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Linear type systems often suffer from a threading problem: if a value is used more than once, then it must be

explicitly threaded through each usage. Existing solutions introduce extra language features to mitigate this,

but at the cost of complicating the core language and its semantics. This article introduces flow typing, a new
solution to the threading problem that avoids the need to extend the core language. Flow typing is based on

the theory of lenses, a functional presentation of mutable references, in which lens terms mutate parts of a

stateful typing context in a controlled way. Because this approach is purely functional, it can be implemented

in a standard linear lambda calculus, providing flow typing with a simple and direct semantics.

1 Introduction
Linear types can be used to write safe resource-sensitive programs [55]. A type is called linear if its
values cannot be duplicated or discarded, corresponding to the fact that these operations may not

be applicable to real-world resources in general. Linearity allows us to write safer programs, for

example using typestate [52]. This idea has been developed in the modern study of session types
[24, 25], two-party communication protocols encoded as linear types [5, 12, 31, 53, 57].

One key feature of linear types is that any operation that uses a resource must consume it or

return it. For instance, if a file handle is represented as a linear type Handle, a function on this type

must either close it or pass it back to the caller. Unfortunately, this is true even for non-destructive

operations, and this makes linear types more complex to use than nonlinear types.

For example, a function getName that returns the name of a file might be expected to have a type

such as Handle→ String. However, in a linear setting, such a function would also need to close the

input file as it has no way to return it, which is not the expected behaviour. To resolve this issue,

getName would instead need to have a type such as Handle→ (String,Handle ), returning the file
handle back to the caller to be used again later. Wagner et al. [58] call this capability-passing style,
and as they note, it makes programs much more difficult to read and write. For example, a function

that summarises the name of a file and its size in bytes might be defined as follows:

summarise :: Handle→ (String,Handle )
summarise h =
let (name, h1 ) = getName h in
let (size, h2 ) = getSize h1 in

(name ++ " is " ++ show size ++ " bytes", h2 )

This definition explicitly threads the handle through each usage to uphold linearity, and is hence

more verbose than an analogous nonlinear program, which does not need to do this. This is a

well-known problem with linear types: non-destructive uses of a value are not distinguished from

destructive uses, often forcing values to be threaded through all of their uses. We will refer to this

problem, which does not seem to have an established name, as the threading problem.

The threading problem becomes particularly acutewhen using computational effects. In particular,

such effects are often encoded in linear settings using a token to represent the permission to carry

out the effect, and such a token must be threaded through the program. A key example is IO actions,

which can be modelled by threading the ‘state of the world’ through a program [55]. Another
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example is in shared mutable variables, where linear capabilities can be used to manipulate them

safely [2]. In fact, under certain conditions, every effect can be written in this form [37, 47].

At first glance, one might think that threaded programs such as summarise can be simplified

using a state monad [38, 56], where in this case the file handle forms the state. However, the usual

state monad operations get and put are not linear, so they cannot be used in a linear setting. In

particular, get duplicates the state, while put discards the original state. There are workarounds
for this, such as using custom combinators that manipulate state transformers in a linear manner.

However, the use of such combinators requires writing programs in a rather unnatural style.

1.1 The Standard Approach: Borrowing
The most widely used approach to solving the threading problem is borrowing [23, 39], popularised

by the Rust language [34]. The key idea is to augment the language with a notion of references

called borrows, each tagged with a lifetime to track its duration, together with a static analyser

called a borrow checker to ensure that borrows are never used outside their lifetimes. Importantly,

using a variable by reference does not count as ‘consuming’ it for the purpose of verifying linearity.

The ideas of borrowing have recently been brought to other languages, including SPARK (a subset

of Ada) [27], Linear Haskell [36], and a pure linear lambda calculus [58].

Borrowing has been very successful in Rust as a programming technique, but it adds significant

complexity to the compiler and makes the metatheory difficult to work with. For instance, Rust does

not currently have a single, concrete set of rules for what programs a borrow checker should accept.

