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Abstract

Fixed point calculus is about the solution of recursive equations defined by a
monotonic endofunction on a partially ordered set. This tutorial presents the ba-
sic theory of fixed point calculus together with a number of applications of direct
relevance to the construction of computer programs. The tutorial also presents the
theory and application of Galois connections between partially ordered sets. In par-
ticular, the intimate relation between Galois connections and fixed point equations
is amply demonstrated.
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1 Introduction

1.1 Fixed Point Equations

Formulating and solving equations is a fundamental mathematical activity and whole ar-
eas of mathematics are devoted to the methods for solving particular classes of equations
— think, for example, of the differential calculus developed in order to solve differential
equations. This chapter is about a class of equations called fized point equations that
is particularly important in computing.

Fixed point equations have a very simple form, namely

x=fx ,

where f is a given function and x is the unknown. A solution to the equation is called a
“fixed point” of the function f because applying f to a solution leaves the value “fixed”,
i.e. unchanged.

1.2 Languages

In the literature on computing science, fixed point equations are most often called re-
cursive equations because the unknown x “recurs” on the right side of the equation.
Recursion was first used extensively in computing science in the now-classic Algol 60
report [Nau63| which defined the programming language Algol 60. The Algol 60 report
introduced so-called “Backus-Naur Form” to define the syntax of the language. Here is
a small, simplified extract from the language definition.

(Expression) == (Expression) + (Expression) | ( (Expression))
| (Variable)
This defines (arithmetic) expressions by recursion. The symbol “:=" can be read
simply as “is” or, indeed, as an equality symbol. The symbol “|” is read as “or”. Terms

enclosed within angle brackets (thus (Expression) and (Variable)) are called “non-
terminals” —these are the entities being defined— and the remaining symbols (here “+”
and the two parentheses “(” and “)”) are called the “terminal” symbols —these are the
symbols that form words in the language being defined— . In this way the definition of
(Expression) is read as:

An expression is either an expression followed by the symbol “+” followed by
an expression, or a parenthesised expression, or a variable.

Assuming that x and y are variables, the following are examples of expressions:

x+y , (x) , x , x+x+y , y+(xt+y) .



The definition of (Expression) is an example of a fixed point equation in which the
unknown x is (Expression) and the function f is a function from languages (sets
of words) to languages. Language theory provides many good examples of fixed point
calculus; we use it frequently as a source of examples.

1.3 Functions

Recursion is used extensively in mathematics for the definition of functions. An elemen-
tary example is the factorial function, which is specified by the equation in fac,

(1) fac.0 = 1
facn = nxfac.(n—1), for n>0.

The definition of the factorial function also has the form of a fixed point equation al-
though this is not so easy to see as in the previous example. To verify that this is indeed
the case we need to rewrite the definition in the form

fac = ---

Using the notation (x:x&€Type:Exp) for a function that maps a value x of type Type to
the value given by expression Exp, we have:

fac = (nineN:if n=0 then 1 else n«xfac.(n—1))
Now, abstracting from fac on the right side of this equation, define the function F by
F = (f:f e Ne—N: (n:neN:if n=0 then 1 else nxf.(n—1)))

This defines F to be an endofunction' on functions of type N«IN, the type of the
factorial function. That is, the function F maps a function to natural numbers from
natural numbers to a function to natural numbers from natural numbers. For example,
applying F to the successor function (n:n-+1) we get

F.mun+1) = (nzif n=0 then 1 else nx((n—1)+1))

(For brevity we have omitted the type information on n.) Simplifying,
F.nzn+1) = (nzif n=0 then 1 else n?)

The characteristic feature of the factorial function is that its definition demands that
fac = F.fac .

That is, fac is a fized point of F .

LAn endofunction is a function whose target and source are the same.



1.4 Datatypes

Recursion is also used in the definition of datatypes in programming languages. A
definition of, for example, lists in a functional programming language looks like the
following:

List a = Nil | Cons a (List a)

This states that a list of a’s (where a stands for an arbitrary type) is either Nil or the
operator Cons applied to a value of type a and a list of a’s.

The definition of List is not strictly a fixed-point equation. Rather than expressing
the equality of List a and Nil | Cons a (List a) (misleadingly suggested by the equals
sign) the declaration expresses an tsomorphism between the type List a and the type
1+ax(List a), the disjoint sum (“+”) of the unit type (a set containing exactly one
element, here denoted by “1”) and the cartesian product (“ x ”) of the type a and the
type List a.

1.5 Galois Connections

Fixed point calculus is only of value to computing science if many of the things we want
to compute are specified by fixed point equations. Fortunately, this is very much the
case. Indeed, many specifications are directly expressed in terms of the solution of a fixed
point equation. Moreover, a large number of additional problems have specifications that
involve a fixed point equation, albeit less directly. In such cases it is often the case that
the specification can be transformed to one that expresses the solution to the specification
directly in terms of a fixed point equation. The key to such transformations is the notion
of a Galots connection.

Galois connections are of interest in their own right, even when not related to the
theory of fixed point equations. Their typical use is to define one, relatively complex,
function in terms of another, relatively simple, function. A number of the examples we
present are of very elementary and well-known functions; even so, readers not familiar
with Galois connections may find the calculations we present delightfully refreshing!

Galois connections are also basic to the fundamental notions of infimum and supre-
mum. Section 4.1 discusses these notions; in particular, the notion of suprema and infima
of a certain “shape” is discussed in detail.

1.6 Basic Assumptions

The simple form of a fixed-point equation means that it is a very general notion which
captures a very broad range of computational problems. But a theory that is too general
is usually also too weak to be of practical value. In developing a useful fixed-point



calculus we need to impose some non-trivial mathematical properties on the fixed point
equations we consider. Here we require two properties. The first property we demand
is that the domain of solutions be a complete lattice. That is the domain of solutions
is a partially ordered set such that suprema and infima of any shape always exist. This
requirement clearly holds in the case of languages. When a language is being defined
it is required that the “alphabet” of the language is clearly stated. The alphabet of a
language is just a finite set of symbols, and words in the language are finite sequences
of symbols in the alphabet. If ¥ denotes an alphabet then X* is the notation used
to denote the set of all words in that alphabet (that is, the set of all finite sequences
—including the empty sequence— of symbols in the alpahabet). A language is thus a
subset of X* and, as is well known, the set of all subsets of a given set is a complete
lattice under the subset ordering.

Although there is no ordering relation explicitly mentioned in the definition of fac
(other than the equality relation, which is pretty uninteresting as an ordering relation)
the theory we develop still applies by the simple device of viewing functions as special
cases of binary relations. A binary relation between two sets A and B is a subset of
the cartesian product AxB and the set of all subsets of AxB forms a complete lattice.
This will be our solution domain when solving a fixed-point equation that is intended to
define a function to set A from set B.

The second requirement we impose is that the function f in the given fixed point
equation be monotonic in the ordering on the solution domain. This requirement is
also clearly met in the case of language definitions. The function (X: {b}U{a}-X-{c})
is typical of the sort of functions that are used in language definitions. (A raised infix
dot denotes the concatenation operator extended to sets.) It is the composition of three
functions, the function (X:: {b}UX), which adds the word b to a language, the function
(X {a}-X), which concatenates a at the beginning of every word in a given language,
and (X: X-{c}), which concatenates ¢ at the end of every word in a given language.
These functions are all clearly monotonic, and thus so is their composition.

1.7 Issues and Applications

An arbitrary fixed point equation may have no solutions, it may have exactly one solution,
or it may have more than one solution. An important consequence of our two assumptions
is that the fixed point equations we consider always have at least one solution. Indeed,
the set of solutions is itself a complete lattice. In particular, a monotonic function on a
complete lattice has a least and a greatest fixed point. Moreover, it has a unique fixed
point if (and only if) the least and great fixed points coincide.

A major element of these lecture notes is how to manipulate fixed point equations.
Finding out how to express the same quantity by different equations is important to



understanding. Another important element is providing general, practical, sufficient
conditions for a fixed point equation to have a unique solution. These foundational
elements of fixed point calculus are discussed in depth in section 7.

An example of the sort of issue tackled in section 7 is the use of recursion to define
a number of values simultaneously. The terminology “mutual recursion” is used. In the
definition of Algol 60, for example, this is what the definition of (Expression) really
looks like:

(Expression) == (Expression) + (Term) | (Term)
(Term) == (Term) x (Factor) | (Factor)
(Factor) n= ( (Expression)) | (Variable)

This is still a fixed point equation, but it is an equation in the triple of languages
((Expression) , (Term) , (Factor))

An important issue is whether a fixed point equation in a vector of values can be solved
piecewise and, if so, how. This is the content of theorem 106.

Section 6.1 is introductory; section 6.3 is also introductory but, even so, considers an
important application of fixed point calculus, namely Kleene algebra, which is the algebra
of choice, composition and iteration, three indispensible ingredients of any programming
language.

2 Galois Connections — Introductory Examples

This section begins our discussion of “Galois connections”, a concept first introduced by
Oystein Ore in 1944 [Ore44].

The importance of Galois connections lies in their ubiquity and their simplicity.
Mathematics and, in particular, computing science abounds with instances of Galois
connections. Some simple examples are presented in subsection 2.1 whilst subsection 2.2
continues with a more detailed analysis of the floor and ceiling functions. Later sections
discuss more abstract properties of Galois connections.

2.1 Simple Examples

A Galois connection involves two preordered sets® (A, <) and (B, <) and two functions,
Fe A—B and GeB«.A. These four components together form a Galois connection
iff for all xeB and ye.A the following holds

(2) Fx<y=x=G.y

2The pair (A, <) is a preordered set if < is a binary relation on A that is reflexive (i.e. x <x for
all x) and transitive (i.e. x<yAy<z = x<z forall x, y and z).




This compact definition of a Galois connection was first introduced in [Sch53|. We refer
to F as the lower adjoint and to G as the upper adjoint. (Many texts use the names
“left” and “right” where we use “lower” and “upper”. Our terminology is in line with
[GHK * 80| which is a standard reference on the theory presented here.)

Lots of examples of Galois connections can be given. In the first instance, examples
can be given by observing that two inverse functions are Galois connected. Suppose A
and B are two sets and Fe A«B and G € B«.A are inverse functions. Then their being
inverse can be expressed by the equivalence, for all x€B and yeA,

Fx=y = x=G.y

This is a Galois connection in which we view A and B as ordered sets where the ordering
relation is identical to the equality relation. (Two elements are ordered if and only if
they are equal.)

That inverse functions are Galois connected is a useful observation — not because a
study of Galois connections will tell us something we didn’t already know about inverse
functions, but because we can draw inspiration from our existing knowledge of properties
of inverse functions to guide us in the study of Galois-connected functions.

Further examples of Galois connections are not hard to find although sometimes they
are not immediately evident. One is the connection between conjunction and implication
in the predicate calculus:

PAG=T = g (p=T)

Here p, q and r denote predicates and the connection is between the functions (p A)
and (p=). To be more precise, both sets .4 and B in the definition of a Galois
connection are taken to be the set of predicates, and the ordering relation is implication
(= ). The above formula describes a family of Galois connections, one for each instance
of the variable p.

An interesting example is provided by negation (not) in the predicate calculus. We
have:

—p=q = p&q

The example is interesting because it involves two different orderings on the same set.
Specifically, we can order predicates by implication (=) or by the converse order-
ing follows-from (< ). Predicates ordered by implication and predicates ordered by
follows-from are quite different partially ordered sets. The point is that there are four
elements to the definition of a Galois connection: two ordered sets and two functions
between the ordered sets. All four elements form an integral part of the definition and
mistakes in the exploitation of the properties of Galois connections may occur if one is
not clear about all four.
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One elementary example of a Galois connection that is not immediately evident is
afforded by the binary maximum operator, max, on real numbers. Denoting it by the
infix operator |, we have:

xTy<z = x<zAy<z .

At first sight this doesn’t look like a Galois connection principally on account of the
conjunction on the righthand side of the equation. We can however identify it as such
as follows. First note that max is a binary function, i.e. a function from the cartesian
product RxR (the set of pairs of real numbers) to the set R. Now R is ordered by
the at-most relation (<), and this relation can be extended pointwise to an ordering
relation on RxR. Specifically, denoting the relation by <?, we define

(u,v) gz(x,y) = u<xAv<y

Finally, we define the doubling function, denoted by A, by
Nz=(z,2)

Having done so we can rewrite the definition of max as follows:
max(x,y)<z = (x,y) <? Az .

Thus max is a function mapping RxR, ordered pointwise by the relation <?, to R,
ordered by the at-most relation (<), and is defined by a Galois-connection connecting
it to the doubling function.

Many predicates are themselves adjoints in a Galois connection, but the fact is rarely
recognised. An example is the predicate even on integers (which is true when its ar-
gument is divisible by 2). Specifically, the integers are ordered by the “is-divisible-by”
relation, which we denote here by “/” (so m /n should be read as “m is divisible
by n” or, more precisely, as “there is an integer k such that n xk = m?”) and, for all
integers m and booleans b,

evennm<b = m/(if bthen2elsel) .

This is an instance of the general result that a predicate p on the elements of a poset
(A, <) with greatest element TT is a lower adjoint in a Galois connection (between
(A, <) and (Bool,«)) if there is some constant a such that p.x=x<a. Specifically,
the Galois connection is, for all x€.A and beBool,

px&<b = x<ifbthen aelse TT .

It is quite surprising how many predicates fulfill this condition. The “is-empty” test on
a set is an example (a set S is empty if SC¢ ). Another example is the membership
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test on a set. Fix some value a in a universe of values and consider the predicate p that
given a subset S of the universe returns the value of a€S. Then, since aeS = {a}CS§S,
the general result says that p is a lower adjoint in a Galois connection. Indeed,

acS&b = S D ifb then {a}else ¢ .

2.2 The Floor Function

This section discusses a simple but illuminating example of a Galois connection. The
floor function from reals to integers is described in words as follows: for all real x we
take |x| (read “floor x”) to be the greatest integer that is at most x. Formally, this is
captured by a simple equivalence.

Definition 3 (Floor Function)  For all real x, |x] is an integer such that, for all
integers n,

n< [x] =n<x .

O

In the definition of the floor function we use the mathematical convention of not
denoting the conversion from integers to reals. It is implicit in the inequality n <x
which seems to compare an integer with a real. In fact, what is meant is the comparison
of the real value corresponding to n with the real value x. On the right side of the
equivalence the at-most relation (“<") is between reals whereas on the left side it is
between integers.

Making explicit both conversions, temporarily adopting a Java-like casting notation,
reveals the two adjoint functions in a Galois connection. We have, for all real x, (floor)x
is an integer such that for all integers n,

n < (floor)x = (real)n < x .

So the floor of x is defined by connecting it to the conversion from integers to reals in
a simple equivalence.

The floor function is an instance of a common phenomenon, namely that many func-
tions are defined to be adjoint to an embedding of one partially ordered set in another.
The functions so defined are closure operators®. Examples include the reflexive closure,
symmetric closure and transitive closure of a relation. These are adjoints of the embed-
dings of, respectively, all reflexive relations, all symmetric relations and all transitive
relations in the ordered set of relations (of an appropriate type).

3Formally, it is not the adjoint that is a closure operator but the composition of the adjoint with the
embedding function. This said, it is useful to adopt the mathematical convention of omitting explicit
mention of the embedding function and this is what we do from now on.
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2.2.1 Properties of Floor

The first time that one encounters a definition like definition 3 it can be difficult to
see how it is used. This section illustrates the basic techniques for exploiting Galois
connections.

The first thing we can do is to try to identify some special cases that simplify the
definition. T'wo possibilities present themselves immediately; both exploit the fact that
the at-most relation is reflexive. The equation

n< x| =n<x

is true for all integers n and reals x. Also, |x] is by definition an integer. So we can
instantiate n to |x]. We get

x] < lx] = [x] <x .

The lefthand side that is obtained — [x| < [x| — is true, and so the righthand side is
also true. That is,

Ix] <x .

This tells us that the floor function rounds down. It returns an integer that is at most
the given real value.

The second possibility is to instantiate x to n. This is allowed because every integer
is areal. Strictly, however, we are instantiating x to the real value obtained by converting
n. We get

n<[n] =n<n .

In this case it is the right side of the equivalence that is true. So we can simplify to
n< [n|

Earlier we determined that |[x| <x for all real values x. Instantiating x to n, we get
In| <n .

So, as the at-most relation is anti-symmetric, we have derived that for all integers n
In| =n .

A good understanding of the equivalence operator suggests something else we can do
with the defining equation: use the rule of contraposition. The contrapositive of the
definition of the floor function is, for all integers n and real x,

~(n<[x]) = ~(n<x) .
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But (n<m)=m<n. So
x] <n =x<n .

Equally, using that for integers m and n, m<n = m+1<n,
x| +1<n = x<n .

Now we can exploit reflexivity of the at-most relation again. Instantiating n with |x]|+1
and simplifying we deduce:

x < [x] +1
Recalling that |x| <x, we have established
Ix] <x < [x]+]1

In words, |x]| is the (unique) integer such that |x| is at most x and x is less than
[x] +1.
We now ask whether the floor function is monotonic. That is, we want to show that

x] <yl &x<y

Here we calculate:

definition 3, x,n == |y|,[x] }

transitivity of < }

= { x| <x }

Thus the floor function is indeed monotonic.

2.2.2 Rounding Off

Let us now demonstrate how to derive more complicated properties of the floor function.
In the process we introduce an important technique for reasoning with Galois connections
called the rule of indirect equality.

The definition of the language Java prescribes that integer division rounds towards
zero. This causes difficulties in circumstances when it is required to round away from
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zero. Had the definition been that integer division rounds down then it is easy to
implement rounding up, towards zero or away from zero. Rounding up, for example,
corresponds to negating, then rounding down, and then negating again. (See exercise
7(a).)

The problem is thus how to implement rounding up integer divisions supposing that
our programming language always rounds down.

In order to express the problem we need the ceiling function. The definition is a dual
of the definition of the floor function.

Definition 4  For all real x, [x] is an integer such that, for all integers n,

[x] <n

x<n .

O

We leave it as an exercise to the reader to derive properties of the ceiling function
dual to the properties of the floor function derived in section 2.2.1.

