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(Lower Order) Naturality

2ip.F.G : GoF ¢ FoG .

A zip is a proper natural transformation.

A zip transforms one structure to another without loss or duplication

of values.



(Higher Order) Naturality

zip.F : (*F) « (Fe) .



Categorical Nat Trans (Revision)

A natural transformation is an arrow in the functor category. Il.e.,
n:F—G

means that the following diagram commutes (for all A, B and
f: A« B)

FA A GA
A A
F.f G.f
F.B <« G.B
nB

Now, if F is a functor, (¢F) and (Fe) are endofunctors on the functor
category.

(eF) maps functor (object) G to GeF and natural transformation
arrrow) 1 to neF, where (neF)a =nr.A.

(
(Fe) maps functor (object) G to FeG and natural transformation
(arrrow) 1 to Fern, where (Fen)a =F.(na).



Categorical NT Revision (Continued)

Diagram defining n: F«— G

FA <A GA
A A
F.f G.f
F.B < G.B
nB

instantiated for zip.F : (eF) ¢ (Fe)
ip.F.G
GeF <P rag
A A
OeF Fe0
HelF <« . FeH
zip.F.H

where 0 : G < H is a natural transformation.



Allegorical Naturality

Recall that parametricity was defined in terms of relations.

Recall also that, in the particular case that t has type
(Voo i o +— G.x), t is parametric is equivalent to t is a natural
transformation (in the underlying category of maps).

This is a stroke of luck for functional programmers, BUT their luck
has run out!

The equality in
(OeF)ozip.FH = zip.F.G o (Fe0)
is too severe — because
e O may be nondeterministic.

e /ips are partial.



Nondeterminism

Take F := List and G = H := x.

zip.F.H and zip.F.G are both the inverse of conventional zips. They
unzip a list of pairs to a pair of lists.

Take 0 := id Uswap.
0 nondeterministically swaps the elements of a pair or not.

(OeF) o zip.F.H unzips a list of pairs into a pair of lists and swaps the

lists or not.

zip.F.G o (Fe0) first swaps some of the elements of a list of pairs and
then unzips it into a pair of lists.

(OeF)ozip.FH C zip.F.G o (Fe0)



Partiality

listify, .
List.(List.A) < P Y List.A Tree.(List.A)
A A
(zip.List.List) o (zip.List. Tree) o
List.(List.A) < List.(Tree.A)

List.(listify 4 )

View both paths through the diagram as partial relations of type
List.(List.A) < List.(Tree.A).

The lower path (via List.(List.A)) includes the upper path (via
Tree.(List.A)).

Reason: for the lower path, the sizes of the trees must be the same;

for the upper path, the trees must have the same shape.



zip.F is parametric.

That is, for all 6 : G+ H,

(OeF)ozip.FFH C zip.F.Go(Fe0) .



Compositionality

Informally, zip.F is a monoid homomorphism.

(Note: more than this: zip.F should respect pointwise extension of
relators. For full discussion see Hoogendijk’s thesis.)

Gol{oF - zip.F.(GeH) FoGol
G e zip.F.H zip.F.Ge H
GeFeH
zip.F.(GeH) = (Gezip.F.H)o (zip.FGeH) .

zip.FId = ideF .
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Zips

Definition 1 (Half Zip) Consider a fixed relator F and a
pointwise closed class of relators G. Then the members of the
collection zip.F.G, where G ranges over G, are called half-zips ift
(a) zip.F.G : GeF«FeG, for each G in G,

(b) (OeF) OZIp F.H C zip.F.Go(Fe0) for each 0 : G« H ,

(c¢) zip.F.(GeH) = (Gezip.F.H) o (zip.F.GeH) for all G and H,
(d) zip.F. Id = ideF .

[]

Definition 2 (Commuting Relators) The half-zip zip.F.G is
said to be a zip of (F, G) if there exists a half-zip zip.G.F such that

zip.F.G = (zip.G.F)u

We say that datatypes F and G commute if there exists a zip for
(F,G).
[]



Constructing Zips

See Hoogendijk’s thesis for how these are calculated:

zip.Ka .G
zip.+.G
zip.x.G
zip. .G

fan.GeKa
G.inlv G.inr
(G.outl 2~ G.outr)u

(i[dg®; G.ino(zip.®.G ¢« IdAT)) .

where T is the tree relator with pattern relator ®.

fanKa = Tla _
fan.4+ = (idvid)v
fan.x = idaid
fan.T = (id®; (fan.®)u)v

where T is the tree relator with pattern relator ®.



