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Theorems-For-Free (Reynolds, Wadler)

Example: the functionlengthon lists has type

List.a→ IN

for all instances of the type parametera.

From this type, a “theorem-for-free” is thatlengthis a natural
transformation: for all functionsf and all listsas,

length.as = length.(List. f .as) .

(Note: List is used where functional programmers would traditionally use
map.)

Example: the functionfold has type

List.a×a× (a×a→a)→ a

for all instances of the type parametera.

From this type, a “theorem-for-free” is that, for all lists of integersmsand
all integersm,

even.fold(ms,m, (×)) ≡ fold(List.even.ms,even.m, (∨)) .
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All uses of parametricity to date have been “general”: they say something
about possible implementations of the polymorphic lambda calculus ... The
main contribution of this paper is to suggest that parametricity also has
“specific” applications: it says interesting things about particular functions
with particlar types.

Wadler, “Theorems for free”, International Symposium on Functional
Programming Languages and Computer Architecture, London, September,
1989.
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Logical Relations

Notation I will use lower case lettersf , g, etc. for total functions and upper
case lettersR, Setc. for binary relations.

Definition Let RandSbe binary relations. Define the binary relationR→S
on functions by

( f ,g) ∈ R→S ≡ 〈∀u,v:: (u,v)∈R ⇒ ( f .u , g.v)∈S〉

In words, f andg mapR-related values toS-related values.

Theorems-For-Free

Let t be a type expression parameterised by type variablesa, b, . . ., c and
supposef is a parametrically polymorphic function of typet for all
instances ofa, b, . . ., c. Then for arbitrary relationsR, S, . . ., T,

( f , f ) ∈ t [a,b, . . . ,c := R,S, . . . ,T]



6

Example

Supposev and� are partial orderings. Then, the statement

( f , f ) ∈ v→≤

means thatf is a monotonic function. That is,

〈∀u,v:: uvv ⇒ f .u≤ f .v〉 .

Function composition has type

(b→c)× (a→b) → (a→c)

for all instances of the type parametersa, b andc. From this type, a
“theorem-for-free” is that function composition preserves monotonicity of
functions: for all partial orderingsv,≤ and� and all functionsf andg

f ∈ v→≤ ∧ g ∈ �→v ⇒ f •g ∈ �→≤

(where f ∈ v→≤ is an abbreviation for( f , f ) ∈ v→≤).
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Abstract Interpretation

Abstract interpretation is a technique for approximating the execution
behaviour of a computer program.

For example, abstract interpretation aims to answer questions like

is 231×15×44×26×179×182 even? and

is 231×15×44×26×179×182 divisible by six?

without performing the multiplications.

Application of results outlined here is to show that safety of abstract
interpretation of higher-order functions is a “free” theorem.

See Kevin Backhouse and Roland Backhouse,Abstraction Interpretations
for Free.
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The Problem — Illustrated

Let k be a fixed positive integer. Consider the relationDK between integers
m and booleansb defined by

(m,b)∈DK ≡ k\m ⇐ b .

(Readk\m ⇐ b as “k dividesm if b”.)

DK relates all integers tofalseand the integers divisible byk to true.

Assume the functionfold has type

List.a×a× (a×a→a)→ a

for all instances of type parametera. Then, theorems-for-free says that

(fold, fold) ∈ List.DK×DK× (DK×DK→DK)→ DK .

But what does this mean?
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According to the definition ...

(fold, fold) ∈ List.DK×DK× (DK×DK→DK)→ DK

means

〈∀ms,bs,m,b,⊕ ,⊗

: (ms,bs) ∈ List.DK

∧(m,b)∈DK

∧〈∀n,c,p,d

: (n,c)∈DK ∧ (p,d)∈DK

: (n⊕p , c⊗d)∈DK

〉

: (fold(ms,m,⊕) , fold(bs,b ,⊗))∈DK

〉

But what does this mean?
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The Solution — Point-Free

Definition

( f ,g) ∈ R→S ≡ R ⊆ f ∪ •S•g .

Distributivity Properties

(R→S)∪ = R∪ → S∪

(R→S) • (T→U) ⊆ (R•T)→ (S•U)

(R• f ∪)→ (S•g) = (R→S) • ( f ∪→g)

Monotonicity

R→S ⊆ T→U ⇐ R⊇T ∧ S⊆U

Shunting

f •R⊆ S ≡ R⊆ f ∪ •S
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Type Expressions

We consider the following (extended BNF) grammar of type expressions

TypeExp ::= (Relator TypeExp∗) | (TypeExp→ TypeExp) | Variable

whereVariableandRelatorare (disjoint) finite sets.

An example of a type expression is

Production→ b×List.a→ a×List.b .

I will use lower case lettersa, b, etc. for variables.
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Variable Assignments

A variable assignmentis a function with domainVariable. A variable
assignment will be denoted by an assignment statement as in, for example,

a,b := integer,boolean .

Given a variable assignmentV, its application to type variablea is denoted
by Va.

Extend variable assignments to type expressions in two ways. First, for all
type expressionsu, v

Vu→v = Vu→Vv

and, for all type expressionsu, . . ., v,

VF.(u... v) = F.(Vu . . . Vv) .
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Positive and Negative Variables

For all variablesa,

[V,W]a = Va

For all type expressionsu andv,

[V,W]u→v = [W,V]u → [V,W]v

For all type expressionsu, . . ., v,

[V,W]F.(u... v) = F.([V,W]u . . . [V,W]v)

For example,[
(a := dk) , (a := kd∪)

]
List.a× a× (a×a→ a) → a

= List .kd∪ × kd∪ × (dk×dk→kd∪) → dk .
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Factorisation of functions

SupposeR, S, f andg are type assignments such that, for all type variables
a, fa andga are total functions.

Then, for all type expressionst,

[R,S]t •
[

f ∪ ,g
]
t ⊆

[
R• f ∪ , S•g

]
t

and

[R,S]t •
[

f ,g∪
]
t ⊇

[
R• f , S•g∪

]
t .
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Proof (extract only)

[R,S]u→v
•
[

f ,g∪
]

u→v

= { definition }

([S,R]u → [R,S]v) • (
[
g∪ , f

]
u →

[
f ,g∪

]
v)

= { distributivity }

[S,R]v •
[
g∪ , f

]
v → [R,S]u •

[
f ,g∪

]
u

⊇ { monotonicity, induction hypotheses}[
S•g∪ , R• f

]
u →

[
R• f , S•g∪

]
v

= { definition }[
R• f , S•g∪

]
u→v .
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Application

For brevity, lett denoteList.a×a× (a×a→a)

List.even×even× (even×even→even)

= { introduce the identity relationI }

(List.even• I∪) × (even• I∪) × ((I•even)×(I•even)→ even• I∪)

⊇ { factorization of functions, definition oft }

[even,I ]t • [I ,even]t .
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Application (Continued)

Hence,

(fold, fold) ∈ List.even×even× (even×even→even)→ even

= { definition }

fold • List.even×even× (even×even→even) ⊆ even• fold

⇒ { above, monotonicity}

fold • [even,I ]t • [I ,even]t ⊆ even• fold

= { [I ,even]t =
[
I ,even∪

]∪
t , shunting }

fold • [even,I ]t ⊆ even• fold •
[
I ,even∪

]
t

= { inclusion of total functions is equality}

fold • [even,I ]t = even• fold •
[
I ,even∪

]
t .

This is the fusion property offold mentioned earlier.

It shows thatfold is adinatural transformation and illustrates the algebraic
calculation used to derive the general property.