Rounding down an integer division of positive numbers m and n is expressed by

&

where m is the real division of m and n. Dually, rounding up is expressed by
n

H

Implementing rounding up given an implementation of rounding down amounts to finding
suitable values p and q so that

Pl_ [Ew

al In
The values p and q should be expressed as arithmetic functions of m and n (that
is, functions involving addition and multiplication, but not involving the floor or ceiling

functions).
The rule of indirect equality is

m=n = Vk:k<m=k<n)

where k, m and n all range over the same poset. Using this rule, we can derive suitable
expressions for p and q. Specifically, for arbitrary integer k, we aim to eliminate the
ceiling function from the inequality

<2
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obtaining an inequality of the form
k<e

where e is an arithmetic expression in m and n. We may then conclude that

m

o) =[5

The first step in the calculation is perhaps the most difficult. This is because the def-

inition of the ceiling function, definition 4, provides a rule for dealing with inequalities

where a ceiling value is on the lower side of an at-most relation but not when it is on the

higher side (which is the case we are interested in). However, recalling our discussion of

the floor function, the solution is to consider the contrapositive of the defining equation.
Specifically we have, by negating both sides of 4,

(5) n< [x] =n<x .

We can now proceed with the derivation:

e |5
n
= { integer arithmetic |}
k—1< P—ﬂ
n
= { contrapositive of definition of ceiling (rule (5)) }
m
k—1<—
n
= { arithmetic, n>0 }
n(k—1)<m
= { integer inequalities }

nk—1)+1<m

= { arithmetic, n>0 }
K < m+4n—1
n
= { definition of floor function: (3) }
K < {m—l—n—]J
n

Here k is arbitrary. So, by indirect equality, we get
m m+n—I
ORISR {in J

In Java, for example, if it is required to round up the result of dividing m by n one
should compute (m+n-1)/n .
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Exercise 7  Prove the following properties. (Hint: use indirect equality.)
(@) —Ix] = [=x] ,
(b) [x+m| = [x]+m ,

(¢) [x/m| = |[x|/m] (assuming m is a positive integer),
@ [VIx| = V&l
O

3 Abstract Properties of (zalois Connections

We now begin a study of the abstract properties of Galois connections. First, we record a
number of basic properties following which we give an alternative, equivalent definition
of a Galois connection (in fact, the original definition). An exercise presents a third
definition. Knowing that a concept can be defined in several different but equivalent
ways is an indicator of its importance as well as helping one to recognise it in other
applications. This subsection is the one to read if you want more insight into what it
means for one function to be the adjoint of another. Subsequently we look back at the
examples in the section preceeding this one in order to see how the abstract properties
might have lead us to anticipate those examples. The basic idea is that we seek a
generalisation of the rule that inverse functions have inverse algebraic properties.

There are many more properties of Galois connections not discussed here. Some of
these have been included in the exercises. Proofs of the lemmas and theorems are omitted
when they present no real difficulty.

3.1 Combining Galois Connections

In what follows we take (A, C4) and (B, Cp) to be partially ordered sets * and we
assume that Fe A—B and GeB«+.A. For such an F and G we recall the following
definition.

Definition 8 (Galois Connection) (F,G)is a Galois connection between the posets
(A, C4) and (B, Cp) means that, for all xeBB and yeA,

Fx C4o y=x Cg Gy

4The difference between a partially ordered set and a preordered set is that the ordering on a partially
ordered set is anti-symmetric. That is, x=y = xCyAyLCx for all x and y. The theory of Galois
connections can be developed in its entirety for preordered sets but it’s occasionally simpler to assume a
partial ordering. Where we do so will be apparent from the fact that we appeal to anti-symmetry.
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O
In order to make the formulae more readable, we will often drop the subscripts from the
orderings. This can be confusing, even though it can usually be deduced which ordering
is meant from type considerations. Thus, occasionally we will reintroduce the subscripts.
Recall also that F is referred to as the lower adjoint, since it is on the lower side of
an ordering, and G as the upper adjoint, since it is on the upper side of an ordering.
The names “lower” and “upper” are somewhat arbitrary because orderings can always
be turned upside down to make big small and small big. The mathematical jargon for
this is that statements about orderings can always be “dualised”. In the case of Galois
connections we have:

Theorem 9 (F,G) is a Galois connection between the posets (A, C4) and (B, Cp)
iff (G,F) is a Galois connection between the posets (B, Jg) and (A, Jy).

Proof Immediate from
(Fx CAy=xLCs Gy) = (Gy Jg x =y Jdg Fx)

O

A result of this is that all statements about one of the adjoints of a Galois connection
have a dual statement for the other adjoint. That is, any theorem concerning a lower
adjoint gives rise to a theorem about the upper adjoint, since that one is the lower adjoint
when we reverse the ordering. So with one proof, we get two theorems.

A second, very basic, result is that Galois-connected functions can be composed to
form new Galois connections.

Theorem 10  If (F,G) is a Galois connection between the posets (A, C,) and
(B, Cp) and (H,K) is a Galois connection between the posets (B, Cp) and (C, C¢)
then (FeH , KeG) is a Galois connection between the posets (A, C4) and (C, C¢).
(Here and elsewhere we use the symbol “¢” for function composition.)

O
A final, very basic, theorem should not be neglected.

Theorem 11  (I,I), where I denotes the identity function on A, is a Galois connec-
tion between the poset (A, C 4 ) and itself.

O
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3.2 Cancellation

Looking at the definition of a Galois connection, two very obvious properties are the
cancellation laws.

(12) xCG.Fx forall xeB ,
(13) FEGyCy forallyeAd .

We call these “cancellation” laws because they enable one to eliminate occurrences of
the adjoints F and G from an expression. They are possibly the most frequently used
of all the properties of Galois connections.

Using the cancellation laws one can infer that the adjoints F and G are monotonic.
The combination of the cancellation laws and monotonicity is an equivalent way of defin-
ing the notion of a Galois connection, in fact the way that Ore [Ore44| originally defined
the notion.

Theorem 14 (F,G) is a Galois connection between the posets (LA, C4)and (B, Cp)
iff the following two conditions hold.

(a) For all xeB and yeA,
xCG.(Fx) and F(G.y)Cy

(b) F and G are both monotonic.

O

Definition 8, proposed by J. Schmidt [Sch53|, and Ore’s definition, contained in theo-
rem 14, both have their merits. Schmidt’s is easy to remember since it contains only one
clause, and lends itself to compact calculation. It is a form of “shunting rule”: the game
that one plays with it is to shunt occurrences of function F in an expression out of the
way in order to expose the function’s argument. After performing some manipulations
on the argument, F is shunted back into the picture. (Or, of course, the other way
around: function G is shunted temporarily out of the way.) It’s an attractive strategy,
requiring little creativity, that is particularly useful in inductive proofs.

3.3 Pointwise Ordering

Ore’s definition is most useful when expressed at function level. Let us define the relation
C on functions of the same type by

fCg = V(x:fxCgx)
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Then we can eliminate the dummies x and y in the cancellation laws to obtain
(15) Iz C GeF and FeG LI, .

Schmidt’s definition can also be lifted to function level and, in combination with (15),
can be used to construct elegant theorems. Specifically, we have:

Lemma 16 (F,G) is a Galois connection between the posets (A, C4) and (B, Cp)
equivales, for all functions h and k with the same (arbitrary) domain, and ranges
respectively B and A,

FhCk = hC Gek .

(I
In words,

(17)  (F,G) forms a Galois connection = (Fe, Ge) forms a Galois connection.

A property that is somewhat weaker but in a sense dual to this one is the following:
(18) (F,G) forms a Galois connection = (G, F) forms a Galois connection.
(Take care to note the switch in the order of F and G.) Specifically, we have:

Lemma 19 If (F,G)is a Galois connection between the posets (LA, C4)and (B, Cp)
then, for all monotonic functions h and k with the same range, and domains respec-
tively B and A,

heG L k = h C keF .

O

3.4 Poset Isomorphism

A function f with domain (A, C4) and range (B, Cp) is a poset monomorphism if,
forall x, yin A, x E4 y = f.x Cp f.y. A poset isomorphism is a surjective poset
monomorphism. In this section we prove the following lemma, which is an important
component of the “unity-of-opposites” theorem proved in section 5.

Lemma 20 If (F,G)is a Galois connection between the posets (A, C4)and (B, Cg)
then

Fe FB+ G.A is a poset isomorphism,

G e GA+—FB 1isa poset isomorphism.
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Moreover, within the given domains, F and G are inverses.

O

In order to prove the lemma, a more convenient, higher-order definition of a poset
monomorphism is the following.

Function F with domain G.A is a poset monomorphism if, for all monotonic func-
tions h and k (with range .4 and the same domain),

(21)  GehL Gek = FeGeh L FeGek .

To show that F is a poset monomorphism, we begin with an elementary calculation.

GeFeG

C { cancellation of FeG }
G

C { cancellation of GeF }
GeFeG .

It follows, by anti-symmetry, that GeFeG=G. In words, G is the left inverse of
F € FEB+ G.A. Dually, FeGeF=F. (Thus, F is the left inverse of G € G.A+F5.)
Now,

FeGeh L FeGek

= { (F,G) is a Galois connection, lemma 16 }
Geh T GeFeGek

= { GeFeG=G }
GeshLC Gek .

So, F € EB+ G.A is a poset monomorphism. It remains to show that F € FB+ G.A is
surjective. Suppose yeB. We have to exhibit some x€A such that Fy=F.(G.x). The
key is the property FeGeF=F. By this property, F.y=F.(G.(Fy)) so that we may take
Fy for x. Dually, G € G.A«F.B is a poset isomorphism. This completes the proof.

Exercise 22 Suppose Fe A+—B and Ge€B«.A are two functions between posets
(A, C4)and (B, Cg). Prove that F and G are inverse poset monomorphisms is
the same as the conjunction of the properties:

(F,G) is a Galois connection between (A, C4) and (B, Cp), and

(G,F) is a Galois connection between (B, Cz) and (A, CTy4).
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3.5 Uniqueness of Adjoints

There is a simple but powerful corollary of lemmas 16 and 19. Specifically, suppose
(Fo, Go) and (Fy, Gy) are both pairs of Galois connected functions between the same
partially ordered sets. Then,

(23) FoLCF = GICGy

since
FoCFy
= { lemma 16 with F,G,h )k := Fy,Go,I,F;  }
IC GooF;
= { lemma 19 with F,G,h)k := F1,G;,I,Gy }
GiCGo .

(Note this time the switch in the order of subscripts.) Hence, by applying 23 twice and
combining the two applications with anti-symmetry,

(24) F0:F1 = G1:G0 .
Thus adjoints are uniquely defined. We shall see in the next section how this observation
can be put to good use.

3.6 Universal Property

One of the reasons that Galois connections are not easy to spot is that standard mathe-
matical definitions of functions like, for example, the floor function do not take the form
of either Schmidt’s or Ore’s definition of a Galois connection. Rather, they correspond
to a hybrid of the two. The hybrid definition is given in the following lemma.

Lemma 25 (F,G) is a Galois connection between the posets (LA, C 4) and (B, Cg)
iff the following conditions hold.

(a) G is monotonic.
(b) For all xeB, xC G.(F.x).

(c) For all xeB and yeA, xCG.y = FxCy.
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O

The hybrid definition of a Galois connection is the least elegant of the three alterna-
tives because the symmetry between the adjoint functions is hidden. An explanation for
why it is nevertheless commonly used is that Galois connections are often used to define
a function, F, in terms of a known function, G. The hybrid definition focuses on the
requirements on F. Indeed, we can put the hybrid definition into words as follows.

Given a monotonic function G, the lower adjoint, F, of G is defined by the
requirement that, for all x, F.x is the least y such that xC G.y.

(Note that requirement (b) in lemma 25 requires that F.x be a y such that xC G.y and
requirement (c) that it be the least such y.) The requirement “for all x, F.x is the least
y such that xC G.y” is often referred to as the universal property of F.

Examples of this form of definition can be found in Gentzen'’s [Gen69] formalisation of
what he called “natural deduction”. Gentzen defined the logical operators (conjunction,
implication, etc.) systematically by giving introduction and elimination rules for each
operator. An example is his definition of disjunction. There are two introduction rules,
namely:

p=pVq
and
a=pVq

(Gentzen would have used a turnstile rather than an implication operator. Such sub-
tleties will be ignored in this discussion.) There is one elimination rule for disjunction:

(P=71)A(q=7) = (pPVa=r)

To see that Gentzen'’s rules conform to properties (a), (b) and (c) of lemma 25 we first
rewrite the elimination rule in the same way as we did for maximum above. Doing so
and comparing with requirement (c), we identify G as the doubling function and F as
disjunction:

((p,a)=2(r,7) = (Vu(p,a)=r1) .

(The relation =2 is defined in just the same way as we defined <? earlier. That is,
(p,q)=2(r,s) equivales (p=7)A(q=s).) We now check that the required cancellation
law (x C G.(F.x) ) corresponds to the introduction rules. Formally, it is:

(p,q) =*(PpVd,pVa)

which is indeed the same as the conjunction of p=pV q and q=pV q. Finally, it is
obvious that the doubling function is monotonic.
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3.7 Commutativity Properties

In our discussion of elementary examples of Galois-connected functions we observed that
inverse functions are Galois connected. A vital property of inverse functions is that they
have “inverse” algebraic properties. The exponential function, for instance, has as its
inverse the logarithmic function; moreover,

1
exp (—x) = and exp(x+y) = expx - expy
exp X
whereas
1
—(Inx) = In(-) and Inx+1Iny = In(x-y)

x
In general, if 8 and ¢ are inverse functions then, for any functions f and g of
appropriate type,

V{x: 0.(f.x)=g.(0.x)) = Y(y: f.(b.y)=d.(g.y))

More generally, and expressed at function level, if (0o, ¢o) and (07, ¢;) are pairs of
inverse functions, then for all functions f and g of appropriate type,

(26)  Bpef=ge0; = fed1=oeg

In general, our goal is to try to predict algebraic properties of functions previously un-
known to us. Many such properties have the form of “commutativity properties”. Among
such properties are, for example, the property —(2-x)=2:(—x) which expresses the fact
that multiplication by 2 commutes with negation. In addition we include properties

like In — =—(Inx) in which the order of application of the logarithmic function is “com-
X

muted” but in so doing a change occurs in the function with which it is commuted (in this
case the reciprocal function becomes negation). In this way distributivity properties also
become commutativity properties. For instance the property that x-(y+z)= (x-y)+(x-z)
is a commutativity property of addition. Specifically, multiplication by x after addition
commutes to addition after the function (y,z)— (xy, x-z).

In general, for a given function F we are interested in discovering functions g and
h for which Feg=heF. In the case that F is defined by a Galois connection we can
often answer this question most effectively by translating it into a question about the
commutativity properties of its adjoint — especially in the case that the adjoint is a
known function with known properties, or a “trivial” function whose algebraic properties
are easily determined. The latter is the case with the floor function: the adjoint function
is the function embedding integers into reals.

The rule that is the key to this strategy is the following. Suppose, for numbers m
and n, 0<m and 0<n, and for all i, 0<i<m+n, (Fi, G;) is a Galois-connected
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pair of functions. Then, assuming the functions are so typed that the compositions and
equalities are meaningful,

(27) Fo‘ ce 'Fm_] = Fm° Ce 'Fm+n_1 = Gm+n_1° Ce 'Gm = Gm_1° Cen ‘Go .

(Note that the cases m =0 and n=0 are included; the composition of zero functions is of
course the identity function.) In particular, if for i=0..1, (hy, k;) is a Galois-connected
pair of functions and so too is (F,G) then

(28) ho'F:F'h] = k]'G:G°ko .

The rule (27) captures the strategy used to discover algebraic properties of an unknown
function F, namely to translate to the discovery of properties of the adjoint function.

The proof of (27) is trivial: according to theorems 10 and 11, the m-fold compo-
sition G,,_1*...2Gy is an upper adjoint of Fpe...eF, ; and the n-fold composition
Gmin_1°...*Gy, is an upper adjoint of F,e...eF . ;. Thus, (27) is the instance of
(24) obtained by making the instantiations:

Fo = Foe...oF 1
Fi = Fpe... 'Fm+n71 )
G1 = Gm+n—1°---'Gm )

Go = Gm_1°...'Go .

Note that (27) subsumes the composition and identity rules (theorems 10 and 11) and
the uniqueness of adjoints (24), the three rules that contributed to its proof. Nevertheless
we do not recommend that you should commit it to memory. It’s better to remember
the individual rules and the general idea of how these may be combined.

Exercise 29 A property that combines (16) and (19) is the following. Suppose, for
i=0,1, (A,Cu) and (B Cp) areposetsand (F;e€ A« By, Gi € Bi+ A;) are
Galois-connected pairs of functions. Let h € By « B; and k € Ay + A; be arbitrary
monotonic functions. Then

(30)  FoehLC keF; = heGy L Gook .
Prove this rule.

O

Exercise 31 A pattern that you may have observed in the properties of the floor
function is that if f is an arbitrary function from reals to reals such that

it is the upper adjoint in a Galois connection, and
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its (lower) adjoint maps integers to integers.

then f commutes with the floor function in the sense that, for all real x,

|f.x] = [f.[x]]

Show how this is an instance of (27). In other words, state precisely how to instantiate
m, n and the functions Fy, ..., Fruno1 and Go, ..., Guin_1 in order to obtain the
law.

O

4 Existence of Galois Connections

In this section we delve deeper into the theory of Galois connections. The goal is to
establish a number of theorems that predict the existence of adjoint functions. These
theorems are all intimately tied up with extremum preservation properties of functions,
which in turn depend on the notions of supremum and infimum. There are four sections.
Section 4.1 defines suprema and infima of a given “shape”, section 4.2 then defines
preservation properties and section 4.3 presents the existence theorems.

In order to better motivate what is to follow, let us begin with a brief outline. We
recall that a Galois connection is a connection between two functions F and G between
two posets (A,C) and (B,=) of the form

FxCy=x=G.y

Typical accounts of the existence of Galois connections focus on the properties of these
functions. For example, given a function F, one may ask whether F is a lower adjoint
in a Galois connection. The question we want to ask is subtley different.

