INTRODUCTION

Reall that a ga_{e,_bg% consists of

o set of objects A.B.C,..
o set of arrouws F:ﬁ—)B,.;,

Injc roduction {o ‘C“Leq‘lﬁleo_"}j.
| Fooether with dlsﬁp_auisked aroows
Grakam HU'UCOT\. ‘ ’

| de: AR for each A

‘ of : AC for each QLB-S—'C
| echure 2 - Funckors i

Such thak the gqua":iohs
foidg=f idgof-F
hoo(gef) = (hog)ed

hdd. for all F,0,h of appropriate dupes.

i

GRAPH HOMOMORPHISINS

EXaMpl_is_:

SET = sets and fonckions: Tr. mathematics, it is often useful to define
the notion of o structure presecving mapping

REL = sets and relakions. botueen two mathematical ~struckures.

i i at  simp! hs.
_S_EeciaL cases : We begn by locking at  simple gfaphs

Pre-omdered. seks = cojceaories with at most

Definition : a  homeomorphism

one afrow betuween. anv fwo objects; b (N.EYims <N' £)
Monoids = Ca’c_gﬁories with Q'_\lg one chject -Frow\ one  simple ‘%mpk Yo another is a total

fonckion h: N-N' on the nodes, such that :

This_lecture :
for eadh edoe (R,B) e E, there

—
Functors = mappings between. cateqgries
is on edoe (k(ﬂ) b (&)) eE!




No{e: homomorp]'\isms are  structure Preyervfn3
in that edags are mapped. 1o edges.

Example

A——RT >C

| 1]

.

is o homemorphism, where
P ’

N = %P,B,C}‘
E = {(ﬂ,@) ) (B:C-) ) (C»B);
N = §$%,Y,28

E = SO, (02, (2N

I\

X —Y

(s not a hemomorphism, because

hh = $AnX,BrY, C»2Z )
% z . are rl:'_‘: ed'bes n the {arg)e:(: srapk.
Notes : LABELLED GRAPH HOMOMORPHISMS

® Homeomorphisms dont need o be inyctive:
Some taroet nodes aan be mapped. to by

more than ome seure nede, e.q.

A——BT C

Y

° Homomorp\x'\sms don't need. 4o be surjective:

Some. {nﬂbe{'. nodes can be Marped to b5

no source nodes, €.9.

Now et us cbenem\ise to labelled graphs, in
which edaes are \abeUe&‘ bﬁ Unique names.

Definition : @ \nomomor\ohixm

N <N,E,S,{> o <N', E',S','L'>

Lo one \ohelled opaph. Fo another is a
paic of Lotal Fonckions h: N—=N' and

| JL: E-E on the nodes and. edges, auch that :

For each ed%e £.p-o8 in E, there
is an edoe W(£) : W(R) -h(B) in E’



Notes : FUNCTORS

o The underlying funckion h is overloaded. A funckor is Simply @ labelled. ofaph homomorphism
Tunctor Y P °
to operale on both nodes and edaes Phot alio preserves the idenkity ard composite

edtbes that are presen’c n Co&egov‘ies.

° Homomorphism are. s’;échcure preserving in that

labelled. edacs map b0 labelled. edaes.
) = M\o i = FOfMa“\g, a ‘Fl)m’aof

° Forma“\f), the homomorphism condition shites | F:C—D

that the ‘Fo“ou){t\ﬁ diasmm commutes :
‘ fom o ca’cesovb C 4 o ca{eaorto D is

o 4otal function F that maps

Ne E —N i
h [ hj lh ' | } o‘o\‘)ec’cs of C to objec’ts of .[D;
- , Y j of € 4o arrows of D
N« . E — N arrows a
SUCL\ ‘H’mjc
24 | B o

@ For each afrow £:A-B in C , there is r EXHMPLES OF FUNCTORS

an.  arcow F‘F:FH—’ FB in [D Exam‘)]e_ i : P : SET" SET

@ o each. ?boeck A , T, the eqin | Ghects = if A is o b, then PR is the
F(\d.n) - IdFﬂ holds . D. | set defined b:,) PA - g)( lXEﬂ}_

@ For each parr of arrows AHBSCw €, Arcows = if f:A->B is o function, then
the equation F(q0f) = Foo Ff helds in D | Pf : PA—PB is the fonckion defined.

