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WHAT IS CATEGORY THEORY?

There are Monuy hifferent answers to

this ques)cion, but ,g)ene(‘a\llj speak\'n%:

Co%eg)org) ‘u\eonﬁ is o ranch of mathematics
| thok has been developed over the last
| 5_0__‘5_@& , and is concemed with the
Shodyy of alagbmic shruchure

WHY IS TIT USEFUL?

The wan reawons ote as follows ...

° eui\ding bﬂd\gﬁ
Exp\om'ng the. Fel.aﬁonship_s between different:
kinds of makhematical ob\')eclcs.

ES«!_M\O_‘_e g onduc{s and funckions

) U“"ﬁfi"ﬁ ideas
pvbsjcmcjcin?) from unnecessarwy details 4o
gjve %g@_\ definitions and. resolts.

Eﬁmv_\& . fonctees

» High-lovel la@é%g_

Focuss\'ns on how thinas behave , rather
Han on what *heir intecnall detals are.

Spedﬂ'cq-l:im VS impLQMEv\Jm\:iovx.

Exangle.

° I‘JPQ sqfelcg)

Using types {0 ensure that things are

Oﬂ\\g combined. in. sensible ays.

£iA—8 g:8-C

Exomple
= %o-F:Q-aC

° _E_O‘Uq%\' onal. p_r_g(i_s

Pemcomins Proo% in a purelif) gquational

(or di_GSFUW\M‘H c) style of reasoning.

_Eiqg\‘)_\& H .'T!'o ° -Fxo\
{definition. of x}
T, o (Foﬂo a cz)e'ﬂ‘)
{pm\oer{ug of proo\ud:s}
£ o

1



WHY IS TIT USEFUL IN COMPUTING ?

mg)e‘om'\c structure na’:um% aeises in. many

different areas of compuking , incloding

2 Low\guwge design. ;
o Formal semantics;
. prog)mmm'ms logjics ;
o Proopamming aalali;
. lepg gystems.
Cakecbonﬁ theorwy has proved. to be an fméorjraﬁ%

tool for studuing Foundational (ssues i such

sernantics - based.  reseatch aveas.

COURSE TOPICS

The main 4opics ace as Follows:

o locture 1 - Calegeries

The basic notion, defined. in terms of

~ Objects, arrous, composition. and. identities.

o lecture 2 - Funclors

Mappings between cateogries that preserve
the underlmsing) Cake_«aoﬁml. structuce.

o Lec’cure_ 3 - Nq’c\)raL +ransFormakions

mappin%g betuieen Lonctors that SQ{:iS%
a Simple  polymorphise property.

o Lecture 4 - S\oec’\aL construckions

Trikial objecks, 4erminal. cbyects, products ,
Coproducks (sums) and. exponertils (Kinction).

® l_ecfure 5 - Case s’cocig

A simple categorical calculus foc defining
and. ceasoning about proogams, based Upon.
the iden of modelling datatupes as initial
objecks in o cettain kind of categpry.

GRAPHS

Cajce?)ocies are special _ kinds of gnaphs, so
we begin. by (ookins at simple aaphs.

Example :
—
A—be oG
Notes :

® [inks ace directional e.q. e link B=C
IS distinct from the Iink C""g,

o Links ore _s_igg)u\_ar, eq. addino) an extra
link,. A—® doesnt c\nang)e the graph.



FO(‘MQ“\j ) the notion of a (simple) directed
%‘.‘2@_\ o e defined as o pair

<N 1 '")>

where

N is a seb of 'nodes’;

—> € NxN is o seb of edges’
Such +hat

(ﬂ,%) € —» re\oresen)cs a link B—B in
the PichociaL view of a grapk.

_E_l(ﬂw\ole__: (‘Fﬂ:m slide 1.8)
N = $8,8CS
> = §(A9),(80), (€8
NO"CQS:

° Formalisins edges as grdered paifs ensures
that edSes afe. dire'cjtiono\[, e.9.

(8,0) = (€8

° Foﬂm\isinb —> as a set of edges ensores

that edcbes ore @3@, €.q.