Note that the statement F.xC vy defines a relation between B and A. So too does
x = G.y. The existence of a Galois connection states that these two relations are equal. A
natural question is therefore: under which conditions does an arbitrary (binary) relation
between two posets define a Galois connection between the sets?

Exploring the question in more detail leads to the following question. Suppose R is
a relation between posets B and A (i.e. RCBx.A). What is a necessary and sufficient
condition that there exist a function F such that

(x,y)€ER = FxCy ?

Such a relation is called a pair algebra. If we know the answer to this question then
we can answer the question of whether a given function G has a lower adjoint — by
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defining R to be the relation x < G.y on x and y. We can also answer the dual question
of whether there exists a function G such

(x,y)€ER = x<XG.y

If, for a given relation R, the answer to both these questions (the original and its dual)
is positive, then the relation R clearly defines a Galois connection.

In order to simplify the question, we make an abstraction step. We are required to
find —for each x— a value F.x such that (x,y)€R = FxCy. Suppose we fix x and
hide the dependence on x. Then the problem becomes one of determining, for a given
predicate p, necessary and sufficient conditions guaranteeing that

(32) py =aly

for some a. If we can solve this simplified problem, we have also solved the original
problem by defining p.y to be (x,y)€R and F.x to be a.

It is easy to identify a necessary condition for (32) to hold: a must be the least y
satisfying p. That is, p.a must hold (since aC a) and for all y such that p.y holds,
aCy. The question thus becomes: when is there a least element satisfying a given
predicate p, and when does this least element a (say) satisfy (32) for all y?

The least element satisfying a given property (if it exists) is characterised by two
properties. First, it itself satisfies the property and, second, it is the “infimum” of all
values satisfying the property. Section 4.1 defines the notion of an infimum via a Galois
connection. The dual notion of “supremum” is also discussed in this section. Infima and
suprema are collectively called “extrema”.

Among the properties of extrema that we study, the question studied in section
4.2 of whether a function preserves infima is particularly important. The question is
of importance in its own right, but we shall also see that it is vital to answering our
question about the existence of Galois connections. Indeed, the basic insight is that a
predicate p on a (complete) poset preserves infima if and only if there is an a such that,
for all y, p.y is aCy. We see in section 4.3 how this simple observation is used to
prove the “fundamental theorem” (theorem 48) on the existence of Galois connections.

Infima and suprema need not exist. Section 5 is devoted to showing how the existence
of a Galois connection can be used to predict the existence of extrema in a poset.

4.1 Infima and Suprema
4.1.1 Infima and Completeness

In this section we formulate the notion of an eztremum (an infimum or a supremum) of
a certain “shape” (for example, the infimum of a finite set, or the infimum of a countably
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infinite set) via a Galois connection. The notions of completeness and cocompleteness,
relative to a given shape, are also defined.

Suppose (A,C) and (B,=) are partially ordered sets and f € .4+B is a monotonic
function. Then an nfimum of f is a solution of the equation:

(33)  x: V{a:aCx=V(b:alf.b))

As an example, consider the function (b:cCb:b) where c is some given constant. This
has infimum c since

V{ia:aCc = ¥(b:cCb:al b))

There are two ways in which this definition differs from the most common definition of
an infimum. The first is that it is more common to define the infimum of a set rather
than of a function. That the two notions are equivalent is not difficult to see. The
infimum of a set is the infimum of the identity function on that set, and the infimum of
a function can be thought of as the infimum of the range of the function. (The range of
a function is a set.) Defining infima on functions is an elegant way of being able to talk
about different kinds of infima as we shall see very shortly. The second difference is that
an infimum is often defined as a greatest lower bound. That is, x is an infimum of f if
it 1s a lower bound:

V(b xCf.b) ,
and it is greatest among such lower bounds
V{a: aCx < V(b: aCf.b))

This is entirely equivalent to (33), as is easily verified.
The infimum of a function f need not exist but if it does it is certainly unique. This
is easily seen. Specifically, for all a€A,

alxg

= e X solves (33) }
V(b: aCf.b)

= { e X solves (33) }
al=xq

Hence, by indirect equality,

xo and x7 both solve (33) = xo=1x3
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As mentioned, equation (33) need not have a solution. If it does, for a given f, we denote
its solution by rf. By definition, then,

(34) V(a:x aCnf=V(b:alf.b))

Suppose we fix the posets A and B and consider all functions of type A«B. Suppose
that there is a function M mapping all such functions to their infima. Then we recognise
(34) as a Galois connection. Specifically,

V(b: aC f.b)
{ e define the function Ke (A«B)«—A by (K.a).b=a }
V(b: (K.a).bCf.b)

{ definition of = (pointwise ordering on functions) }

KaCf .

Thus, our supposition becomes that there is a function M that is the upper adjoint of
the so-called “constant combinator” of type (A«B)«.A defined by

(K.a).b=a
for all aeA and beB. That is, for all a€A and fe A«B,
(35) aCnf =KalCf .
If this is the case we say that the poset A is B-complete. If a poset A is B-complete
for all B we say that it is complete.

4.1.2 Shape Posets

The poset B is called the shape poset. By varying B we can consider different “types”
or “shapes” of infima. For instance, if we take B to be 2, the two-point set {0,1}
ordered by equality, then the set of functions to A from 5 is in (1-1) correspondence
with pairs of elements (ag,a;) (to be precise: fi—( f.0,f.1) and (ag,a;)—f where
f.0=ap and f.1=a;). Via this correspondence, the function K is the doubling function:
(K.a).b=Aa=(a,a), and writing f.0Mf.1 instead of MMf, the Galois connection (35)
simplifies to

alxMy = (a,a)C(xy) .
That is,

aCxMy = aCxAalCy



29

This is the Galois connection defining the infimum of a bag of two elements (of which
the Galois connection defining the minimum of two numbers is a special case).

If B is the empty poset, ¢, then there is exactly one function of type A«B. The
right side of (35) is vacuously true and, thus, for all a€A and fe A—¢,

alCrmf .

In words, the poset A is ¢ -complete equivales A has a greatest element.
If B equals A then the set of functions of type A«B includes the identity function.
The infimum of the identity function is a solution of the equation

x: V{a:aCx =V(b:alb))
and thus, by instantiating a to x, a solution of
x = V(buxCDb)

The infimum of the identity function is thus the least element in the set A.

A final example is the case that B is (N,>) (the natural numbers ordered by the
at-least relation). Functions in A«B are then in (1-1) correspondence with so-called
(descending) chaitns — sets of elements a; (0<1) such that apJa;Ja,3.... To say

that A is (N,>)-complete is equivalent to all such chains having an infimum in A.

4.1.3 Suprema and Cocompleteness

The notion dual to infimum is “supremum” and the notion dual to completeness is
“cocompleteness”. Suppose (A,C) and (B, <) are partially ordered sets and fe A«B
is a monotonic function. Then a supremum of f is a solution of the equation:

(36) x: Y(a:xCa=V(b:fbCa))

As for infima, equation (36) need not have a solution. If it does, for a given f, we denote
its solution by Uf. By definition, then,

(37) YV(a:UfCa=V(b:f.bCa))

The poset A is B-cocomplete if there is a function LI that is the lower adjoint of the
constant combinator of type (A«B)«.A. That is, for all a€A and fe A+B,

(38) LfCa = fCK.a .

If a poset A is B-cocomplete for all B we say that it is cocomplete. It can be shown,
using the techniques developed here, that completeness and cocompleteness of a poset
are equivalent. So the term “cocomplete” (used without qualifying shape poset) is re-
dundant.
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The fact that extrema are defined via Galois connections immediately suggests a
number of useful calculation properties. We mention just two. First, both extremum
operators are monotonic. That is,

fCg = NfCNg A UfCUg .

Second, instantiating a to Mf in (34) we get the cancellation property:
V(b Nf Cf.b)

In words, Mf is a lower bound on (the range of ) f. Dually,
V(b f.b C L)

That is, LIf is an upper bound (on the range of) f.

4.2 Extremum Preservation Properties

Suppose A and B are partially ordered sets and suppose f € A«B. An important con-
sideration is whether f preserves infima (or suprema) of a certain shape. If f preserves
infima of shape C we say that f is C-inf-preserving. If f preserves suprema of shape C
we say that f is C-sup-preserving. The precise formulation that we use in calculations
is as follows.

Definition 39  Suppose A, B and C are partially ordered sets such that B is C-
complete. Then function fe€ A«B is C-wnf-preserving if, for all functions g€ B«C,

(40)  V(a: aCf.(Mg) = K.aCfeg)

Dually, suppose that B is C-cocomplete. Then function fe€ A«B is said to be C-sup-
preserving if, for all functions g€ B+C,

(41)  V{a: f.(Ug)Ca = fegCK.a)

If B is complete, we say that f is inf-preserving if it satisfies (40) for all C and all g.
Sup-preserving is defined dually.

(Il

The definition of inf-preserving does not require that A be complete. If that is the
case, and we abuse notation by using M to denote the infimum operator for both A and
B, then fe A«B is inf-preserving if for all functions g with range B

(42)  f.(Mg) = MN(feg) .
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Although more complicated, we are obliged to use equation (40) if we want to establish
properties of inf-preservation, whereas the less complicated equation (42) is the equation
we will use when we want to establish properties of a function f that is known to be
inf-preserving, and the posets concerned are known to be complete.

A predicate is a function with range Bool, the two element set with elements true
and false. Ordering Bool by implication (=) the infimum of a (monotonic) predicate
p is the universal quantification Vp (that is V(x:p.x)). Also that predicate p is C-inf-
preserving means that p.(Mg) = V(peg) for all functions g with range the domain of p
and domain C. Formally,

p € Bool«—B is C-inf-preserving
{ definition |}
V(g: g€ B«C: ¥(a: aeBool: a=p.(Mg) = V(x: a=p.(g.x))))

{ simplification using true=q = (
and false=q = true }
V(g: g€ B«C: p.(Mg) =V (x:p.(g.x)))
That is, for predicate p with domain B,
(43) p is C-inf-preserving = V(g: g€ B«C: p.(Mg) = V(x:p.(g.x)))
The dual of (43) is:
(44) p is C-sup-preserving = V(g: g€ B«+C:p.(Lg) = V{x:p.(g.x)))

Just as for (co)completeness properties, various terminology exists for specific instances
of C. Taking C to be (Bool,=), the booleans ordered by implication, a C-(inf or
sup)-preserving function, f, is a function that maps values x and y such that xCvy
to values f.x and f.y such that f.xCf.y. Thus a function is (Bool,=)-(inf and/or
sup)-preserving if and only if it is monotonic.

If C is the empty set then f is C -sup-preserving means that f maps the least element
of B to the least element of A. The terminology that is often used in the computing
science literature is “f is strict”. Sometimes one says f is bottom-strict, “bottom”
being a common name in the computing science literature for the least element in a set.
“Top-strict” then means preserving the greatest element, i.e. empty set-inf-preserving.

If C is the set of natural numbers ordered by the usual at-most relation then C-sup-
preservation of a function is often called w -continuity.

If C is a non-empty finite set then C-inf-preservation of f is equivalent to f pre-
serving binary infima (i.e. f.(xMy) = f.xMf.y). This is sometimes referred to as positive
inf-preservation of f.
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Several examples of finite preservation properties have already been discussed. All
of these examples are instances of a fundamental extremum preservation property of
adjoint functions which we present in the next section.

4.3 Existence Theorem

In this section we derive a fundamental theorem on the existence of Galois connections.
To simplify matters we often make the assumption that we are dealing with complete
posets, particularly in the beginning of the discussion. The section ends with a discussion
of properties of adjoint functions when this assumption is not valid.

4.3.1 Pair Algebras

Recall the motivating discussion at the beginning of section 4. There we went from the
question, given a relation R, when is there a function F such that (x,y)€R = FxCuy,
to the question, given a predicate p, when is it the case that p.y = aCy. The answer to
the latter question is the subject of lemma 46 below, following which we can immediately
answer the former question. It is but a short step from here to the fundamental theorem
on the existence of Galois connections. Along the way, we discuss several other examples
of the lemmas we have formulated.
We begin with a trivial, but insightful lemma.

Lemma 45  Function f is C-inf-preserving is the same as, for all a, the predicate
(x: aCfx) is C-inf-preserving.

Proof
f is C-inf-preserving
= { definition of C-inf-preserving: (40),
where g ranges over functions with domain C }
V(g: V(a: aCf.(Mg) = V(x: aCf.(g.x))))
= { nesting of quantifications }
V{a: V(g: aCf.(Mg) = V(x: aCf.(g.x))))
= [ (@) )
V{a: (x: aCf.x) is C-inf-preserving)
O

Noting that the identity function is inf-preserving, an immediate corollary of lemma
45 is that, for each a, the predicate (x: aCx) is inf-preserving. This suggests that we
explore whether the converse is true. And, indeed, it is:
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Lemma 46  Suppose p is a predicate on a complete poset. Then
p is inf-preserving = F(a: p = (x:alx))

Furthermore, if p is inf-preserving
M(x:p.x:x)

is the unique solution of the equation
a: p = (xzalx)

O
Applying lemma 46 as we indicated we would be doing we have answered our original
question about relations R:

Theorem 47 (Pair Algebras) Suppose B is a set and (.A4,C) is a complete poset.
Suppose RC Bx A is a relation between the two sets. Then the following two statements
are equivalent.

The function F defined by
Fx = M(y:(x,y) €ERy)
satisfies, for all xeB and all yeA,
(x,y)€R = FxLCy

For all x€B, the predicate (y: (x,y)€R) is inf-preserving.

O

4.3.2 Examples of Pair Algebras

A simple example of the pair-algebra theorem is provided by the membership relation.
For all sets S and all x (in a given universe of which S is a subset) we have:

xeS = {x}CS .
This statement has the form
(x,S)eR = FxCS

where the relation R is the membership relation. We thus deduce that the predicate
(x€) is inf-preserving. That is, for all bags of sets S,

xeNS = V(S:SeS:xeS)
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A common way to exploit the pair algebra theorem is to take a function or relation
and extend it to a relation between sets in such a way that the infimum and supremum
preserving properties are automatically satisfied. In fact this is the basis of the so-called
“Galois correspondence” between groups and fields put forward by Evariste Galois in
1832. That example involves too much background terminology to usefully include it
here. A simpler example is the following.

Consider a relation R on two sets A and B. (Thus RCAxB.) These sets need not
be ordered. Define the relation R on subsets X and Y of A and B, respectively, by

(X,Y)ER = XxYCR .

Now, the functions (X: XxY) and (Y:XXxY) preserve arbitrary unions of sets, and hence
so do the predicates (X: XxYCR) and (Y: XxYCR). Thus, by the pair-algebra the-
orem (taking care with the direction of the orderings) there are functions Fg and Gg
such that for all subsets X and Y of A and B, respectively,

In words, Fr.X is the largest set Y such that every element of X is related by R to
every element of Y. Similarly, Gg.Y is the largest set X such that every element of X
is related by R to every element of Y. The functions Fr and Gy are called polarities;
Fr is the left polar and Gy is the right polar of relation R. This Galois connection is
the basis of so-called concept lattices [DP90, GW99|. In this application area, the set
A is a set of objects, and the set B is a set of attributes (or “concepts”). For example,
we may take A to be the set of planets of the sun (Mars, Venus, Jupiter, etc.) and B to
be attributes like “has a moon” and “is nearer to the sun than the Earth”. The relation
R is then “satisfies the predicate”. We may then ask for all the planets that both have
a moon and are nearer to the sun than the Earth.

A more substantial example of the pair-algebra theorem, that stands out in the com-
puting science literature, is provided by conditional correctness assertions of program
statements.

Suppose S is a program statement and p and q are predicates on the state space
of S. Then, one writes {p}S{q} if after successful execution of statement S beginning
in a state satisfying the predicate p the resulting state will satisfy predicate . In such
a case one says that statement S is conditionally correct with respect to precondition
p and postcondition q. (“Conditional” refers to the fact that satisfying predicate q is
conditional on the termination of statement S.)

In this way each program statement S defines a relation on state predicates. This
relation is such that, for all bags of predicates P,

{3(p:peP:p)iS{a} = V(p: peP:{p}S{a}) .
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That is, for each state predicate q the predicate (p:{p}S{q}) preserves suprema in the
poset of predicates ordered by implication (equivalently, preserves infima in the poset of
predicates ordered by follows-from). Thus, by the dual of the pair-algebra theorem with
implication as the ordering on predicates, for each statement S and predicate q there
is a predicate wlp(S, q) satisfying

{p}S{a} = p=wlp(S,q) .

The abbreviation “wlp” stands for “weakest liberal precondition”.
Before leaving this example, let us note that it is also the case that, for all bags of
predicates Q,

{pIS{v(q:q€Q:q)} = V(q: q€Q: {p}S{q}) .
There is thus also a predicate slp(S, p) satisfying
{piS{a} = slp(S, p) =4

Combining this equation with the equation for the weakest liberal precondition, we thus
have the Galois connection: for all predicates p and q,

slp(S, p)=d = p=>wlp(S, q) .

The abbreviation “slp” stands for “strongest liberal postcondition”.

4.3.3 The Existence Theorem
Now that we have seen several concrete examples, let us state the fundamental theorem.

Theorem 48 (Fundamental Theorem) Suppose that B is a poset and A is a
complete poset. Then a monotonic function G € B+.A is an upper adjoint in a Galois
connection equivales G is inf-preserving.

Dually, a monotonic function F& A«B is a lower adjoint in a Galois connection
equivales F is sup-preserving.

Proof Define the relation R by (x,y)€R = x<G.y and function F as in theorem
47. Then,

G is inf-preserving

{ lemma 45 |}

V{x: (y=x=<G.y) is inf-preserving )
{ theorem 47 with R and F defined as above }
V{x,y: FxCy = x<XG.y)
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O

We mentioned a couple of instances of theorem 48 immediately prior to its derivation.
There are many other instances we could give. The predicate calculus is a source of
several. We saw earlier that for all predicates p the function (p/\) is a lower adjoint.
Specifically,

PAg=T1) = (p=(q=71)) .