by P - 4660 ) <ex}

Nole: then no confusion is posible, we vsually J I SET . 4he Lion of s
—Om& cacentheses arowd. the ari))umen{: o | n Preser\m ioe (6. (QMpEeIE. QLD

Fondkers | e, we write | Plyef) = Py o Pf
CL.FR-FB | p equalent o

rather than. D WX, (P(aofN(K) = (Pse PHX
F(R) : FM-F (o) | | hich can be. verifie as-Folluss

r2 3 m



(Py o P () Nokes :

= § definition of o3 K PH is the powerset (set of all sbsets) of A,
Pa (PF (X)  eo. P{oa} = 18,163, {13, 81288,

{ definition of IP}

Wg $6) | xeX3
{ definition of [P ]

o P£ is the Funckion thet @LSI‘F {0 each
| element of a sek, eq P(+) $1.3,53 = §2,8,6%,

i

{%Oﬂ \ 3¢ 34:(13 ]xeng @ Tn mabthematics, Pf is written as {*
= { se’c 'Unems%
{g({:(ﬁ) ) xeXg' o A funchor P: REL— REL con be defined.
= {aeition of o] simlacky . T dack, the REL defiition s
= inition. o ) _‘:\th k _H'e . behavioar WL‘Q\,\ sonlic A
(“’)(o\o;» (X) as € 113
| Yo tdakions thit are tolal functions.

The preservation of identity ortous can be verified. similacly.

o 18
Examp_\g_z : List: SET-SET Notes :
Objecks = if A is a set, then List Ais o List A is the set of all liss (firite sepuerves)
the set defined. b\_»)Jcke granwa of elements from A, e‘.a‘ List 50,43 =
List B == Nil l Cons A (List A) {Nil, Cons © Nil, Cons 1 NiL,

Cons O (Cons O NiL), }

Aerows = 1f F:A-6 15 a Sonction , then
o List £ is the function thet maps £ 4o each

;‘S’c oLt L‘M ‘5{ . dlement of o list, &g List () (Grs 2 (63
: - the. equations

unction. defined. by the. Suations (Cons 5 NiLY) = Cons 7 (Cons § (Cons & NiL)).

List £ (Nil) = Ni ¢ Tn Hakell, List £ is written as mapf,

List £ (Cons % x3) = Gms}(%d) (Lst £ (xs\}
§0 The fonctors P and List are e;sen{falb the

The pmma%\ov\ of io\e«’ci%\g and compesite arrouss sme , except thd PP opem{es on sets of
con be verified bv) simple. inductive proofs. S_Q_B ond List apém’ces on sets of lists.



Tree : SET - SET

Examp)e S

Objecks = if B is aset, then Tree B is
the set clefined b'ﬁ the opawmar

Tree A . ::= Leaf R

|
|
|
|
|
|

| Node (Tree R) (TreeF) |

if F:0-8B is a function, then
Tree £ ¢ Tree B > Tree B is the
‘Fl)ncl:ior\ defined. bb the gquajtions

grrows

Tree § (lefs) = Lesf (56

Tree £ (Noc\o_ L r) = Node (Tree-(: ()
(Tree{: (r))

242

NO\:QS :

e Tree B is the seb of all binary rees

whae leaves contain elements {}om A.

& Tree £ is the fmction that maps b

och Josf olement conluined in a -tree.

Meore 3enerq\\5 g

{

‘Y\omﬁ fonctors F used. W computing are similac
Yo List and Tree, m the sense that :

FA = o dafnbype with elements of ype A ;
F_F - a V’Qﬂm\ Phat Maps 'F +o eack elemev\{.

4

Example_Lj ¢ Fonctors on pre-ofdered. sets

Suppose that < A, <) and <B,E> are pre-ordered
sets, ie. ca’cesories' C and D with at mot one

affow  between any two obyects.

What is a foncter F: C-D ?

Q\_q)@is (elements of the. underluyng sets)

if ach then FaeB, ie
Fis a 'RM&iOm ‘FY‘OW\. A+ B

Bermas (reloded. elements in Hhe. arderings)

it a¢b then Fac Fb,ic
F is monotonic (order preserving).

T conclusion, a functor between pre-ordereck

Sets s \orecise]\:) o monokonic. funckion.

