3

L _

where M;,, M, and M33; are square matrices.
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We make no assumptions about the size of the various
submatrices. Without loss of generality we may assume that
some subset of the matrices Myi1, Mi2, Miz, Ma1, M3; are to
be eliminated. This elimination process will in general be
itself expressed in terms of elementary e]imination; and
forward and back substitutions, but here we wish to consider
its composite effect on M. A number of remarks are in order.
Remark 1 If the submatrix Mij is next to be eliminated then
the result of all previous eliminations will have been forward
substituted into Mij‘

(To see this consider the context-free grammar

E - EfEb ; E » 2

f represents forward, b back substitution; & represents
elementary elimination. An algorithm for finding G* may be
regarded as constructing a left-to-right bottom-up parse of
a sentence of this grammar. If an E has just been recognised
an f must follow (possibly preceeded by'b's) before a new E may
be recognised. The remark may now be proved by induction on
the length of the derivation of the current state of the parse.)
Remark 2 No submatrix Mij for i#j may be eliminated before
either Mii or ij is eliminated without violating condition 3.

By remark 1 the result of eliminating Mij must be
forward substituted into Mii and ij before they are eliminated.
But this will result in a modification of Mij itself, thus
violating condition 3 - either it is premultiplied by Mii or
post-multiplied by ij depending on which of (1.2) or (1.3)

is used at the time.
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Remark 3 If M. and Mij have been eliminated then Mji may

not be eliminated after ij.

If Mii and Mij have all been eliminated, then by
remark 1 the results must be forwarded substituted into Mji
before this is eliminated. This involves pre- or post-

multiplying M.. by Mg.M (depending on whether (1.2) or

Ji i

(1.3) was used). However post-multiplication changes Msss
violating condition 3. Pre-multiplication changes ij and thus
will also violate condition 3 unless ij has not already been
eliminated. Hence the remark.
Remark 4 Mik and Mji’ where k#i1 and j#i, may not both be
eliminated using asingle applicationof (1.2)or (1.3) without
violating condition 3 since this would in general affect Mjk'
Remark 5 The star-height of elements of M is increased if
and only if an elementary elimination step is executed in
which the arc (k,k) is eliminated for some k.

This is obvious, because substitutions only involve
multiplications of submatrices of M.

Now let us suppose that the next step is to eliminate

M,, and M,,. (The case of eliminating M,, and M,, can be

considered similarly.) After elimination of C=M,, +M,,,

B ]
MY, MT .My, My,
M < P P My,
M3, M3, Ms,

In view of remark 5 we should like to see what effect

this elimination has on M,, and M,,. Suppose therefore that

2
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at some later stage we wish to eliminate the contents of
M,,. By remark 3 we must already have eliminated M,,, or

must do it simultaneously with the elimination of M,,. Hence,
by remark 1, M*¥, and M¥ M,, must also have been forward sub-
stituted into M,, and M,,, and, in order not to violate

condition 3, this can only be done by post-multiplying by

M¥ and M¥* M . Thus after the forward substitution
_>M¥1 MI Mo Mla_
M 2 My 1 MT) Moo + My M My Mg
-M31 Mis M33_

(2 is used here, because the elements of M may also have been
changed between the elimination of M,, and M,, and their
forward substitution into M,, and M,,). Note that the same
result will be obtained if we consider M,, and M,, eliminated
separately or simultaneously.

Thus we see that the star-height of expressions
obtained by eliminating submatrices of M,, will now depend
on the star-height of elements in M;, provided M, ,M}¥ M, is
non-null. In contrast, if we eliminate submatrices of M,,
before eliminating M,, or M,, the star-height of the resulting
regular expressions will not depend on the star-height of
elements of M,, since forward substitution of M,, and M,,

clearly does not affect M;,.

We restate this in the form of a lemma on the elements

of the matrix M.
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Lemma B2 At some stage in the elimination process let
M=[m1j] and 1et the set of all arcs which have currently
been eliminated be G;. Suppose the next step in the
elimination process involves the elimination of arc (i,i),
and suppose after this step the set of eliminated arcs is G,.
Then,
(a) mes = U + VR W
if
(b)(i) H nodes k and j s.t. arcs (k,k) and (j,j) have been
eliminated,

(ii) nodes k and j are strongly connected to node r in G;,

(iii) arcs (i,k) and (j,i) are non-null,
and

(iv) arc (r,r) was the last diagonal arc to be eliminated

in the section of G, containing {r,j,k},
and, moreover, (b) is true if
(c) node i is strongly connected to node r in G, and arc

(ror) was the last diagonal arc to be eliminated in

the section of G, containing {r,j,k}.

(To see how this corresponds to our previous discussion,
consider j,k and r as nodes of M;; and i as a node of M,,.
Condition (iii) implies that M, M¥ M , is non-null, condition
(iv) implies that since eliminating (r,r) the only changes
made to M;, have been by back-substitution (and hence none
have been made to m_ ), and finally conditions (i) and (ii)

rr

imply that My = u'mrrv' + w' for some u',v' and w'.)
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From the order of elimination of the arcs of G we
can now construct an analysis of G; 1lemma B2 then enables
us to relate the height of the analysis to the star-height
of expressions in G*. We begin with the arcs eliminated
first and proceed in order to the arcs eliminated last.
Suppose at some stage we have considered the arcs of graph
G; and have constructed an analysis of G;. Suppose the
constituent trees of this analysis have roots rl,rz,...rp.
Suppose also that the next set J of arcs to be eliminated
are all in the row/column i and that the union of these arcs
and the arcs of G; form the graph G,. If the arc (i,i) is

not in J then do not alter the analysis. Otherwise consider

the Targest subset LRI

of the roots r;,...r_ such that
1 X P

each e is strongly connected to node i in G,. If this subset
J
is non-empty add a new root labelled i to the forest and
connect it by branches to each of P seeesl - If however the
1 X

subset is empty then if m.,. # ¢ before elimination add a new

ii
root labelled i to the forest (and do not connect it to any
others); if my, = o before elimination do not alter the
analysis.

Lemma B3 The star-height of my after elimination of (i,1)

is greater than or equal to the height of the tree with root i.
Proof This follows easily from Temma B2 by induction on the

height of the tree. If the height is 0 or 1 the lemma is

obvious from II 3.1 and 3.2. Otherwise, we note that each rk
Yy

satisfies the properties of r in lemma B2, hence after
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* . .
i <t (u+vmrk Fr w)*. By induction

y

elimination of (i,i), m

mrk - has star-height > to the height of the tree with root

y vy

ry and hence ms 3 has star-height at least 1 greater than this.
y

Hence the lemma.

We could strengthen the lemma to an equality as did
Eggan [18] for the escalator method, but this is not relevant
here.

Combining Theorem Bl and lemma B3 we have our
theorem:

Theorem B4 If an elimination method is used to find G* for

a graph G, then G* will contain regular expressions having

star-height at least equal to the rank of G.