The supremum operator in the lattice of predicates ordered by implication is existential
guantification since

(Fxzpx)=q) = Y(x: px=q)

Instantiating theorem 48 we thus conclude that (p/\) commutes with existential quan-
tification. That is,

pAI(x:q.x) = I(x: pAg.x)

The dual theorem is that (p=) commutes with universal quantification:
(p=V(x:iq.x)) = V{x:p=q.x)

A more enlightening example is afforded by negation. Recall that

(tp=4q) = (p<=—q) .

Now, in order to instantiate lemma 55 we need to be very clear about the partially
ordered sets involved: instantiate A to the predicates ordered by implication and C to
the predicates ordered by follows-from. Observe that the supremum operator in A is
existential quantification, and in C is universal quantification. Thus by application of
the lemma:

—V{x:p.x) = I(x:—(p.x))

This example illustrates why in general it is necessary to take great care with the precise
definitions of the orderings on the posets .4 and B when applying theorem 48.

The above examples all illustrate the fact that, given a Galois connection, we can infer
that the lower adjoint preserves suprema (and the upper adjoint preserves infima). The
converse property is most often used to ascertain that a function is a lower adjoint (or
is an upper adjoint) without it being necessary to know what the corresponding upper
adjoint of the function is. Indeed it is often the case that the upper adjoint has a clumsy
definition that one wishes to avoid using explicitly at all costs.
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Exercise 49 Consider an arbitrary set /. For each x in U/ the predicate ( x€ ) maps
a subset P of U4 to the boolean value true if x is an element of P and otherwise to
false. The predicate (x€ ) preserves set union and set intersection. That is, for all bags
S of subsets of U,

x €US = I(P:PeS:x€P)
and
x €NS = V(P:PeS:x€P)

According to the fundamental theorem and its dual, the predicate ( x€ ) thus has a lower
and an upper adjoint. Construct a closed formula for the upper and lower adjoints
of (x€).

O

Exercise 50 Consider the predicate (#¢ ) (where ¢ denotes the empty set) on
subsets of a given set U . Using lemma 46 (or otherwise) determine in what sense
the predicate preserves set union. Hence construct a Galois connection in which
the predicate 1s the lower adjoint.

O

Exercise 51  Suppose (A, C4) and (B, Cp) are complete posets. Theorem 48
states that there is a function mapping the sup-preserving functions Fe A«B to the
inf-preserving functions G € B« A and, vice-versa, there is a function mapping the inf-
preserving functions G € B+.A to the sup-preserving functions F € A« B. Denote these
functions by a superscript ¢ and a superscript °, respectively, so that F¥ denotes the
upper adjoint of sup-preserving function F, and G’ denotes the lower adjoint of inf-
preserving function G. In other words, for all x and vy,

FxCy Engﬁ.y
and
G".xgy =xCGy .

Show that * and ° are inverse poset isomorphisms. (Take care with the order-
ings!)

O

Exercise 52 Prove: a poset is complete is the same as the poset is cocomplete.
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4.3.4 Existential Extremum Preservation

In the statement of theorems 47 and 48 we have assumed that a poset is complete.
Sometimes this assumption is not justified, but we would still like to know what the
extremum preservation properties of the adjoints of a Galois connection are. For this
purpose, we make use of (27).

Suppose A, B and C are partially ordered sets and both A and C are B-cocomplete.
We recall that this means that all functions of type A« B or C+B have a supremum.
Equivalently, the K-combinators of type (A«+B)«—.A and (C+B)«C each have lower
adjoints. Denoting the K-combinator of type (A«B)«.A by K, and the corresponding
supremum operator by L4, we can instantiate (27) to

(53) Foslle =U4eF1 = KeeGo=G1eK4 .

This holds for all functions Fy , Gy , F; and G; such that Foe A—C, GoeC«+A,
F1e(A—B)«—(C«B), G (C+B)—(A+B), and (Fy, Gy) and (Fy,G;) are both Galois
pairs. If you ignore the subscripts on U and K (for instance, when .4 and C are
identical) then (53) is seen to be an instance of (28). The extra generality proves to be
necessary for some examples to be discussed shortly.

Now, the K-combinator is a particularly simple function. It is relatively easy to
explore its commutativity properties. Then, with the aid of (53), we can translate those
properties into properties of suprema. Let’s do that.

Suppose GeC«+.A. It is easy to find a function h such that KqeG =heK . Specifi-
cally,

(54) Kc°G = (G')'KA .

Recalling that the function Ge has lower adjoint Fe given that G has lower adjoint F
we can now instantiate (53) obtaining the lemma:

Lemma 55  Suppose that Fe A«C is a lower adjoint in a Galois connection. Then
F preserves suprema. That is, for each partially ordered set B such that both A and C
are B-cocomplete,

F"—'C = |_|A°(F°)
Equivalently, for each function he(C+B,

F.(Uc.h) = |_|A.(F°h)
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Exercise 56  Another consequence of (54) is that for an arbitrary monotonic function
f of type A«+C

Lg.(feh) Cf.(Ue.h)
Prove this property.

O

5 Unity of Opposites

In this section we want to show that adjoint functions create complete posets. Specifi-
cally, we want to show that if the pair (F, G) is a Galois connection between posets A
and B, and either one of A or B is C-complete, then the images of F and G (the set
of elements x that equal F.y for some y, and the set of y that equal G.x for some x)
are also C-complete. For brevity we denote the image of F by F.55 and the image of G
by G.A.

We make the assumption that B is C-complete. We begin by showing that G.A is
C -complete and then show that F.5 is C-complete. The dual theorem is that both of
F.B and G.A are C-complete if A is C-complete. Thus, both are C-complete if A or
B is C-complete.

5.1 The Prefix Lemma

The key property that we use is that x is an element of the image of G is the same as
G.(Fx)Cx. Thus the image of G is the set of so-called “prefix points” of the function
GeF. Prefix points will figure highly in later sections on fixed point calculus. For the
moment, it suffices for us to observe the so-called “prefix lemma” which asserts that the
prefix points of a monotonic endofunction on a C-complete poset form a C-complete
poset. (The prefix lemma emerges somewhat out of the blue in this development. We
encounter the lemma again in section 7 where we hazard a guess as to how the lemma
may have been first observed.)
The first task —which we leave to the reader— is to show that

(67) xe€G.A = G.(Fx)Cx .

Property (57) is important because it identifies the image of G as the set of “prefix
points” of the function GeF. In general, if h is a monotonic endofunction on some poset
A then yeA is said to be a a prefiz point of h if h.yCy. The reason that this is
important is because of the following lemma.
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Lemma 58 (Prefix lemma) Suppose B and C are posets and suppose B is C-
complete. Suppose also that h is a monotonic endofunction on 5. Then the set, Pre.h,
of prefix points of h is also C-complete.

Proof Suppose f is any function with range Pre.h and domain C. Since B is C-
complete and Pre.h is a subset of B the function f has an infimum, Mgz.f, in B. Letting
P denote Pre.h, the required infimum of f is a solution of the equation:

(59)  x: x€P: V(y: yeP: yCx = KyLf)
whereas Mg.f is a solution of the equation:
x: x€EB: V(y: yeB: yCx = KyLf) .

By specialising the latter universal quantification to elements of P (which is a subset of
B) it is thus the case that Mz.f solves:

(60) x: xeB: V{(y: yeP: yCx =KyLf)

Comparing (59) with (60) it is clear that Mp.f solves (59) if it is an element of P. That
is, we must show that Mp.f is a prefix point of h. This we do as follows.

Mg.f €Pre.h
{ definition of Pre.h }
h.(Mp.f) C MNg.f

{ definition of Mg.f,
where dummy c ranges over C }
V(c: h.(Mp.f) C f.c)
& { range of f is Pre.h. Thus V(c: h.(f.c)Cf.c).
Transitivity of C. }

V(c: h.(Mg.f) C h.(f.c))
& { h is monotonic }

V{c: Mp.f C f.c)
= { cancellation }
true .

O

By instantiating h to GeF, it follows immediately from the prefix lemma that if B
is C-complete, Pre.(GeF) is C-complete. Combining this with (57), we get that if B is
a C-complete poset then G.A is also a C-complete poset.
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5.2 The Theorem

The proof of the prefix lemma shows that the infimum operator in G.A coincides with
the infimum operator in . The supremum operators of G..A and B do not necessarily
coincide. Let f be any function with range G.A and domain C. The supremum of f
in G.A is a solution of the equation

X: XeGAVxixeGAXCx =VY(y: fyCx))
whereas the supremum of f in B is a solution of the equation
Y: YeB: V(x:xeB: YCx =V(y:z fyCx)) .

Suppose Y is the supremum of f in B (thatis, Y=_Up.f) and suppose x € G..A. Then,
we construct the supremum of f in G.A as follows. The goal is to construct X such
that Xe G.A and

Vix:xe G A XCx =V(y: fylx)) .
Equivalently, X=G.a where a€A and
Vix: x€e G.A: G.aCx =V(y: fyCx))
We now calculate a:
G.aCx =VY(y: fyCx)
{ definition of Y, x€e G.A = xeB }

G.aCx=YLCx

{ propositional calculus }
(G.aCx < YLEx) A (G.aEx = YL x)

{ xeGA=G.(Fx)=x }
(G.aCG.(Fx) €& YLx) A (G.aCx = YLCx)

& { properties of Galois-connected functions:
GeF is monotonic and YC G.(FY) }
a=FEY .

In summary, we have calculated that
(61) Uga.f= G(F(ngf)) .

The final task is to show that F.B is complete. This we do by expressing the supremum
and infimum operators in F.B in terms of those in B. From section 3.4 we know that the
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functions F and G witness a poset isomorphism between F.53 and G.A. We have also
just shown that G.A is complete. It follows immediately that F.B is complete. That
is, all supremum and infima exist in F.B and we can use simple equational reasoning to

express them in terms of the suprema and infima in 5. Let f be a function with range
F.B. Then,

Urg.f
= { xeRB=x=(FG)x }
Upg.(FeGef)
= { F e FB+ G.A is a poset isomorphism,
fundamental theorem }
F.(Ug.4.(Gef))
= { (61) }
(FeGeF).(LUg.(Gef))
= { FeGeF=F }
F.(Up.(Gef))

and

Meg.f
= { x€FB =x=(FG).x }
(FeG).(Mgp.T)
= { F € B+ G.A is a poset isomorphism,
fundamental theorem }
F.(Mg.a.(Gef))
= { infimum in G.A coincides with

the infimum in B}

F.(Mp.(Gef)) .
Summarising, we have proved the following theorem.

Theorem 62 (Unity of Opposites) Suppose Fe A—B and Ge B« A are Galois
connected functions, F being the lower adjoint and G being the upper adjoint. Then
F.B and G.A are isomorphic posets. Moreover, if one of A or B is C-complete, for
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some shape poset C, then F.B and G.A are also C-complete. Assuming that B is
C -complete the supremum and infimum operators are given by

MNga.f = Ng.f

Uga.f = G.(F(Ug.f))
Mep.f = F(MNg.(Gef))
Upg.f = F.(Up.(Gef))

O

Picturing the posets A and B as sets in which larger elements are above smaller
elements, the unity-of-opposites theorem is itself summarised in the following diagram.
The two larger lenses picture the sets .4 (on the left) and B (on the right); the bottom-
left lens pictures F.B and the top-right lens G.A. The latter two sets are pictured as
having the same size because they are isomorphic, whereas A and B are pictured as
having different size because they will not be isomorphic in general. Note that F maps
the least element of B (denoted Ll in the diagram) to the least element of .4 (denoted
1l 4). Further G maps the greatest element of A (denoted TT 4 in the diagram) to
the greatest element of B (denoted TTz). The posets F.B and G.A are “opposites”
in the sense that the former contains small elements whereas the latter contains large
elements. In particular, F.B includes the least element of A and G.A includes the
greatest element of B. They are unified, however, by the fact that they are isomorphic.
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Exercise 63 (Closure Operators) Closure operators play an important role in many
areas of mathematics. This exercise relates Galois connections to closure operators.

There are two definitions of closure operators. According to the most common def-
inition, a closure operator is an endofunction, f, on a poset (A,C) that is reflezive:
for all x,

xCfx |
idempotent: for all x,
fx="f.(fx) ,

and monotonic.
According to the second definition, a closure operator is an endofunction, f, such
that

xCfy = fxCAtuy

forall x and y.
An example of a closure operator is the function (all) where a is some element of
A . The identity function is also (trivially) a closure operator.

(a) Prove that the two definitions of closure operator given above are equivalent.



45

Expressing the second definition in point-free form, f is a closure operator if and
only if

gL feh = feg foh

for all monotonic functions g and h with range A and the same domain. You may find
this the more useful definition in the final part of this exercise.

(b) Suppose that fe(A,C)«(A,C) is a closure operator and suppose the pair of func-
tions Ge (A,C)+ (B,=<) and He (B, <)+ (A,C) forms a Galois connection (with G
being the lower adjoint). Show that HefeG is a closure operator.

O

Exercise 64  Suppose the conditions on F and G stated in theorem 62 hold. Then
the supremum operator in F.B defines an ordering < on the elements of F.B by the
equation

X=Xy = xUgppy =y

Show that this ordering is the same as the poset ordering on elements of A. That
18, show that for all x and y in EB

xLCay = xUsy =Y

6 Fixed Points

6.1 Prefix Points

We begin our study of fixed points by introducing the notion of a “prefix” point. As
an instance of where the notion commonly occurs, consider the following example from
language theory. The set L={n: 0<mn: a™bc™} over the alphabet {a,b,c} is sometimes
specified in the following way.

The word b is in the set L.
If w i1s in the set L then so is the word awc.

Nothing else is in the set L.
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Expressing the first two clauses in terms of set inclusion we see that L is required to
satisfy the equation:

Xz (b CX A{a}-X{c}CX |

which is equivalent to the equation:
X {bjuf{a}X{c} C X .

Now consider the function f mapping sets of words to sets of words defined by:
f.X={blU{a}-X{c} .

Then the requirement is that L be a so-called “prefix point” of f, i.e. L should satisfy
the equation:

X:fXCX .

What about the third clause: “Nothing else is in the set L”7? Note that this clause is
necessary to specify L since, for example, the set of all words over the alphabet {a,b,c} is
a prefix point of the function f. One way to understand this clause is as the requirement
that L be the least prefix point of the function f. Thus the complete specification of L
is the equation

X FXCXAVY: f.YCY: XCQY)

Here, the first conjunct is the requirement that X be a prefix point of f, and the second
conjunct that f be at most all prefix points Y of f.

In this section we define the notions of least prefix point and least fixed point in a
general setting, and we establish the most basic properties of these notions. You are
recommended to instantiate the properties we establish on the example just discussed
as you read in order to confirm your understanding.

Suppose A= (A,C) is a partially ordered set and suppose f is a monotonic endo-
function on A. Then a prefiz point of f is an element x of the carrier set A such that
fxCx. A least prefiz point of f is a solution of the equation

x: fxCx AV(y: fyCy: xCy)

A least prefix point of f is thus a prefix point of f that is smaller than all other prefix
points of f. A least fized point of f is a solution of the equation

(65) xu fx=x AY(y: fy=y: xCy)

Rather than study fized points of f we are going to study prefizx points of f since the
latter are mathematically more manageable than the former.
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Exercise 66 Relations are often defined by just saying which pairs are in the relation.
Implicitly the relation in question is defined to be the least solution of a certain equation.
(Recall that relations are sets of pairs and thus ordered by set inclusion.)

An example is the following definition of the “at-most” relation on natural numbers
(denoted as usual by the infix operator < ). The “at-most” relation is the least relation
satisfying, first, that for all natural numbers n,

0<n
and, second, for all natural numbers m and n,
m+l1<n+l &Em<n .

This defines the “at-most” relation as a least prefix point of a function from relations to
relations. What s this function?

O
It is easy to see that a least prefix point of f is unique. Let x and x’ be least prefix
points of f. Then,

x=x'

= { anti-symmetry }
xCx'Ax'Cx
& { V({y: fyCy: xCy) with the instantiation y = x’
V(y: fyCy: x'Cy) with the instantiation y := x }
fx'Cx' AfxCx
= { x and x’ are prefix points of f }

true .
A similar argument establishes that a least fixed point of f is unique.
Nothing is lost by studying least prefix points rather than least fixed points since, by

the following calculation, a least prefix point of a monotonic function f is a fixed point
of f.

x=f.x

{ e fxCx }
xCf.x

& { e V(y:fyCy:xCy),y:="Ffx }
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f.(fx)Cfx

& { f is monotonic |}
fxCx

= { o fxCx }
true .

Since all fixed points are also prefix points it follows that a least prefix point of f is also
a least fixed point of f.

Dual to the notion of least prefix point we can define the notion of “greatest postfix
point”: a greatest postfix point of endofunction fe (A, C)« (A, L) is a least prefix
point of the function fe& (A, J)« (A, J). Spelling this out in detail, a postfiz point
of f is an element x of the carrier set A such that x Cf.x and a greatest postfiz point
of f is a solution of the equation

(67) x:xCfx AVY{y:yCfy:yCx)
A greatest fized point of f is a solution of the equation
x: fx=x AV(y: fy=y:yCx)

Since a least prefix point is a least fixed point, we immediately have the dual result that
a greatest postfix point is also a greatest fixed point. A simple but important corollary is
that function f has a unique fixed point if and only if the least prefix point of f equals
the greatest postfix point of f.

Let us summarise what has been learnt in this section. Introducing the notation uf
for a solution of the equation (65) and vf for a solution of the equation (67) we have:

Theorem 68 (Least Prefix Point) Suppose (A,C) is an ordered set and the func-
tion f of type (A,C)« (A,C) is monotonic. Then f has at most one least prefix point,
uf , characterised by the two properties:

(69) f.uf C uf

and, for all xeA,

(70) upufCx & fxCx .

Moreover, the least prefix point of f is a fixed point of f:

(71)  f.uf = pf .
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O

Note that least fixed points are characterised by the combination of (69) and (70) or
(71) and (70). Because (69) is weaker than (71) it is usual to use the former characteri-
sation when it is required to establish that a particular value is a least prefix point, and
the latter characterisation when it is required to ezploit the fact that a particular value
is a least prefix point.