Note: the dentity and. composite atrous are

tri\)id\\'.—l) preseweA_ bo such Lfonclers , n the same
Way that the ideﬂjcikg ande associcﬂivi{b equations
are {\“'\\J'\a“\:) frve in sudh categories (see slide 123)

Eggﬂ?\e 5 . “functors on monoids

Suppose that <ﬁ,®,a> and. (8,8, are monaids,

2. Ca{eg)ories € ond D with only eme object.

What is & foncter F: C—>D 7...



Qb\)e_c_ﬁ_s (the unique underlujng sets)
Fois u_niqwhﬁ defined. b FR =B,
Berows (elewents of the urderlying sets)

it xef 'Hnevx FxeB, ie
Fis o function from A 40 B,

Preservation of idenjcikj arows  (unit elements)
Fa = b
Preservaion. of com?ésﬂe arcows  (jo operators)

F(%@ x\) =

F}j@ Fx

Tn conclusion, o fonctor between. monoids is

precise\tﬁ o wonpid homomorphism.

za

Tt is ;_Er;qi?)\w)v(:ormﬁ to verify that :
o 1de ond GoF are indeed funckors;

o CAT is wdeed o Ca*‘:ejcfb.

For example , that GeF preserves compasite arcous

Con be verified as follows :

G-R (5"

< {de{:in;l:icv\ of o §
G (F (?\o ;»

= §{Fisa fonckerf .
G (Fy o 7D

= G is a ‘FUMJCN_Z
G (Fo) « G(FF)

= i definibion of e}

GeF)g « (G-F)F

Note: we usvally weite GF cather than GeF | 4hus
Q\\owl'ns Lopms  Such as GFR 4o be writlen withat

Patenthetes , becaose (GF)R = G(FA),
RS , 253

FUNCTORS AS ARROWS

The notakion F:C—=D sug\c)es&s that Finctors

Can e viewed. as artows in a Ca’ceaorj.

Déini‘ltion.: the cheaorb CAT

Objects = €,D,E, ... are categries
g(‘rouls - F :(f—" \D, are -Func*rcrs.

Tdenkities = ido: €C is the ideni;i{b foncher
defined. on dbjects and arrows by
de f =R and. idef = £

COMPOS'l{ior\ - if F:C-D ond ?):“)—%E then
GoF: €= is the omposite finder
defined. on objects and artews by
{G-,F)a = G(FA) and (GeF)f = G(F¥),

2R

FUNCTORS WITH TWO ARGUMENTS

The notion of & functor an naturally be
%enem\(se& Yo functors with dwo arsomenfcs.

bifunchor

De‘FiY\thion : a

®: CxD—E

';r‘om o P_g\_r of ca)ceﬁories Camd D to «
Ca{esoﬂo E is o tohl funclion @ +hat maps
Pgﬁ of ob\‘)eCB from € and D $o objecb of E;

panfs of actows from € and D To arrous of E

Such that ...

25



@D For each paie of arrows f:RoBR in €
and. q CoD in D, there is an arrow

afveag : RoC 2 RoD n E

@ For each paic of obiects A in € and. B in D
P )

the eqw&im idaefdszz oo holds m .

@ For eack cloao\m\o\e of arrows
. _

A——R—>C in €
wane bao b D
Hne 'Fonowinj QC\UQ'HOV\ hn“s m E :

(qef) e (ieh) = (98 0)« (Foh)

_E_zg‘ig_s- : see ledure &

Ih ‘Fo({, a bifunckor is Simpij a fonctor
- Wwhese soufce is & produck cq_{ef)gm.

" Defintion: if € and D are cq’cesorigs, then the
Froo\uc\: Ca’cegmo CxD is defined as follows:

Ob\‘)ecb - s of objects (A,8) from € and D.

Atrows parts of arrous (£,9) from € ad D,

ie. (-F,g} : (R, B) = (C,0) means that
-F:ﬂ—xC m € and <‘>)=8—>D in D.

Tdotibes = = (4. 1)),

(ompostion = (h,i)o (Fig) = (hef, iog),

| Eo_&_: o bifindor @ : CxD-FE s prec\'se\b a
forclor ® : CxD-F on the. prodoct cateopry €D,

2