$(eA3 = 1RO, (B

Lie

| ABELLED GRRPHS

Now leb us considec o more gereral kind
of oy‘opk, in. which each edge s labelled.

with o unique name.

Example :
/.F\> /—h\
' g,
DD
Noke :

La\an.'mti) ed%QS no;u Pecmﬂcs mulkiple links
between. any two nedes, €.q. '

g—f—"’% and. Q‘i—)B

Formq“v), o lobelled ditected %—@E\'—\ is & fuple

{NLE, s, )

where

N is o set of "nodes”;

F w o set of 'eglgg;“;
S:E->Nwn a ”S_OU_K__G_“ fonction ;
+

. E->N lS o '4_'a_r%e_1t_“ £onchion

Sudn that

SE) = and tH):=9 represents
link AR in the picjcoria[ VW,
ond is often written as L.n-18.



Example :  (from slide 1)
N = $58¢3
E o= Sf.q,h,i8
5 = 5Eoh, anh, heb iwC]
+ = E—;HE‘%H@,\'\HC,LHB)E
Notes :

® Forma\isin?) the source/'targe{ of edoes
as (totel) Funchions ensures that each
edtse has o unique soutte /targejf ;

° Everﬁ simple. %\"apk <N,-—->> is Jcr'w\"a\]b
o la\)e“ed_ %rapk ) li\. b\)‘f\ic\l\ QGCL\ lihk
A—-R is \a%eue&_ bb (Q,%)

(3]

CATEGORIES

8 gie_go_r% is simp% a labelled grapk with
“lomposite” and. " identit” edges that satisfy
the  dovious gquajcioml laws.

Forma“u), a Ca)cee)ors is o labelled directed
gm‘)\r\ wiU,\ ‘B\Q -Fonomi% ex&r« s’cruc’cuce:

@ For each pair of edaes
A——B—C
there is o o\is(ir\fﬂu'\sheo\ "@pﬂ“ nge:

f

@ For each node A there is a
istivapished. " identiky’ edog
P E
(3 For cach driple of edoes
o_*
the following “associativiby” equation holds:

O\ 0 b)> o'\c

hoe (0. =

@ For ek edoe RS2 the
£ollowina *identibsy” eqpekions hold.

_Foidp}:g ‘ld.go'F :-F

NOJEGS i

o There may be man choices for ampasite
and.  identitey  edogs within o labelled
3mpk, but 4o define o categpry we

must fix (or distinauish) specific. choices.

e In o Co&efsor\g, the nedes are alled
“dpyecks” and. the edaes ace called. “attows”

e Arrows ate also sometimes called. 'jy_;_oqi\_.s_m",
becawse. dhjects are often structured. sets

ond. arrous are often structore - preserving

Funchions (homomorphisms) between these. sets.



EXAMPLES OF CATEGORIES

ﬂlmos’i amsﬂxins an be viewed. as a Ca{eg)orb.

Example 1 @ the Ca{eﬁorb SET

Obje&s - A,B,C,... are sets.

£.p-P,... are (total)functions
From dhe set A 4o the set B

g\’(‘DbIS =

ido: AR is the identity funclion,

Tdentikies -
defined. by id,(x) = x.
Composijcion - if -$g-ﬁ% ond. %:B—iC then

Q)o'f: : A C is the composite fonckion,,
C\e{:ined. b\:) (o)o-ﬂ (‘(\‘ S 0\(‘@ ().

e

6& O\Q'Finijcion., 3\\)@\_ +UUO ‘FUY\C{'J.OI’\S {39%8
then F=9q & Vxeh. £()= k).

Hence, in SET the identity law

foidg = £
s equivalent £o
| Vxeh. (foidax) = F@)
which can be verified as follows:
($oida)®
= definition of o}

‘[: (ida ("»

= § definition of ‘dn}

()

The remaining io\enkiiv low and the qssocia{ivifg)

law for composition. can be verified similacly.