Theorem 72 (Greatest Postfix Point) Suppose (A,LC) is an ordered set. Suppose,
also, that the function f of type (A,C)« (A,C) is monotonic. Then f has at most one
greatest postfix point, vf, characterised by the two properties:

(73)  vf C fovf

and, for all x€A,

(74) xCvf & xCfx .

Moreover, the greatest postfix point of f is a fixed point of f:
(75)  ff=~vf .

O

Use of the rules (70) or (74) corresponds to using induction. We therefore refer to
their use in calculations as fized point induction. (Strictly we should say least fixed
point induction or greatest fixed point induction but it will invariably be clear which of
the two rules is meant.) Rules (71) and (75) are called computation rules because they
are often used in programs as left-right rewrite rules, repeated application of which is
used to compute a fixed point.

Both induction rules can of course be written as an implication rather than a follows-
from. For example, (70) can be written as

fxCx = ufCx .

This is the way many would write the rule. We deviate from this practice because in
almost all our calculations we will apply the rule from left to right in the form given
in (70). This is independent of whether our goal is to verify a statement of the form
ufCx or, given x, to construct an f satisfying ufCx, or, given f, to construct
an x satisfying ufCx. The benefit of proceeding in this way is the replacement of
complification steps by simplification steps.

Exercise 76  Show that uf Cvf.

O
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6.2 A First Example

In this section we present a simple example of the Least Prefix Point theorem (theorem
68). The example illustrates why (70) really is an induction rule. It also illustrates the
use of the computation rule (71) in a simple example of algorithm design.

Let L be the least solution of the equation

X: {aju{b}X-XC X .

This corresponds to a grammar having two productions X = a and X := bXX . We
first use (70) to prove that, for all words w in L, the number of a’s in w is one more
than the number of b’sin w.

Let M be the set of all words w such that the number of a’s in w is one more than
the number of b’sin w. Let #,w denote the number of a’sin w, and #,w denote
the number of b’s in w. We have to show that L C M. We use fixed point induction:

LCM
& { by definition L= pf where f=(X: {a}U{b}-X-X),
induction: (70) }
{a}Ju{b}M-M C M

{ set theory, definition of concatenation }
aeM A Y(x,y: xe MAYyeM: bxy e M)
{ definition of M}
#aa = #ra+1
N Y,y #ax = #ox+1 N #ay = #oy+ 10 #a(bxy) = #u(bxy)+1)
{ definition of #, and #, }

true
N VXY #Fax = Fox+1 A #oy = Foy + 11 #Hax+#ay = 1 +Fox+#oy +1)
= { arithmetic }
true .

Note that this proof is not a proof by induction on the length of words in L. Introducing
the length of words in L into the proof is spurious and only obscures the properties that
are truly vital to the proof.

Now let us illustrate the use of the computation rule. The problem we consider is
how to write a simple loop that determines whether a given word W is in the language
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L. At the same time we illustrate one of the most basic elements of the mathematics of
program construction, namely the use of loop invariants.

For the purposes of the discussion we need two functions on words, fst and rest. The
fst function returns the first symbol of a word of length at least one, and the rest function
returns the remainder of the word. For example, fst.(aba)=a and rest.(aba)=ba. We
also use ¢ to denote the empty word (the word of length zero).

The problem is to determine the truth or falsity of Wel. As L is a fized point of
its defining equation, we can expand this requirement as follows:

Wel
{ by (71), L ={aju{b}L-L }
W € {a}u{b}-L-L

{ set calculus |}

W=a V (fst W=b Arest W € L)

The two tests W=a and fst. W=D can, of course, easily be implemented. This then
leaves us with the task of implementing the test rest W € L.-L. Were we to repeat the
same small calculation beginning with the latter then we would end up with the task
of implementing the test rest.(rest. W) € L.L-L. This clearly suggests a generalisation of
the original problem, namely, given natural number n and word w determine the truth
or falsity of the statement welL™ where, by definition, L°={¢} and L™ =L.L".

With this generalised problem we begin our calculation again. First, by definition of
L°,

(77)  wel®’ = w=¢ .
Second,

WGL“H
[ L™ =L.L" and, by (71), L = {a}U{b}-L.L }
w € ({a}U{b}-L-L)-L™

{ concatenation distributes through union,
concatenation is associative }

w € {a}L™U{b}LLL"

{ set calculus |

(fstw=a Arestw € L") V (fstw=b A restw € L")
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This calculation provides enough information to construct the required loop. The loop
uses two variables, a word w and a natural number k, satisfying the loop invariant

wel = welk .
This invariant is established by the assignment:
w,k = W, 1

Also, by the above calculation, it is maintained when k=n+1 for some number n by
the assignment

if fstw=a — w,k := restw,k—1

O fstw=b — w,k = rest.w, k+1

fi
(Here we make the implicit assumption that the given word W is a string of a’s and
b’s and contains no other characters, thus avoiding stipulating the semantics of the
statement when neither of the two tests evaluates to true.) This statement also makes
progress by reducing the length of w by 1 at each iteration. Finally, if we impose the

termination condition w=¢ V k=0, then the conjunction of the termination condition
and the invariant

w=eVk=0)A(WeL = welk¥)
implies, using (77) and the calculation immediately following it, that
Wel = w=e¢ Ak=0 .
This then is the complete program:
w,k = W1
{ Invariant: WelL = welLk.
Bound function: length of w }
i do —=(w=e¢Vk=0) — if fstw=a — w,k := restw,k—1
O fstw=b — w,k := restw, k+1
fi
od
{ w=eVk=0AWeL = welk) }
{ WelL = w=eAk=0 }
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6.3 Kleene Algebra

The purpose of this section is to provide some practice in the use of the characterising
properties of least fixed points, in particular the induction rule. For this purpose we
consider an algebraic structure called a “Kleene algebra” by Kozen [Koz94|.

A Kleene algebra has two constants 0 and 1, two binary operators + and - , and
a unary operator *. These operators satisfy a number of axioms which we shall give
shortly. The name “Kleene algebra” is a tribute to S. C. Kleene [Kle56] who postulated
an algebraic structure as a basis for studying the behaviour of finite state machines. He
called it the “algebra of regular events”, which nowadays is most commonly abbreviated
to “regular algebra”.

Regular algebra is central to the mathematics of program construction because the
three operators capture the essential properties of the three main ingredients of program-
ming languages, choice (+ ), sequencing ( - ) and iteration (*). The axioms of a Kleene
algebra are not sufficient to capture all the properties of choice, sequencing and iteration
in programming languages and we shall need to add to the axioms later on. Any Kleene
algebra is thus also a regular algebra but it is not necessarily the case that any regular
algebra is a Kleene algebra. See sections 7.3 and 7.4 for further discussion.

6.3.1 The Axioms

It is convenient to discuss the axioms of a Kleene algebra in two stages, first the axioma-
tisation of the 4+ and - operators, and then the axiomatisation of the * operator. In
presenting the axioms we use variables a, b, x, y and z to range over the carrier set
of the algebra. These variables are universally quantified in the usual way.

The notation “+” and “-” is chosen to suggest a connection with addition and
multiplication in ordinary arithmetic. Indeed, the + operator of a Kleene algebra is
required to be associative and symmetric and to have 0 as unit element:

(x+y)+z = x+(y+z) ,
Xty =y+x ,
and x+0 =x = 0+x .

Also, just as in arithmetic, multiplication is required to be associative, to distribute over
addition, and to have 1 as unit and O as zero element:

x(yz) = (xy)z ,
x-(y+z) = (xy)+(xz) ,

(y+z) - x = (Yx)+(zx) ,
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x0=0=0x,
and Tx=x=x1

Use of these rules in calculations will be referred to simply as “arithmetic”.

The addition and multiplication operators of a Kleene algebra deviate from the op-
erators of normal arithmetic in two respects. First, multiplication is not assumed to be
commutative. Second, addition is assumed to be idempotent. That is,

X+x =x%x

for all x. (Equivalently, 1+1 =1.)
Because addition is idempotent, associative and symmetric, the relation < defined
by

x<y =xty =y

is reflexive, transitive and anti-symmetric. In short, it is a partial ordering relation.
Moreover, because 0O is the unit of addition, it is the least element in the ordering:

0<x

for all x. Finally, addition and multiplication are both monotonic with respect to the
< ordering.

Exercise 78  Verify all the claims made in the last paragraph. Prove also that +
18 the binary supremum operator. That is,

x+ty<z=x<zAy<z .

O

*

The * operator will be the focus of our attention. The axioms for * require that

a*-b be the least prefix point of the (monotonic) function mapping x to b+ a-x and
that b-a* be the least prefix point of the (monotonic) function mapping x to b+x-a.
Formally, a*-b is a prefix point of the function mapping x to b+ a-x:

(79) b+a(a”b)<a*b ,

and is the least among all such prefix points:
(80) a*b<x &b+ax<x .

That is,

(81) a*b=pu{x:b+ax)
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Similarly, b-a* is a prefix point of the function mapping x to b+x-a:
(82) b+ (b-a’)a<ba"

and is the least among all such prefix points:

(83) ba"<x &b+xa<x .

That is,

(84) b-a" =p(x:b+x-a)

The axioms (79) and (82) are thus instances of (69) and the axioms (80) and (83) are
instances of (70), the two properties characterising least prefix points. An immediate
corollary is that a*-b and b-a* are fized points of the relevant functions:

(85) b+a:(a*b)=a"b ,

(86) b+ (b-a”)-a=b-a’

This concludes the axiomatisation of a Kleene algebra. There are several interpreta-
tions of the operators in a Kleene algebra that fulfill the axioms. Table 6.3.1 summarises
a few. The first interpretation in the table, in which the carrier consists of sets of words
over a given, fixed alphabet, is the original application of Kleene algebra. Here the addi-
tion operation is set union, the multiplication operation is concatenation of sets of words,
0 is the empty set, 1 is the set whose sole element is the empty word, and a* is the set
of words formed by concatenating together an arbitrary number of words in the set a.

The second interpretation is the one we will return to most often in these lecture notes.
In this interpretation the carrier set of the algebra is the set of binary relations over some
state space, the addition operator is set union, multiplication is the composition operator
on relations, O is the empty relation, 1 isthe identity relation, and the iteration operator
is the reflexive, transitive closure operator on relations.

The remaining three interpretations all concern path-finding problems; in each case
the iteration operator ( *) is uninteresting. These interpretations only become interesting
when one considers graphs with edge labels drawn from these primitive Kleene algebras,
the crucial theorem being that it is possible to define a Kleene algebra of graphs given
that the edge labels are elements of a Kleene algebra [BC75, Koz94].
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Table 1: Kleene algebras

carrier + . 0 1 a* <

Languages sets of U . o {ef a C
words

Programming binary U ° 0] id a* C

relations

Reachability booleans V A false true true =

Shortest paths | nonnegative max + 00 0 o >
reals

Bottlenecks nonnegative max min 0 00 oo <
reals

6.3.2 Reflexive, Transitive Closure

It is common to call a* the reflexive, transitive closure of a. This is because a* is
reflexive, in the sense that

1<a* ,

transitive, in the sense that

and * is a closure operator, i.e.
a<b*=a"<b*
In this section we shall verify, from the axioms given above, that a* does indeed have
these and other related properties. The main tool will be fixed point induction, i.e.
axioms (80) and (83).
The reflexivity of a* is immediate from (85) or (86). Instantiating b to 1 in both
these rules and using 1-x=x=x-1 we get

l+aad"=a =1T+a"a .

Thus, since + is the binary supremum operator, 1<a*. It then follows that a<a*
since

ac=1+aad =1+a(l4+aa’) =T+al+a(aa’) =1+a+ aaa"

Now for the transitivity of a* we use a ping-pong argument:



{ antisymmetry }
a* < a*a* A a*a* < a*
The first inequality does not involve induction:
a* < a*-a*
& { transitivity }
a* < l.a* < a*a*

{ arithmetic for the first inequality;

1 <a* and multiplication is monotonic for the second }
true .
The second inequality is where we need to use induction:
a*-a* < a*
& { (80) with a,b)x := a,a*,a* }

a + aa* < a*

{ + is the binary supremum operator }

a*<a* A a-a* <a*

{ reflexivity of <; a* = 1+ a-a* }
true .

Thus we have established that a* = a*-a*.
We establish that * is a closure operator by the following ping-pong argument.

a* <b*
& { (80) with a,bx := a,a,b* }
1+ ab* < b
= { + is the binary supremum operator }
1<b* A\ ab* < b*
& { b* = 1+ b-b*, b* = b*b*, - is monotonic }
a<b*
& { a<a® |}

57
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Exercise 87  Prove the following properties:
(a) a-b*<c*-a & ab<ca

(b) c-a<a-b* & ca<abdb

(c) a-(b-a)*=(ab)*-a

(d) (a+b)* =b*-(a-b*)* = (b*-a)*-b*

() (o) =a

Properties (a) and (b) are called leapfrog rules (because a “leapfrogs” from one side of a
star term to the other). Both have the immediate corollary that * is monotonic (by tak-
ing a tobe 1). Properties (c) and (d) are called the mirror rule and star decomposition
rule, respectively. Property (e) states that * is idempotent.

O

Exercise 88  The goal of this exercise is to show that a* is the least reflexive and
transitive element of the algebra that is at least a.

Let a™ denote a-a*. We call a' the transitive closure of a. Prove the following
properties of at.

(a) a<a®
(b) at=a-a*=a"-a
(c) at-at <a*

(d) at<x & a+xx <x

Note that the combination of (a), (c) and (d) expresses the fact that a™ is the least
prefix point, and hence the least fixed point, of the function (x: a+x-x). That is, a®*
is the least transitive element that is at least a.

(e) Show that a* is the least fized point of the function (x: 1+ a+x-x).

O
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7 Fixed Point Calculus

The least fixed point of a monotonic function is, as we have seen in theorem 68, char-
acterised by two properties. It is a fixed point, and it is least among all prefix points of
the functions. This gives us two calculational rules for reasoning about the least fixed
point uf of monotonic function f: the computation rule

pf = f.uf
and the induction rule: for all x,
ufCx & fxCx .

In principle these are the only rules one needs to know about least fixed points. Every
calculation can be reduced to one involving just these two rules (together with the rules
pertaining to the specific problem in hand). This indeed is commonly what happens.
Many postulates are verified by induction. But this is often not the most effective way
of reasoning about fixed points.

The problem is that this basic characterisation of least fixed points typically invites
proof by mutual inclusion. That is, given two expressions, E and F, involving fixed
points (or prefix points) the obvious strategy to determine conditions under which they
are equal is to determine conditions under which the two inclusions ECF and FCE
hold. This can lead to long and clumsy calculations. To avoid this we state a number
of equational properties of least fixed points. Their proofs, which are mostly straightfor-
ward, are left as exercises. We conclude the section with the mutual recursion theorem,
which expresses the solution of mutually recursive fixed point equations in terms of the
successive solution of individual equations. The proof, which we do include, is a fine
illustration of the earlier properties.

Unless otherwise stated, we assume throughout this section that f and g are mono-
tonic endofunctions on the complete lattice A= (A, C). (The assumption of complete-
ness can be avoided but is convenient and practical.) The set of such functions also forms
a complete lattice under the pointwise ordering T defined by

fCg = V{x: fxCg.x)

The set of prefix points of f is denoted by Pre.f and its set of postfix points is denoted
by Post.f. The set Pre.f is also a complete lattice, as is Post.f.

7.1 Basic Rules

The most basic fixed point rule is that the least-fixed-point operator is monotonic:

(89) ufCpg&flyg .
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The second rule is called the rolling rule:

(90)  g.u(feg) = p(gef)

(where fe (A, C)« (B, %) and g€ (B, =)« (A, C) for some posets (A, C) and (B, <)).
Note that the rolling rule subsumes the rule that a least prefix point is also a fixed point.
Just instantiate f to the identity function. The proof we gave of this fact in the previous
section can be adapted to give a proof of the rolling rule.

An immediate corollary of the rolling role is that, for a monotonic endofunction f,
w(f?) = f.u(f?) where f? denotes fof. This suggests that pu(f?) and uf are equal. This
is indeed the case, and is called the square rule:

(91)  pf=u(f?) .

Consider now a monotonic, binary function ¢ on the poset A. Then, for each x, the
function (x® ) (which maps y to x@y) is monotonic and so has a least fixed point
w(xP) . Abstracting from x, the function (x:pu(x®)) is a monotonic endofunction on A
and its least fixed point is p(x: w(y: xdy)) . The diagonal rule removes the nesting in
this expression:

(92)  plxax@x) = pix: p(yz xdy))

The diagonal rule is a very important rule because it is the basis of methods for finding
fixed points step by step. Suppose one wants to solve a fixed point equation x:: x =x®x
where “x®x” is a large expression involving several occurrences of the identifier x. The
diagonal rule allows one to eliminate the x’s one-by-one. This is what happens when
one solves a number of equations defining a set of values by mutual recursion (sometimes
called a set of “simultaneous equations”). Such a set of equations can be viewed as one
equation of the form x =f.x where x is a vector of values. Each occurrence of an element
x; in the set of equations is in fact an occurrence of TT;.x , where T1; denotes the function
that “projects” the vector x onto its ith component. It is thus an occurrence of “x”
itself and the standard practice is to eliminate such occurrences individually. Mutual
recursion is discussed further in section 7.5.

Exercise 93 For arbitrary elements a and b of a Kleene algebra , prove the
following properties. Use only equational reasoning. (That s, do not prove any of
the properties by mutual inclusion.) (Hint: Take advantage of exercises 87 and 88.)

(a) w(Xe a-X*) = at |
(b) u(X: (a+X)*) = w(Xe (a-X)*) = p(Xe a+X*) = a*

(c) WXz a+X-b-X) = a(b-a)* ,



61

(d) WXz T+ a-Xb-X+b-X-aX) = wX: T+ aX-b+bXa+X-X)
O

Exercise 94 Verify each of the rules given in this subsection.

O

7.2 Fusion

This section is about perhaps the most important fixed point rule of all, the fusion rule.
In words, the fusion rule provides a condition under which the application of a function to
a least fixed point can be expressed as a least fixed point. The rule is important because
many computational problems are initially specified as such a function application, but
are solved by computing the (least or greatest) solution to an appropriate fixed point
equation.