Indeed, this is being actively developed as part of the next-generation Polonius borrow checker [33].

As another example, the semantics of Rust-style borrowing has not yet been fully pinned down.

Recent innovations such as Stacked Borrows [28], and its successor Tree Borrows [54], have made

substantial progress on giving a good semantic definition of ‘borrow correctness’, but the authors

of the latter article note that there is currently no proof that all programs that pass Rust’s borrow

checker satisfy their semantic criterion.

There is another key issue with borrowing-based approaches: they cannot naturally be compiled

into a core language that is both safe and free of lifetime information. In practice, this means that

lifetimes are either treated unsafely, or are tracked through the entire compiler and its intermediate

representations. Either approach makes it more difficult to understand program semantics and carry

out code transformations, when compared to a pure language. For these reasons, it is interesting to

explore alternative solutions to the threading problem that do not require a borrow system.

1.2 A New Approach: Flow Typing
In this article, we introduce a more functional approach to the threading problem, called flow typing.
This is a style of type system that uses the theory of lenses to talk about non-destructive uses of

values. Lenses [18, 46] are a functional approach to encoding a mutable view into some small part

of a larger data structure. In essence, the smaller part can be retrieved from a larger structure, then

it can be viewed and mutated as desired, and finally be put back inside the larger structure.

Flow typing is based on lenses over the typing context, rather than the usual approach of lenses

over data structures. Using this idea, a non-destructive use of a variable is encoded as a lens that

temporarily takes a value out of the context, uses it, and then returns it back to the context. In this

way, the context is stateful, and updates over the course of evaluating a term. The main technical

innovation of this article is to develop a simple but expressive linear language λF in which every

term, destructive or not, can be interpreted as a lens of some kind over the typing context. Crucially,

this means that users of our language can create and compose lenses by using familiar term syntax.

This approach avoids the need to explicitly use combinators to manipulate lenses, a technique that

has been described as verbose and difficult to use [35].
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In contrast to other approaches to the threading problem, we can exploit the existing theory of

lenses to desugar any flow typing program into the linear lambda calculus, without the need for a

borrow checker. This allows us to use an existing semantics of the linear lambda calculus [1] to

understand and implement flow typing, rather than needing to develop new semantic theories.

Moreover, there is an inclusion in the other direction: any well-typed linear term is already a

well-typed λF term, and we prove that the maps in and out of λF are semantics-preserving.

It is important to note that we are not aiming to be more expressive than borrowing-based

approaches. Indeed, the conversions between λF and the linear lambda calculus prove that these

two languages have precisely the same expressive power. Instead, our goal is to demonstrate that a

strict increase in language expressiveness is not needed to solve the threading problem, as programs

in λF can be compiled to a linear lambda calculus without extra features such as borrowing. More

concretely, the article makes the following contributions:

• We define the standard linear lambda calculus λL used throughout the article (section 2),

then review the notion of linear lenses in the setting of this language (section 3);

• We introduce our basic ideas by defining an alternative type system for λL that uses flow

typing, and prove equivalence with the standard typing rules (section 4);

• We introduce a flow typing calculus λF whose terms can be translated to linear lenses, such

that every lens definable in λL is the translation of some λF term (section 5), and discuss how

it addresses the threading problem using examples (section 6);

• Finally, we prove a correctness theorem, showing that the maps between λL and λF are

semantics-preserving, as well as a generality or ‘surjectivity’ theorem, showing that our

language is indeed capable of writing all linear lenses (section 7).

We discuss related work in section 8 and future work in section 9. In summary, flow typing provides

a lens-based approach to the threading problem with linear languages, in which terms are compiled

as linear lenses over the typing context, mutating parts of the context in a controlled way. Moreover,

because lenses can be implemented in a standard linear lambda calculus, flow typing admits a

simpler semantics and metatheory than borrowing-based approaches.