Notes :

o O single Funchion nay have many possible
source. and. faraet sets. To ensue et each
atrow in SET has a unigwe source and farget,
the arrows are. really triples <¥,H,B} Comprising

o fonckion JCo%e,’(her with oﬁsﬁ_ncﬁvis%ei
Soutce and thrse{: sets A and B.

o U5i03 {o_'hi_ ‘Fum¥ions is not essenlcial,bu’cgives
a Calcegofb with nicer gL:ﬁem'»c chructure.

Eva\plg_Z : the cgjcegor» RFEL
Objects  — A,B,C,... are sets
Arrows  — R:A-B,.. are (pessibly partial)
b_m_a_r% celations R ¢ AxB.
Tdentities — id, = o) | xe R3.
Composition — i RiA=B and 5:8C then
GeR:A->C is defined btj SR =
§(0.0)] 3beB. (ab)eR ~ (be)eS],
Note:

o Using possibly pactial. relakions is important,
becavse total relations are not closed. under

inkecseckion , o. basic operation on. relations.



I n Summarg .

Objecjcs - ab,ec,..

are elements of A

SET = sets and functions;
- o> hat (a,b
REL = sets and telations. g""“‘s framb menns that (a.b)€R,
ond. is uniguely defined. by f=(a,5)
We now exp]ore how individuval relations
themselves can nakurénb form cq3cesories. Tdenkities = \o\j +he. above definition of arrows,
- ifiq: a—a means that (a,0)eR,
Example 3 : relations as ctegories and. is defined by iy = (a,0),
Suppose that R ¢ AxA is a relokion on the
set H T‘nen, R “iS o simple 3mp‘v\,0nd i Composi{ior\ - the C\ssump‘l:ions f.a>b and 'o\:b-)c
herce {"'\Vi‘lui') a L‘l\L"-U_.de %PL (see 1.13.) meon that (a,b)eR and (b,c) €R,
' while 3o\c:a-ac means that (a,€)€R,
Bujt, how can we view R as a c_a_lgsggg? and. is defined. by 9o F = (a,0).
Hence  for idenlci{:j arcows fo alwavs exist, EXample 4 monoids as CaJcegories

R must be reflexive

ond. for COMFOSH:Q ortows +o ahmbs exist,

R must be transitive.

Tn conclusion, a relakion RcAxR is a category
precisely when R is o pre- ondering.

Noke: the \denjmjtn ond aSSOcio*\riviED eq()q{iovaf

are {riviq\\u) troe in such @ ca{eﬁortg , becavse
Here is ob most ore arrow between any Fwo
cboyects, and. hence all (well-byped) equations

between arfows ave trivially rue.

Monoid. is a {ri\o\e

Reall thd o

GRS
where

A is o set;
@ : AxA-A is a bina% fonction on. A;

aeh is an element of A

such that for all elements x,y,zeA the
‘FoUom'mg iden-l:i]c\_,) andh aSSociaJc'\vikg €qw&ions hold :

Xh a X adx= X

X & (ye 2) (xey)®z



Examples of monoids :

<N ’ + ) O> -
<N,x,1y =
<ﬂ*,+}—,[]> = finite sequences

natural numbers

natural nombers

Monoids ace similar to cateopries : & is like
Com?osi\:\'ov\. and. a is like an io\en{i%. In
fact, we con view every moneid GEXY,

as a cateaory , as Follows :

Objects = the set A s the uniqe
Ob:)eck of +he Ca{egor‘\ﬁ.
Berows — x:B->A mens that xeh,

l.e. arfows afe elements of A,

Tdentities - idg: A=A is uniquely

defined. by iy = a.

Composijcior\ - if x: AR and 3:“—)&
then Yye x : AR 1S defined.

bﬁ Lﬁ")& = 5@1.

Notes :

e The idenkiby ad ageciobivity equrbions ave
trve in suh o categoery by the cotresponding
equations for the underhying monoid.

. Leo(‘nim:) 1o dhink of arrows abslracy , father

than as some kind of "fonckion™ is on

\'mporizmt step in )eaming ca{ﬂm:) -I:keonﬁ.