Several examples arise as path-finding problems. Given a graph with “weighted”
edges (formally, a function from the edges to the real numbers), the length of a path
is defined to be the sum of the edge weights, and the width of a path is defined to be
the minimum of the edge weights. The shortest distance between two nodes is the
manimum, over all paths between the nodes, of the length of the path whilst the largest
gap between two nodes is the mazimum, over all paths between the nodes, of the width
of the path. Thus both the shortest distance and the largest gap are defined as functions
applied to the set of all paths between two given nodes; in the case of shortest distance,
the function is “minimize the length”, and, in the case of the largest gap, the function
“maximize the width”. However, both these problems are typically solved not by first
enumerating all paths (an impossible task in the general case because there are infinitely
many of them) but by solving directly recursive equations defining the shortest distance
and largest gap functions. The formal justification for this process relies on the fusion
theorem below.

The most powerful of the two rules characterising least prefix points is the induction
rule. Its power is, however, somewhat limited because it only allows one to calculate
with orderings in which the p operator is the principal operator on the lower side of
the ordering (i.e. orderings of the form pufC --- ). Formally the fusion rule overcomes
this restriction on the induction rule by combining the calculation properties of Galois
connections with those of fixed points.

Theorem 95 (u-fusion) Suppose f€ A« B is the lower adjoint in a Galois connec-
tion between the posets (A, C) and (B, <). Suppose also that g€ (B, <)« (B, <)
and he (A, C)« (A, C) are monotonic functions. Then
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()  fugC ph & fegChef |
(b)  f.ug = ph & feg=hef .
Indeed, if the condition

feg=hef

holds, f is the lower adjoint in a Galois connection between the posets (Pre.h, C) and
(Pre.g, X).

O

We call this theorem p-“fusion” because it states when application of function, f,
can be “fused” with a fixed point, pg, to form a fixed point, ph. (The rule is also used,
of course, to “defuse” a fixed point into the application of a function to another fixed
point.) Another reason for giving the rule this name is because it is the basis of so-called
“loop fusion” techniques in programming: the combination of two loops, one executed
after the other, into a single loop. The rule is also called the transfer lemma because
it states when function f “transfers” the computation of one fixed point (g ) into the
computation of another fixed point (ph).

Exercise 96  Prove the fusion rule. (Hint: first show that the function keB«— A
maps prefix points of h into prefix points of g if gek _ keh. Use this to show that f is
the lower adjoint in a Galois connection between the posets (Pre.h, C) and (Pre.g, =<).)

O

Note that in order to apply p-fusion we do not need to know the upper adjoint of
function f, we only need to know that it exists. The fundamental theorem of Galois
connections is the most commonly used tool to establish the existence of an upper adjoint.

As an aid to memorising the p-fusion theorems note that the order of f, g, C or
=, and h is the same in the consequent and the antecedent, be it that in the antecedent
the lower adjoint occurs twice, in different argument positions of .

The conclusion of p-fusion — ph = f.ug— involves two premises, that f be a
lower adjoint, and that feg=hef. The rule is nevertheless very versatile since being a
lower adjoint is far from being uncommon, and many algebraic properties take the form
feg=nhef for some functions f, g and h. The next lemma also combines fixed points
with Galois connections. We call it the exchange rule because it is used to exchange
one lower adjoint for another. Its proof is left as an exercise. (Hint: for part (a) use
induction followed by the rolling rule.)
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Lemma 97 (Exchange Rule) Suppose f has type (A, C)« (B, <), and g and h
both have type (B, <)« (A, C). Then, if g is a lower adjoint in a Galois connection,

(2)  w(gef) Ep(hef) A p(feg) Cp(feh) & gefeh Chefeg .
Furthermore, if both g and h are lower adjoints, then
(b)  w(gef)=p(hef) A p(feg) =p(feh) < gefeh=hefeg .

(|

The two conclusions of (b), w(gef)=p(hef) and p(feg)=p(feh), say that g and
h can be exchanged within a p term in which they are composed after or before an
arbitrary function f.

Exercise 98  Prove the exchange rule.

The two conjuncts in the consequent of 97(b) can be combined into one equation.
The resulting lemma states when lower adjoint g can be replaced by lower adjoint h in
an arbitrary context. The lemma has four variables rather than three. Find the lemma
and prove 1ts validity.

O

7.2.1 Applications

We mentioned path-finding problems earlier as an example of the use of fusion. Space
does not allow us to expand this in detail. Instead, this section illustrates the use of the
rule by some examples involving languages.

Shortest Word As explained earlier, a context-free grammar defines a function from
languages to languages. The language defined by the grammar is the least fixed point
of this function. There is a number of computations that we may wish to perform on
the grammar. These include testing whether the language generated is nonempty or
not, and determining the length of a shortest word in the grammar. Let us consider the
latter problem. (In fact, the problem is intimately related to the shortest path problem
on graphs.) For concreteness we will demonstrate how to solve the problem using the
grammar with productions

S wu== aS | S§SS | ¢ .
The language defined by the grammar is thus

(X {a}-XUX-XU{e})
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(Of course the problem is very easily solved for a specific example as simple as this one.
Try to imagine however that we are dealing with a grammar with a large number of
nonterminals and a large number of productions.)

Given a language L defined in this way, the general problem is to find #L where the
function # is defined by extending the length function on words to a shortest length
function on languages. Specifically, letting length.w denote the length of word w (the
number of symbols in the word),

#L = J(w:wel:length.w)

(where || denotes the minimum operator — the minimum over an empty set is defined
to be infinity). Now, because # is the infimum of the length function it is the lower
adjoint in a Galois connection. Indeed,

#L>k = LCr=k

where Y= is the set of all words (in the alphabet I ) whose length is at least k. Noting
the direction of the ordering on the left-hand side of this Galois connection, we get that

#(ncf) = p>9 & #eof = ge# .
Applying this to our example grammar, we fill in f and calculate g:

#Heo(Xu{a} XUXXU{e}) = ge#

= { definition of composition }
V(X #({a}-XUX-XU{e}) = g.(#X))
= { # is a lower adjoint and so distributes over U,

definition of # }
V(X #({a)-X) L#XX) L#H{e) = 9.(#X))
{ #(Y-Z) =#Y+#Z, #{a}=1, #Hej=0 }
(T+#X) L#HX+ #X)10 = g.(#X)
& { instantiation }

V(k: (1+k) [ (k+k)[0 = g.k) .

In this way we have determined that, for the language L defined by the above grammar,
#L = p (ke (1+k) [ (k+k)[0) .

That is, the length of a shortest word in the language defined by the grammar with
productions

S == aS | SS | ¢
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is the greatest value k satisfying
k = (14k) | (k+k) | O .

Note how the structure of the equation for k closely follows the structure of the original
grammar — the alternate operator has been replaced by minimum, and concatenation of
languages has been replaced by addition. What the example illustrates is that the length
of the shortest word in the language generated by a context-free grammar can always be
computed by determining the greatest fixed point (in the usual < ordering on numbers
— that is, the least fixed point if numbers are ordered by >) of an equation (or system
of simultaneuous equations) obtained by replacing all occurrences of alternation in the
grammar by minimum and all occurrences of concatenation by addition. Moreover, the
key to the proof of this theorem is the fusion rule.

Membership of a language To illustrate the use of fusion yet further we consider
two examples. The first is an example of how the fusion theorem is applied; the second
illustrates how the fusion theorem need not be directly applicable. We discuss briefly
how the second example is generalised in such a way that the fusion theorem does become
applicable.

Both examples are concerned with membership of a set. So, let us consider an
arbitrary set U/. For each x in U the predicate (x€) maps a subset P of U to the
boolean value true if x is an element of P and otherwise to false. The predicate (x€)
preserves set union. That is, for all bags S of subsets of U/,

x €US = I(P:PeS:x€P)

According to the fundamental theorem, the predicate (x€ ) thus has an upper adjoint.
Indeed, we have, for all booleans b,

x€S=b = SCifb—-UD-b—U\{x}fi.

Now suppose f is a monotonic function on sets. Let uf denote its least fixed point. The
fact that (x€) is a lower adjoint means that we may be able to apply the fusion theorem
to reduce a test for membership in uf to solving a recursive equation. Specifically

(xeuf = ng) & V(S:xefS = g.(xe8))

That is, the recursive equation with underlying endofunction f is replaced by the equa-
tion with underlying endofunction g (mapping booleans to booleans) if we can establish
the property

V(S: x € f.S = g.(x€8))
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An example of where this is always possible is testing whether the empty word is in
the language defined by a context-free grammar. For concreteness, consider again the
grammar with just one nonterminal S and productions

S == aS | SS | ¢
Then the function f maps set X to
{a}X U XX U {¢} .
We compute the function g as follows:

e e€f.S
= { definition of f }
e € ({a}S U S-S U {e})
= { membership distributes through set union }
ee€{alS V ¢€SS V eeie}
= { eeXY = eeXNeeY |
(ec{ajAeeS) V (eeSAeeS) V ee{e}
= { e gb = (¢€f{a}ADb) V (bAD) V ec{e},
see below for why the rhs has not been
simplified further }
g.(e€8S)
We have thus derived that
eeuXa{alX U XXU{e)) = wbh:(ee{a) Ab) V (bAD) V ee{e}) .

Note how the definition of g has the same structure as the definition of f. Effectively
set union has been replaced by disjunction and concatenation has been replaced by
conjunction. Of course, g can be simplified further (to the constant function true) but
that would miss the point of the example.

Now suppose that instead of taking x to be the empty word we consider any word
other than the empty word. Then, repeating the above calculation with “e €” replaced
everywhere by “x&”, the calculation breaks down at the second step. This is because
the empty word is the only word x that satisfies the property

xEXY = xeXAX€EY
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for all X and Y. Indeed, taking x to be a for illustration purposes, we have
ac puXe{alX U XX U {e}) = true

but
w(b: (aefa} Ab) V (bAD) V aec{e}) = false .

This second example emphasises that the conclusion of p-fusion — ph = f.ug—
demands two properties of f, g and h, namely that f be a lower adjoint, and that
feg="hef. The rule is nevertheless very versatile since being a lower adjoint is far from
being uncommon, and many algebraic properties take the form feg=hef for some func-
tions f, g and h. In cases when the rule is not immediately applicable we have to seek
generalisations of f and/or g that do satisfy both properties. For the membership prob-
lem above, this is achieved by generalising the problem of applying the function (x€)
to the language but the matriz of functions (uec) where u is a segment of x. This
is the basis of the Cocke-Younger-Kasami algorithm for general context-free language
recognition.

7.3 Uniqueness

An important issue when confronted with a fixed point equation is whether or not the
equation has a unique solution.

Uniqueness is a combination of there being at least one solution and at most one
solution. In a complete lattice every monotonic function has a least and a greatest fixed
point, so the question is whether the least and greatest fixed points are equal.

A very important special case is when the equation

X: X =a+b-x

has a unique solution in a Kleene algebra.

In order to give a general answer to this question, it is necessary to make a further
assumption about the partial ordering relation on elements in the algebra. The assump-
tion we make is that the elements in the algebra form a complete lattice under the partial
ordering relation and, furthermore, this ordering is such that, for each a, the section
(a+) is the upper adoint in a Galois connection. This important property is one that
distinguishes a regular algebra from a Kleene algebra. The other additional property of
a regular algebra (which we do not need to consider until later) is that each section (b-)
is a lower adjoint in a Galois connection.

An ordering relation that is complete and is such that sections of the binary supremum
operator are upper adjoints in a Galois connection is called a complete, completely
distributive lattice. (It is called completely distributive because being an upper adjoint
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is equivalent to being universally distributive over all infima.) A regular algebra is thus
a Kleene algebra for which underlying poset is a complete, completely distributive lattice
and such that each section (b-) is a lower adjoint in a Galois connection.

The assumption of being completely distributive clearly holds for languages and re-
lations, since in both cases the ordering relation is the subset relation and addition is set
union and we have the shunting rule:

bCaUlc = —anb Cc .

The assumption that (a+ ) is the upper adoint in a Galois connection allows us to use
fusion as follows:

Theorem 99 If (y+) is an upper adjoint, then we have, for all a and b,

v(x:a+xb) =y+v{xixb) & y=a+yb

Proof
v(x: a+xb) =y+v(x:xb)
& { (y+) is upper adjoint: ~v-fusion }
V{x: a+ (y+x)-b =y+xb)
& { (-b) distributes over +, associativity of + }
at+yb=y
O

As a consequence, in a regular algebra, the largest solution of the equation x: x = a+x-b
is the sum (i.e. supremum) of an arbitrary solution and the largest solution of the equa-
tion x: x=x-b. Note that a special choice for y in theorem 99 is y = a-b*.

An immediate corollary of theorem 99 is that if v(x::x-b)=0, function (x: a+x-b)
has a unique fixed point. This is the rule we call the unique extension property (UEP)
of regular algebra.

Theorem 100 (The unique extension property (UEP)) Suppose b is an element
of a regular algebra. If v(x:x-b)=0, then, for all a and x,

at+xb=x = x=a-b* .

(]

The UEP draws attention to the importance of property v(x:x-b)=0. In language
theory it is equivalent to e¢b since if, on the contrary, x is a non-empty set such that
x=x-b then the length of the shortest word in x must be equal to the length of the
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shortest word in b plus the length of the shortest word in x. That is, the length of the
shortest word in b is zero. The terminology that is often used is “b does not possess the
empty-word property”. In relation algebra we say “b is well-founded”: the property
expresses that there are no infinite sequences of b-related elements (thus, if relation b
represents a finite directed graph, v(x::x-b) =0 means that the graph is acyclic).

Exercise 101  Consider the final three instances of a Kleene algebra shown in table
6.3.1. In each of these instances, suppose b is a square matrix with entries drawn from
the carrier set of the relevant instance. (Equivalently, suppose b is a graph with edge
labels drawn from the carrier set. If the (i,j)th matrix entry is O then there is no
edge from 1 to j in the graph.) What s the interpretation of v(x:x-b)=0 in each
case?

O

7.4 Parameterised Prefix Points

Often fixed point equations are parameterised, sometimes explicitly, sometimes implic-
itly. An example of implicit parameters is the definition of the star operator discussed in
section 6.3. In the defining equations given there (see for example equation (79)) a and
b are parameters; the equations do not depend on how a and b are instantiated. The
equations define the function mapping a to a*. The rules we present in this section
are concerned with such parameterised fixed point equations.

The first rule we present, the abstraction rule, is rarely given explicitly although it
is very fundamental. The second rule, called the “beautiful theorem” because of its
power and generality, is well-known in one particular form —its application to proving
continuity properties of functions defined by fixed point equations— but is less well
known at the level of generality given here.

7.4.1 The Abstraction Rule

The definition of a* in section 6.3 is a very good example of the “abstraction rule”.
Recall that a* is defined to be the least prefix point of the function mapping x to
1+ ax. Thus a is a parameter in the definition of the star operator. The remarkable,
and very fundamental, property is that the star operator is itself a least prefix point.
Indeed, suppose we consider the function

(gu(az 14+ a-g.a))

(Note that this function maps an endofunction g on the Kleene algebra to an endo-
function on the Kleene algebra and so is a (higher order) endofunction.) Then the star
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operator is the least fixed point of this function. That is,
(ax a*) = w(g: (a: 1+ a-g.a))

We leave the verification of this fact as an exercise. (We prove a more general theorem
shortly.)

The general theorem that this illustrates is obtained in the following way. We begin
by making explicit the fact that a is a parameter in the definition of the star operator.
This we do by considering the binary operator ¢ defined by

adx = 1+ax .
Then, by definition, a* = p(x: 14+ a-x). So
(az a*) = (a: p(x: adx))

This is just a repetition of the definition in section 6.3 but slightly more roundabout.
But now we consider the function F from functions to functions defined by

F = (g: (a: a®g.a))

(That is, (F.g).a = a®g.a.) So for the particular definition of & given above,
F = (g:(a: 1+ a-g.a))

Then the theorem is that
(ax p(x: adx)) = pF

for all (monotonic) binary operators & and all F defined as above. That is, for all
monotonic binary operators &,

(102) (a: p(x: adx)) = u(g: (axadg.a))

This rule we call the abstraction rule.

In order to verify the validity of the rule we have to verify that (a: p(x: a®x)) is a
prefix point of the function F, and that it is at most any prefix point of F. This turns
out to be straightforward. First, it is a prefix point by the following argument:

Fla: u(x: a®dx)) T (az plx: a®x))

{ pointwise ordering, definition of (F.g).a }

Vi{a: ad (a: p(x: adx)).a C pulx: adx))

{ u(x: adx) is a prefix point of (a®) }

true .
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Second, it is at most any prefix point. Suppose g is a prefix point of F,ie. FgL g .
Then

(a: pix: adx)) C g
= { pointwise ordering }

V(a: uix: ad@x) C g.a)

& { fixed point induction: (70) }
V(a: adg.a C g.a)

= { pointwise ordering, definition of (F.g).a }
FgCg

= { g is a prefix point of F }
true .

This concludes the proof.

Exercise 103 Suppose the operator & is defined by x®y="f.y. What property does
one then obtain by instantiating the abstraction rule?

O

7.4.2 The Beautiful Theorem

A very important application of the abstraction rule in combination with fixed point
fusion is a theorem that has been dubbed “beautiful” by Dijkstra and Scholten [DS90,
p. 159].

As observed precisely above, a parameterised least-fixed-point equation defines a func-
tion in terms of a binary operator. The beautiful theorem is that this function enjoys any
kind of supremum-preserving property enjoyed by the binary operator. Thus supremum-
preserving properties are preserved in the process of constructing least fixed points.