While this article primarily focuses on the theory of flow typing, we have also developed a

compiler for a Haskell-like flow typing language, which translates programs into lenses in Linear

Haskell. The compiler and a set of example programs are freely available as supplementary material.

Proofs of all of our results are included in the accompanying technical appendix.

2 Linear Lambda Calculus
We begin by briefly reviewing the idea of linear type systems, and then define the (intuitionistic)

linear lambda calculus λL used in this article. Other linear lambda calculi may be substituted for

the one we choose, but we fix a particular language to precisely state our results. Our presentation

is inspired by Bierman [9]; a more proof-theoretic introduction can be found in [6, 7].

In conventional linear type systems, typing judgements are of the form Γ ⊢ t : A. Such a

judgement means that the list of (distinct) variables in the typing context Γ can be used by the

term t to produce a value of type A. The typing rules are restricted to guarantee that each variable

is used exactly once, justifying an interpretation of variables as resources. For instance, the typing

rule for variables in this setting can be defined as follows:

x :A ⊢ x : A
Lin-Var

Because this rule can only be applied when the context is a single variable, no resources can be

discarded. Most of the inference rules need to be slightly modified to align with this linearity
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Type variables α ∈ TyVar

Variables x,y, z, . . . ∈ Var

Types A,B,C B α | A ⊸ B | A ⊗ B | 1 | A ⊕ B | 0 | A& B | ⊤ | !A

Contexts Γ B � | Γ, x :A

Terms t B x | letx = t1 in t2 | λx :A. t | t1 t2

| (t1, t2) | let (x,y) = t1 in t2 | ∗ | let ∗ = t1 in t2

| inlA⊕B (t) | inrA⊕B (t)

| (case t of inl(x) → t1 | inr(y) → t2) | falseA(t)

| t1 & t2 | fst(t) | snd(t) | true(t)

| promote t1, . . . , tn forx1, . . . , xn in t

| discard t | copy t | derelict t

Fig. 1. Syntax of the linear lambda calculus λL

constraint. As another example, the application rule is as follows, in which we use the syntax

‘A ⊸ B’ (read ‘A lollipop B’) for the type of linear functions from A to B to emphasise the difference

between it and the usual non-linear function type A→ B:

Γ1 ⊢ t1 : A ⊸ B Γ2 ⊢ t2 : A

Γ1, Γ2 ⊢ t1 t2 : B
Lin-⊸-E

To apply this rule, the context must be split into two parts, Γ1 and Γ2. This ensures that a variable
cannot be used both in the function and in the argument of an application. For instance, the double

application f (f x) is not well-typed in this setting, because f is used twice.

The full syntax of the linear language λL used in this article is given in fig. 1. The language

includes linear pair types A ⊗ B, the unit type 1, sum types A ⊕ B, and the empty type 0. It also has

syntax for some connectives unique to linear logic, namely the additive product A& B (‘A with B’)
and its unit ⊤ (‘top’), as well as the exponential type !A (‘bang A’). Intuitively, the additive product
A & B is a closure that can be invoked to produce either an A or a B, but is used up after being

executed; the unit ⊤ represents a closure that can never be executed; and the type !A represents

a closure that can be invoked arbitrarily many times, including none at all, to produce values of

type A. The ‘promote’ and ‘derelict’ operations are the introduction and elimination rules for !

respectively, whereas ‘discard’ and ‘copy’ are structural connectives to discard or duplicate a !-type.

The typing rules for the language are given in fig. 2.