Dijkstra and Scholten formulate the “beautiful theorem” in the context of the pred-
icate calculus. In terms of poset theory the theorem is stated as follows. Suppose that
A=(A,C) and B=(B, <) are ordered sets and suppose & € (A+—A)«B. (Thus ¢ is a
monotonic function mapping elements of the set B into monotonic endofunctions on the
set A.) Asin section 7.4.1 denote application of @ to x by x®. Assume p(x®) exists
for each x and consider the function (x::u(x@®)), which we denote by {. The “beautiful
theorem” is that { enjoys any type of supremum-preserving property that is enjoyed by
the (uncurried binary) function @ . More precisely,

V(f: U(tef) = 1(Lf)) & V(f, gz U(fdg) = (Uf) @ (Lg))
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where, by definition, fdg is the function mapping x to f.x@® g.x, ¢ denotes function
composition and LI denotes the supremum operator on functions of the shape of f and
g.

The supremum operator, if it exists for a class of functions of a certain shape, is the
lower adjoint in a Galois connection. This is the key to the proof of the beautiful theorem.
In order to make this explicit we formulate the theorem yet more abstractly. The theorem
is that for arbitrary function G that is the lower adjoint in a Galois connection, and
arbitrary function H (G and H having of course appropriate types),

V(f: G.(of) =t(H.f) & V(g: G.(fdbg) = Hf D G.g))

The proof is very short. We first note that (fef).x=1(f.x)=u((f.x)®), by definition of
. Thus, by the abstraction rule, fef=u(fd). This is just what we need in order to
apply the fusion theorem.

G.(tof) = t.(H.f)

= { above |}
G u(féh) = u((H.H2)
&= { by assumption, G is a lower adjoint.

fusion: theorem 95 }

V(g: G.(fdg) = Hf® G.g)

7.4.3 Cocontinuity of Iteration

We conclude the discussion of parameterised fixed points by considering the implications
of the beautiful theorem for the iteration operator. Specifically, we show that in a regular
algebra the iteration operator is cocontinuous®. Specifically, this is the property that
for an ascending sequence f.O<f.I1<...<fn<...

(Zn: 0<n: fn))* = Z(n: 0<n: (f.n)*)

A property of a regular algebra that we need to complete the proof is that, for all such
sequences f and for all z,

z-Zn: 0<n: fm) = L(n: 0<n: z-f.n)

and IX(n:0<n: fn)-z=2X(n: 0<n: fn-z)

5There is a disturbing confusion between the standard terminology in the computing science literature
and the literature on category theory in this respect. What is called a “continuity” property in the
computing science literature is called a “cocontinuity” property in the category theory literature. We use
the category theory terminology here.
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The property of iteration is thus that in a Kleene algebra in which the sections (-z) and
(z-) are cocontinuous, for all z, the iteration operator * is also cocontinuous. (This
proviso is satisfied in a regular algebra and thus in all Kleene algebras of interest to us.)

Recalling the discussion in the introduction to this section, the instantiation of the
beautiful theorem we wish to consider is as follows: the function { is the operator
* (i.e. the function (a: a*); correspondingly the binary operator ¢ is defined by
a®x = 14+ ax. The functions G and H are both taken to be the supremum opera-
tor of ascending functions on the natural numbers to the carrier of a regular algebra,
which we denote by X.

The instantiation of the beautiful theorem (with G,H,t := £, X *) gives us, for all
ascending sequences f:

I(n: (fn)")=(Zf)" & V(f,g: Z(n: 1+ fn-gn) = 14 (Xf)-(Xg))

where the dummies n range over the natural numbers, and the dummies f and g range
over ascending sequences. We try to simplify the antecedent of this theorem. First, we

have:
In: 14+ fn-gn) < 1+ (Xf)-(Xg)
= { definition of supremum }
Vin: 1+ fn-gn < 14(Zf)-(Zg))
& { + is the binary supremum operator }

V{n: fn-gn < (£f)(Zg))
{ property of suprema }

true .
So it is the opposite inclusion that is crucial. Now,
(£6)-(Z)
= { e assume, for all z, (-z) is cocontinuous }
I(n: fn-(Xg))
= { e assume, for all z, (z-) is cocontinuous }
I(n:Z(m: fn-g.m))
So,

Yn: 14 fn-gn)y > 14 (Zf)-(Zg)

{ + is the binary supremum operator }
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In: 1+fn-gn)>1 A Z(n: 1+ fn-gn) > (Zf)(Xg)
& { Yn:l+4c) >1,foral c,and 1 +fn-gn > fn-gn }
I(n: fn-gn) > (Xf)(Xg)

{ above }

I(n: fn-gn) > I(n: Z(m: fn-gm))

{ suprema, dummy change }
V{in,m: Z(p: f.p-g.p) > fn-gm)
& { L(p: fp-g.p) > f.(nTm)-g.(nTm)
where (nTm ) denotes the maximum of m and n  }
Vin,m: f.mTm)-g.(nTm) > fn-g.m)
= { f and g are ascending sequences, product is monotonic }

true .

This completes the proof.

7.5 Mutual Recursion

In all but the simplest cases, recursive functions are defined by mutual recursion. For
example, the BNF definition of the syntax of a programming language uses mutual
recursion to simultaneously define the syntax of expressions, statements, declarations
etc. A definition by mutual recursion can be seen as a single fixed point equation where
there is one unknown —a vector of values— and the function defining the unknown maps
a vector to a vector. On the other hand, one also wishes to view a definition by mutual
recursion as a collection of individual equations, defining several unknown values, and
which may be solved on an individual basis. In this section we show that these two views
are compatible with each other. We present one theorem to the effect that least prefix
points can be calculated by solving individual equations and back-substituting.

Without loss of generality we can confine ourselves to fixed point equations involving
two unknowns: a fixed point equation with n+1 unknowns can always be viewed as an
equation on two unknowns, one of which is a vector of length n.

Any fixed point of a function mapping pairs of values to pairs of values is, of course,
a pair. We show how to calculate the individual components of the least fixed point
of such a function, given that it is possible to calculate least fixed points of functions
mapping single elements to single elements. The fixed-point equation to be dealt with
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is the following.
(104) x,y=z x=xOY A y=xQy

We first consider two special cases in which ® and ® depend on one of their argu-
ments only.

Lemma 105
(a) (uf,png ) =pnx,y:(f.x,g9.y))

(b) (1(feg), n(gef) ) =pnix,y: (f.y,9.x)) .

Proof of (a). This is an instance of the abstraction rule. To see this, rename the functions
to fo and f; and their arguments to xp and x;. Then (102) says that

(i p(xe fix)) = w(g: (i:fi.(g1)))
Identifying the pair ( xo,x;) with the function (i: x.i),

w(g: (i:fi.(g.1))) = wxox1 = (fo.xo,f1.%1)) .
So

(i p(xr fix)) = wxoxs = (fo.xo,f1.%1))
as required.
Proof of (b)
(1(feg),1(gef) ) = uix,y: (fy,9.x))

& { (a) on lhs }
nix,y:(f.g.x,9.fy)) = pix,yx (f.y,9.x))

{ define ¢: d(x,y)=(fy,gx) }
w(bed) = pd

{ square rule }

true .

O

With the aid of lemma (105), we now compute the least solution of (104), viz. we
prove
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Theorem 106
(r(xzxOPX), Wy: qyy) ) = ux,y: (xOy,xxy))

where p.x=p(vix®v) and q.y=p(w:uey),ie. p.x and q.y are the least fixed points
of the individual equations.

Proof
kix, Yz (xOy,x@y))
= { diagonal rule (92) }
{6 Yz p(u, v (UOY,X®v)))
= { lemma (105a) and definition of p and q }
w(x,y: (4.y,p.x))
= { lemma (105b) |}

(i g.(px)) , Wy p.(q.y)) )
= { definition q, p |}

(p(e pluzuopx)) , wy: wvi: qyev)) )

= { diagonal rule (92) twice: w:=x, v:i=y }
(u(xzxOP.x), Wy qyoy)) .

O

This concludes the presentation of the calculus. The corresponding calculus of great-
est fixed points is obtained by the interchanges u«~v, C J, and lower adjoint <
upper adjoint.

Exercise 107  Suppose f is a (unary) function and ® is a binary operator. Prove
the following:

(a) wix,y: (f.x,x®@y)) = (uf, wy=: ufey))
(b)  uly= (fy,x@y)) = wixy: (f.xoy),x@y))
Hint: Use theorem 106 for (a). Use the diagonal rule and lemma 105 for (b).

O
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7.6 An Illustration — Arithmetic Expressions

The Algol 60 definition of arithmetic expressions, restricted to just multiplication and
addition, has the following form. The nonterminals (Term) and (Factor) serve to
introduce a precedence of multiplication over addition, and the use of left recursion
(for example, “(Expression)” is repeated as the leftmost symbol on the right of the
production (Expression) := (Expression) + (Term)) serves to define a left-to-right

”

evaluation order on repeated occurrences of the same operator.

(Expression) == (Expression) + (Term) | (Term)
(Term) n= (Term) x (Factor) | (Factor)
(Factor) n= ( (Expression)) | (Variable)

A much simpler grammar for such arithmetic expressions takes the following form.

(Expression) == (Expression) + (Expression)
| (Expression) x (Expression)
| ( (Expression) )
| (Variable)

This grammar imposes no precedence of multiplication over addition and is ambiva-
lent about the order in which repeated additions or multiplications are evaluated. (The
former is clearly undesirable but the latter is of no consequence because addition and
multiplication are associative.)

We want to prove that the languages defined by (Expression) in the two grammars
above are equal. The proof is a combination of the fixed point calculus presented in this
section and Kleene algebra presented in chapter 6.3.

To avoid confusion, let us rename the nonterminal and terminal symbols in the gram-
mars. (We need to rename the nonterminals in order not to confuse the two instances
of (Expression); we need to rename the terminal symbols because of the use of “+”
and the parentheses “(” and “)” in both regular expressions (the meta language) and in
arithmetic expressions (the object language).)

Choosing letters a, b, ¢, d and e for “+”, “x”, “(”, “)” and (Variable), and
renaming (Expression), (Term) and (Factor) as E, T and F, respectively, the first
grammar is transformed to the following.

«

E == EaT | T
T == TbF | F
F == cEd | e

Using the same renaming for the terminal symbols but renaming (Expression) as
D, we get the following for the second grammar.
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D == DaD | DbD | e¢Dd | e

The task is now to prove that the languages generated by E and D are equal. Note
that the proof does not rely on a, b, ¢, d and e being terminal symbols. They may
denote arbitrary languages.

We begin with an informal calculation. Then we show how the informal calculation
is justified using the rules of the fixed point calculus.

The informal calculation treats the grammars as systems of simultaneous equations.
We have four equations:

(108) E = EaT+T ,
(109) T = TbF+F,
(110) F = cEd+e ,
(111) D = D-aD+D-b-D+cD-d+e .

The first step is to “solve” the equations for E and T. That is, we eliminate E and T
from, respectively, the right sides of equations (108) and (109). We get:

(112) E = T-(aT)*
and
(113) T = F-(b-F)* .

Now we substitute the right side of the equation for T in the right side of the equation
for E. We get:

E = F(b-F)*-(a-F-(b-F)*)*

which can be simplified using star decomposition (exercise 87(e)) to
E=F(bF+af) .

This can in turn be simplified, using the “arithmetic” rules of Kleene algebra, to
E = F((a+b)-F)*

So, applying exercise 93(c),

E = w(X: F+X:(a+b)-X)
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Now we substitute the right side of equation (110) into this last equation, in order to
eliminate F. We obtain

E = u(X:cE-d+e+X-(a+b)-X)

“Solving” this equation by eliminating E on the right side:
E = p(Y: p(X:cY-d+e+X-(a+b)-X)) .

The last step is to apply the diagonal rule, together with a little “arithmetic”:
E = pu(X: X-a-X+Xb-X+c-X-d+e) .

That is, E solves the equation (111) for D.

Let us now conduct this calculation formally using the fixed point calculus. The
first two steps combine the use of the diagonal rule with exercise 107(a) to justify the
derivation of equations (112) and (113). The third step uses exercise 107(b) to justify
the substitution of F-(b-F)* for T in the informal proof.

wE& TF: (EaT+T,Tb-F+F,cEd+e))
= { diagonal rule }
wWE, TF: (XY, Z: (X-aT+T,Y-bF+F,cEd+e)))
= { exercise 107(a) and definition of * (twice) }
w(E, TF: (T-(aT)*, F-(b-F)* , c-E-d + e))
= { exercise 107(b) }
w(E, T F: ((F- (b-F)*-(a-F-(b-F)*)*) , F-(b-F)* , c-E-d +e)) .
The remaining steps in the calculation do not alter the subexpressions “F- (b-F)*” and
“c-E-d + e”. We therefore introduce abbreviations for these subexpressions. Note how
formally all elements of the system of equations being solved have to be carried along

whereas it is only the equation for E that is being manipulated, just as in the informal
calculation.

w(E, T, F: ((F- (b-F)*(a-F- (b-F)*)*) , F-(b-F)* , c-E-d + e))
= { introduce the abbreviation @ for F-(b-F)*
and ¥ for ccE-d+e }
w(E, TF: (F-(b-F)*(a-F- (b-F)*)*, ® , ¥))
= { star decomposition (exercise 87(e)), arithmetic }

w(E, T F: (F-((a+b)-F)* , @, V¥))
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= { exercise 93(c) }
w(E, T F: (u(X:: F+X-(a+b)-X), D ,¥))

= { exercise 107(b), definition of ¥ }
w(E, T, F: (u(Xz ¢E-d + e+ X-(a+b)-X), D, W¥))

In the final part of the calculation, we again use exercise 107(a) in combination with the
diagonal rule.

w(E, TF: (w(X:: c-E-d + e+ X-(a+b)-X),D,¥))
= { exercise 107(a) |}
WE TE: w(X,Y, Z: (X-aX+XbX+cEd+te, @, V)
= { diagonal rule }
WE,TF: (EaE+EbE+cEd+e, @, V¥))
= { exercise 107(a)
where © = w(E: E-a-E+Eb-E+cEd+e) }
(W(E: EBaE+EbE+cEd+e), W(T,F: (F-(b-F)*, cO-d + e)))

No use has been made of the mutual recursion rule, theorem 106, in this calculation
although it is applicable to several steps. This is often the case. Theorem 106 is a com-
bination of the diagonal rule and lemma (105) and exercise 107 is another combination.
Often it is easier to use the simpler rules, or some straightforward combination of them,
than it is to apply the more complicated rule.

8 Further Reading

In spite of the name, the general concept of a “Galois” connection was not invented by
the famous mathematician Evariste Galois, but an instance of a “Galois connection” is
the “Galois correspondence” between groups and extension fields to which Galois owes
his fame. The term “adjoint function” used here (and in category theory texts) is derived
from the original terminology used by Galois. (Extending a field involves “adjoining”
new values to the field.) Detailed discussion of the Galois correspondence can be found
in [Ste89, Fen91].

Feijen [FB90] has written a delightful article on the Galois connection defining the
maximum of two numbers. The source of several of the properties of the floor and
ceiling functions discussed in section (2) is [GKP89]. The Galois connections defining
the floor and ceiling function are mentioned in [GKP89] but never used because the
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authors “can never remember which inequality to use”! Further elementary examples of
Galois connections can be found in [Lam94|.

The idea of extracting a Galois connection from a relation would appear to be due to
Hartmanis and Stearns [HS64, HS66|. The same idea appears in [Lam81]. In that paper
Lambek gives several mathematical examples of polarities. Further examples in the areas
of geometry and the theory of rings and groups can be found in Birkhoff’s classic text
[Bir67]. The notion of concept analysis is discussed in detail in [GW99]. Conditional
correctness assertions were studied by Hoare in [Hoa69] and are called Hoare triples.

The conclusion of section 5 appears in [MSS92|; the solution presented here is based
on Aarts [Aar92]. The use of the prefix lemma has been strongly influenced by Lambek’s
article on so-called subequalizers [Lam70]. Lambek [Lam81]| summarises the philosophy
of dialectical contradictions as “the view [due to Heraclitus| of the universe as a sort
of divine debating society in which opposing ideas are forever struggling to produce a
synthesis”. He attributes the phrase “unity of opposites” to Mao Tse-tung, and the idea
that dialectical contradictions are illustrated by adjoint functions® to discussions he had
with Bill Lawvere in 1965-6. Lambek and Scott [LS86] describe the unity of opposites
theorem as “the most interesting consequence of a Galois correspondence”. Our own
use of the name “unity-of-opposites” theorem in this text is not intended to suggest
some deep philosophical significance but simply to help make the theorem stick in one’s
memory.

6 Actually functors, not functions. Monotonic functions are a particular case of the notion in category
theory of a functor, and a Galois connection is a particular case of the notion of an adjunction. Many of the
examples in Lambek’s paper are however Galois connections and can be understood without a knowledge
of category theory.
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9 Solutions to Exercises

7 (a) We have, for all n,
n>—|x|
= { negation }
—n< |x]

— { definition of floor }

—n<x

= { negation }
n>—x

- { definition of ceiling }
n2 [—x]|

Thus, by indirect equality, the function f is the ceiling function.

(b) We have, for all n,

n< |x4+m|

- { definition of floor }
n<x+m

— { arithmetic }
n—-m<x

= { definition of floor }
n-m< |x|

— { arithmetic }
n< x| +m .

The result follows by indirect equality.
(c) We have, for all n,

n< [x/m]
— { definition of floor }
n<x/m

= { arithmetic, m is positive }

85



arithmetic, m is positive }

definition of floor }

The result follows by indirect equality.
(d) We have, for all n,

ns |VE)
{
ng\/@

= { arithmetic |}

n is an integer, definition 3 }

n’< |x] Vn<0
- ( n? is an integer, definition 3 }

n?<xVn<0

= { arithmetic }
n<y/x
= { N is an integer, definition 3 }
ns |V
The result follows by indirect equality.

O

22 Suppose first that F and G are inverse poset monomorphisms. Then,

FxCy

& { F is the inverse of G. Thus F.(G.y)=y }
FxCF(G.y)

= { F is a poset isomorphism }

xCGy .
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Thus, FxEy &xC G.y. Symmetrically, xCG.y & FxCy. Combining these two
properties we get that , (F,G) is a Galois connection between (A, C 4) and (B, Cp).
Replacing F by G and G by F, we also get that ( G,F) is a Galois connection between
(B, Cp)and (A, Cy).

Suppose now that (F,G) and ( G, F) are both Galois connections. Then, by theorem
14, F.(G.y)Cvy, because (F,G) is a Galois connection, and yCF.(G.y), because (G, F)
is a Galois connection. Thus F.(G.y)=y. Symmetrically, G.(F.x)=x. That is, F and
G are inverses (and thus surjective). Moreover, both F and G are monotonic. Thus,

xLy

= { F is monotonic }
FxCFy

= { G is monotonic }

G.(Fx) C G.(Fy)
= { F and G are inverses }

xLy

That is, F is a poset monomorphism. Symmetrically, G is a poset monomorphism.
O

29 The proof is by mutual implication but only one implication is given since the other
is entirely dual.

Forh C keF,

= { (16) '}
h T GoekeF;

= { monotonicity }
heG; T GgekeFqoG;

= { cancellation: (15),

monotonicity and transitivity of C }
h'G1 E Go'k
(The hints “monotonicity” refer to the fact that the function ef is monotonic for all

functions f.)
o
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31 Take m=2 and n=4 Let Gy, G, and Gs be the floor function; also let G; and
G3 be the function f and G4 to be the function, U, embedding the integers in the reals.
Let Fo, F, and F5 be U; also let F; and F3 be the lower adjoint of the function f and
F4 be the ceiling function. The right side of (27) can then be read as the requirement
that the lower adjoint of f maps integers to integers.

O

49 The relevant Galois connections take the form:
F,.bCP=b=xeP

and
xeEP=b=PCG,.Db

for some functions F and G. In each case the construction of the closed formula involves
a case analysis on b. The simplest cases are F,.false=¢ and Gy.true=U . The other two
cases are F,.true={x} and G.false=U/{x} (where U /{x} denotes the set of all elements
of U different from x). Thus,

F..b=if b then {x} else ¢ ,
and
G,.b=if b then U else U /{x} .

O

50 The negation of (# ¢ ) is the predicate (= ¢ ) which is equivalent to the predicate
(C¢). By the dual of 46, the latter is universally U-junctive, assuming booleans are
ordered by follows-from. That is, for all sets, P, of subsets of U,

UP=¢=V(S:SeP:S=¢) .
Thus, since —(Vp)=3(—p),
UP#£b=3(S:SeEP:S#£¢) .

This is the sense in which (# ¢ ) preserves set union: the predicate is a function from
subsets of I/ ordered by set inclusion to Bool ordered by implication. The upper adjoint
is the function mapping boolean b to if b then U else ¢ . That is, for all sets S and
all Booleans b,

(S#p=0b) = SC(if b then U else ¢) .
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51 Applying (23), we have
FEG=GLF .
and
G’CF=FLCG .

Thus, by exercise 22, ! and ° are inverse poset isomorphisms between the set of inf-
preserving functions ordered by the usual pointwise ordering T and the set of sup-
preserving functions ordered by J, the converse of the pointwise ordering L .

O

52 Suppose A is a complete poset. Let M denote the infimum operator for A. We use
theorem 47 to show that 4 is cocomplete.

Consider the relation R between the set of functions with range A and A defined
by

(f,a)eR = V(b:fbCa)

Then, applying theorem 47, there is a function L satisfying (35) if and only if the
predicate (a: (f,a) €R) is inf-preserving. We verify that this is indeed the case as
follows:

(ax (f,a) €R) is inf-preserving

{ definition of inf-preserving: (43)
with px =V(b: fbCx) }
V{g: V(b: .o CMg) = V(x: V(b f.bCg.x)))
{ definition of infimum: (33) }

V(g: V(b:zV(x: f.bCg.x)) = V{x:V(b: f.bC g.x)))

{ predicate caculus }

true .

56
Ua.(fsh) E1.(Lc.h)

f definition }
foh E KA(f(l—lCh))
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= (s4) )
feh C feK4.(Lic.h)

& { f is monotonic |}
hC K. (Le.h)

= { cancellation }
true .

63 (a) Suppose first that f is reflexive, idempotent and monotonic. Then

xCfuy

= { f is monotonic }
fxCf.(f.y)

= { f is idempotent }
fxCfy

= { f is reflexive }
xCfy

Now suppose that xCf.y = fxCEf.y for all x and y. Instantiating y to x we get that
f is reflexive. Now monotonicity follows:

fxCfy

= { assumption }
xCfy

& { f is reflexive, transitivity }
xLy

Finally, idempotency is proved by a mutual inclusion argument. The inclusion fLC fef
is immediate from reflexivity. The other inclusion is the instance of the assumption
obtained by instantiating x to f.x and y to x.

(b)
HefeGeg C HefeGeh
& { monotonicity of He }
foGeg L foGeh



Comparing the first, seventh and last lines, we have thus shown that

{ f is a closure operator }
Geg C feGeh
{ Galois connection |}
g C HefeGeh
{ IC HefeG
& { f is reflexive, monotonicity }
IC HeG
= { cancellation }
true .
transitivity of C and monotonicity !
HefeGeg L HefeGeh .

g HefeGeh = HefeGeg L HefeGeh

as required.

91

]
64 Assume x and y are elements of F.3. Note that this is equivalent to x =F.(G.x)
and y=F.(G.y).
xUpsy =Yy
= { x Uy = F(Gx Ug Guy),

y=Fk(Gy) }

F(G.x Ug Guy) = F(G.y)

{

unity-of-opposites theorem

(F is an isomorphism) }

Gx Ug Gy=G.y

{ suprema |
G.x Ci G Y
{ unity-of-opposites theorem

xLavy

(G is an isomorphism) }
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66 The “at-most” relation is the least prefix point of the function f where, for any

relation R,

76

78

f.R = {m:neN: (0,n)} U {m,n: (m,n)eR: (m+1, n+1)} .

uf Evf

{ induction |}
fvf C vf

{ computation: f.vf=~vf }
true .

< 1is reflexive

{ definition of reflexive }
V{x:zx <x)

{ definition of < }
V(x: x4+x = x)

{ definition of idempotent }

+ is idempotent.

< 1is transitive

{ definition of transitive }
Vix,y,z: x<yAy<z = x<z)

{ definition of < }

Vix,u,z: x+y =y Ay+z =2z = x+z = z)

Now suppose x+y =y and y+z = z. Then,



x+z

{ ytz=z }

x+(y+z)

{ + 1is associative }
(x+y)+z

{ xty=y }
y+z

( ytz=z )

z .

Thus < is transitive.
Now for the antisymmetry of <.

x<yAy<x

{ definition of < }
x+y =y Ay+x =x

{ + is symmetric  }
x+y =y Ax+y =x

{ substitution |}

X=1Y .

We now show that + is monotonic.

xX+y <x+z

{ definition of < }
(x+y)+(x+z) =x+z

{ arithmetic, + is idempotent
X+y+z=x+z

{ Leibniz }
ytz=z

{ definition of < }

y<z .

}
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To show that - is monotonic we have to show that it is monotonic in both its arguments.

We only show that it is monotonic in its right argument. The other case is symmetrical.

xy<xz

{

definition of < }

XY+xz=x2z

{

x-(y+z)=

{
ytz=z
{

y<z .

distributivity }

X-Z

Leibniz }

definition of < }

To show that + is the binary supremum operator we have to show that

x+ty<z=x<zAy<z .

This we do as follows.

x+y<z

{ definition of < }
(x+y)+z=z

{ substitution }

(x4+y)+z=2z A x+z=x+((x+y)+z)

{

+ is associative and idempotent }

(x+y)+z=z N\ x+z=(x+y)+z

{

Xx+z=z

{

x<z .

substitution }

definition of < }

Symmetrically, x+y <z = y <z. Finally, x<zAy <z = x+y <z by the monotonicity

of +.
O
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87 (a)
a-b*<c*-a

& { (83) }

a+c-a-b<c*-a

—

& { c*-a = a+ c*-c-a, monotonicity

ab<c-a .

c-a<a-b*
& t (80)
a+c-a-b* < a-b*
& { a-b* = a+ a-b-b*, monotonicity }
ca<ab .
(c) By combining (a) and (b) using the anti-symmetry of the ordering relation we obtain
a-b*=c"-a & ab=ca .
Thus, with b,c := b-a,a-b, we have:
a-(b-a)"=(ab)*-a & a(b-a)=(a'b)-a .

The property now follows from the associativity of product.
(d) First we use induction:

(a+b)* < b*-(a-b*)*
= { (80) }
14 (a+b)-b*-(a-b*)* < b*-(a-b*)*

Now we show that 1 + (a+b)-b*-(a-b*)* = b*-(a-b*)*.

1+ (a+b) b (a-b*)*

= { arithmetic }
1+a-b*(ab")*+b-b* (a b*)
— { 1+ x-x* = x* with x := a-b* }

(a-b*)* + b-b*-(a-b*)*



= { arithmetic }
(T4+b-b*)-(a-b*)*

— { 1+x-x*=x*with x:=b }
b*-(a-b*)* .

The opposite inequality is proved as follows:

b* - (a-b*)*

< { monotonicity }
(a+b)*- ((a+b) - (a+b)*)*

< { x-x* < x* with x := a+b, monotonicity }
(at+b)*- ((atb)*)*

= { x* =x*-x* = (x*)* with x :== a+b }
(a+b)* .

Finally, b*-(a-b*)* = (b*-a)*-b* is an instance of (c).
(e)

(a*)* — a*

{ anti-symmetry }
(a*)*ga* /\ CL*S((I*)*
& { * is a closure operator and * is monotonic }

ad<a*Aa<a*

{ reflexivity and a* = 1+ aa* =1+ a+ aaa* }
true .
O
88 (a) at ={definition} a-a* >{a*>1} a-1=a.
(b) This is an application of the mirror rule, 87(c), with b instantiated to 1.
()

at-a’
= { definition, (b) }

a-a*-a*-a
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a-a*-a
< { at=1+a“a }
a-a*
= { definition }
Cl+
(d)
a+xx <x
= { induction (83), with a,b,x := x,a,x }
ax* <x
= { x* = 14+xx*, arithmetic }
a+axx* < x
= { 1 <x*, addition and multiplication are monotonic }
at+ax < x
= { induction (80), with a,b,x := a,a,x }
aa < x
= { (a) }
at<x .

(e) First, we have that a* is a prefix point of the function (x:: 1+ a+x-x) since 1<a*,
a<a* and a*-a* < a*. We now show that it is the least prefix point:

T+a+xx <x
= { definition of suprema }
1<x N\ a+xx<x

= { (d) }

1<xAat<x

= { definition of suprema }
T+at <x
= { at=1+aa*=1+a" }



93 (a)
(X a-X*)
= { definition of a-X* }
w (X (Y a+Y-X))

= { diagonal rule }
w(X: a+ X-X)

= { exercise 88 |}
at

(b)
w{Xz: (a+X)7)
= { definition of * }
w(Xe (Y T+ (a+X)-Y))

= { diagonal rule }
Xz 1+ (a+X)-X)
= { distributivity of concatenation over sum }

(X 14 a-X+X-X)

= { diagonal rule }
p(Xe (Y 1+ a-X+YY))

= { exercise 88(e) |
w{Xz (a-X)7)

= { rolling rule }

(R(X a-X*))*

= N YA
(a®)”
= { exercise 87(e) }

*

a
From this calculation we conclude that

(X (a+X)*) = u(Xe (a-X)*) = a* .



The final piece is then
(X a+X*)
= { rolling rule }

a+ pu(X: (a+X)*)

= { above }
a+a*
= { a<a® }
o
(c)
p(X:: a+X-b-X)
= { diagonal rule }
w(Xe (Y a+Y-b-X))
= { definition of * }
(X a-(b-X)*)
= { rolling rule }
a-w(X: (b-a-X)*)
= { (b) }
a-(b-a)* .
(@)

u(X: T+ a-X-b-X+b-X-a-X)
= { diagonal rule (92) }
p(Xe (Y T+ a-X-b-Y+b-X-a'Y))
= { distributivity }
p(Xe (Y T+ (a-X-b+b-X-a)-Y))
= { definition of * }
p(X: (a-X-b+b-X-a)*)
= { exercise 88(e) |}

p(Xe (Y 14+ a-X-b+b-X-a+Y-Y))
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- { diagonal rule (92) }
u(X: T+a-Xb+bX-at+XX) .

94 Rolling rule: First,
(gef) = g.u(feg)
& { induction }
(ge7).(g-1u(feg)) = g.u(feg)
definition of (gef) }
9.(f.(g.u(feg))) = g.u(feg)

Il
—~

{ g is monotonic }
f.(g.u(feg)) E u(feg)

{ definition of (feg) }
(feg) . u(feg) T n(feg)

{ computation rule }

true .

Second, we suppose that y is an arbitrary prefix point of gef and calculate as follows:

g-u(feg) =y

. ( o (gef).y=vy , transitivity }
g-u(feg) < (g*f).y

& { definition of gef, monotonicity of g  }
u(feg) Efy

& { induction }
(feg).(f.y) Cf.y

& { (feg).(f.y) =f.((gef).y), monotonicity of f }
(g+F)-y =y

= { y is a prefix point of gef }
true .

Square rule:
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uf = p(f?)

= { antisymmetry }
wf ER(f?) A p(f?) Cuf

& { induction }

f.u(f?) C u(f?) A fuf C pf
= { rolling rule and computation rule (applied twice) }

true .

Diagonal rule: First suppose that p(y:x@y) exists, for all x, as does p(x: w{y:=x@y)) .
We prove that the latter satisfies the definition of the least prefix point of the function
(x:x@x) .

For brevity let us denote p(y:x@y) by m.x and p(x:pu{y:xdy)) by M.
First M is a fixed point of the function:

M=MoM

= { fixed point: M=mM=M&mM }
MdmM = MeM

= { fixed point: M=m.M }

true .

Second, M is at most every prefix point of the function:

MLCx

& { induction: M=um }
mxCx

& { induction: m.x=up(y:xdy) }
xexCx .

Now, with the same abbreviations as above, we assume that m.x exists for all x. We
also introduce the abbreviation N for p(x:x@®x) which we assume to exist. We have to
show that N is the least prefix point of the function m.

First it is a prefix point of m.

m.NCN

- { induction: m.N=p(yzNay) }
NoNLCN
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Il
—

prefix point: N=p(x:x®x) |}

true .

Second, N is at most every prefix point of m:

NCx

& { induction: N=p(x:xdx) }
xPx Ex

& { transitivity }

xEx Exemx C mx C x

{ fixed point: m.x =xdm.x }

XxOx T xdmx A mxCTx

—

{ @ is monotonic

mxCx .

96

k.x is a prefix point of ¢
{ definition }

g.(k.x) =k.x

& { e hxCx (ie. x isa prefix point of h)
k is monotonic. Thus, k.(h.x) <k.x. }
g.(k.x) <k.(h.x) .

Abstracting from the variable x and denoting the set of prefix points of h by Pre.hwe
have thus established the lemma:

(114) V(x: x€Pre.h: k.x€Pre.g) & gek<ksh .

In particular, assuming the existence of ph, k.uh is a prefix point of g. Thus, since
ig is the least prefix point of g,

(115) pg < k.uh & gek<keh .
Now, if k is an upper adjoint in a Galois connection with lower adjoint f then

gek < keh = feg C hef .
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So, in the case that k is an upper adjoint with lower adjoint f, (114) is equivalent to
(116) V(x: x€Pre.h: k.x € Pre.g) & fegL hef .
Also, (115) is equivalent to:
fug C ph & fegChef |
But also, by making the substitutions k,g,h := f/h,g in (114) we obtain immediately:
(117) V(y: yePre.g: f.yePreh) & hefCfeg .
It is thus evident that, if hef and feg are equal, we have both
V(x: x€Pre.h: k.x € Pre.g)
and
V({y: yePre.g: f.y €Pre.h) .

Thus the pair of functions f and k forms a Galois connection between the set of prefix
points of h and the set of prefix points of g In particular, since lower adjoints map least
elements to least elements, we have derived:

f.ug = ph & feg=hef .
O
98 (a) We have:
(gef) E u(hef)
& { induction }
(gef) . (hef) C p(hef)

{ composition and rolling rule }

g.u(feh) C p(hef)

& { w-fusion, g is a lower adjoint }

gefeh C hefeg .
Further,

u(feg) C u(feh)
= { rolling rule }

f.u(gef) C f. u(hef)
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& { monotonicity of f }
w(gef) C p(hef)

&= { above }
g-th;hﬂC'g .

(b) This part is a straightforward corollary of (a) and the antisymmetry of the ordering
relations.

As remarked above, the exchange rule says that g and h can be exchanged within
a u term in which they are composed after or before an arbitrary function f. The
generalisation we seek is that they can be exchanged anywhere in a p term. That is, we
seek a condition such that

1(foegefi) = u(foehefy)

We derive such a condition as follows:

(forgef1) = p(foshefy)
= { rolling rule }
fo.p(gefiefo) = fo. n(hefiefy)
& { exchange rule }
gefiefogeh =hefiefpeg .
We don’t advise you to remember this rule. It is overly complicated and is so easily

recovered from the basic rule.
O

101 In the case of reachability, graph b is acyclic. In the case of shortest paths, the sum
of the edge lengths on any cycle of edges is greater than zero. In the case of bottlenecks,
there is no cycle of edges each of weight co. That is, there is no subset of nodes connected
by a cycle of edges with each edge offering no bottleneck.

O

103
u(g: (ax adg.a))
- { definition of &  }
w(g: (a: f.(g.a)))
- { definition of (fe) }
u(fe)



105

— { abstraction rule }
(az p(x: adx))
— { definition of &  }

(ax pux: f.x))
= { n-reduction }
(azpf)

Thus the rule is: p(fe) = K.uf where K is the constant combinator.
O

107 (a)
r(x, vz (f.x,x®y))
= { theorem 106 with xGy = f.x (thus q.y := p(u:zfu)) |}
(plxfx), ply: puzfu) ®@y) )
= { (uzfau)=~f }
(uf, ulyz pfey)) .

wix,y: (f.y,x®y))
= { diagonal rule }
r(xys p(u, v (g.v,x®y)))
= { lemma 105(b) with f := g and g.u = x®y }
ki us (s 0.(x2y)) | plvixey) ))
= { p(u:c)=c for any c independent of u (as uf = f.uf) }
r(x,yz (9.(x®@y) , x®Y ) .