Remark 2.1. In this article, we use a pure linear lambda calculus in order to focus on the essential

ideas of flow typing. The practical implementation in our flow typing compiler also supports general

recursion, and side-effectful functions such as printing output and reading from files. None of these

additional features made the implementation of flow typing any more complicated. ⋄

3 Lenses in Linear Type Theories
In this section, we give an introduction to lenses in the setting of linear type theories. For concrete-

ness, we will work within the linear lambda calculus λL of section 2.
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x :A ⊢ x : A
Var

Γ1 ⊢ t1 : A Γ2, x :A ⊢ t2 : B

Γ1, Γ2 ⊢ (letx = t1 in t2) : B
Let

Γ, x :A ⊢ t : B

Γ ⊢ (λx :A. t) : A ⊸ B
⊸-I

Γ1 ⊢ t1 : A ⊸ B Γ2 ⊢ t2 : A

Γ1, Γ2 ⊢ t1 t2 : B
⊸-E

Γ1 ⊢ t1 : A Γ2 ⊢ t2 : B

Γ1, Γ2 ⊢ (t1, t2) : A ⊗ B
⊗-I

Γ1 ⊢ t1 : A ⊗ B Γ2, x :A,y : B ⊢ t2 : C

Γ1, Γ2 ⊢ (let (x,y) = t1 in t2) : C
⊗-E

⊢ ∗ : 1
1-I

Γ1 ⊢ t1 : 1 Γ2 ⊢ t2 : A

Γ1, Γ2 ⊢ (let ∗ = t1 in t2) : A
1-E

Γ ⊢ t : A

Γ ⊢ inlA⊕B (t) : A ⊕ B
⊕-IL

Γ ⊢ t : B

Γ ⊢ inrA⊕B (t) : A ⊕ B
⊕-IR

Γ1 ⊢ t1 : A ⊕ B Γ2, x :A ⊢ t2 : C Γ2,y : B ⊢ t3 : C

Γ1, Γ2 ⊢ (case t1 of inl(x) → t2 | inr(y) → t3) : C
⊕-E

Γ ⊢ t : 0

Γ ⊢ falseB (t) : B
0-E

Γ ⊢ t1 : A Γ ⊢ t2 : B

Γ ⊢ (t1 & t2) : A& B
&-I

Γ ⊢ t : A& B

Γ ⊢ fst(t) : A
&-EL

Γ ⊢ t : A& B

Γ ⊢ snd(t) : B
&-ER

Γ ⊢ t : A

Γ ⊢ true(t) : ⊤
⊤-I

Γ1 ⊢ t1 : !A1 · · · Γn ⊢ tn : !An x1 : !A1, . . . , xn : !An ⊢ t : B

Γ1, . . . , Γn ⊢ promote t1, . . . , tn forx1, . . . , xn in t : !B
Prom

Γ ⊢ t : !A

Γ ⊢ discard t : I
Disc

Γ ⊢ t : !A

Γ ⊢ copy t : !A ⊗ !A
Copy

Γ ⊢ t : !A

Γ ⊢ derelict t : A
Der

Fig. 2. Conventional typing rules for λL

3.1 Simple Lenses
Let S be the type of some ‘large’ data structure, and A be the type of some data stored within it.

A lens [18] from S to A provides a mutable view of a particular A stored inside any given S . For
instance, if S is the type of strings, and A the type of characters, a lens might provide a view of the

first character of a string. For our purposes, a lens from S to A is simply a function of type:

S ⊸ (A ⊗ (A ⊸ S))

This means that, given a value s : S , we can obtain the inner value a : A as well as the residual
r : A ⊸ S which informally contains ‘the rest of s’. This value a can be processed in some way, and

then passed to r to be combined with the rest of s , forming a new value s ′ : S .
We write S → A (read ‘S lens A’) for the type of lenses from S to A. For example, we can define a

lens (A ⊗ B) → A which views the first component of a pair. This can be implemented concretely

as follows, using the conventional abbreviation for pattern-matching on function arguments:

λ(x,y) : (A ⊗ B). (x, λx ′ :A. (x ′,y))

Additionally, lenses can be composed: it is easy to see that there is an identity lens S → S , and any

pair of lenses S → A and A→ B can be combined to form a composite lens S → B.

Remark 3.1. The above definition of lenses is due to O’Connor [40], and later explored by Gibbons
and Johnson [20]. We use this definition of lenses instead of any other, such as van Laarhoven lenses
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[30] or a profunctor representation [43], because it can be implemented in a standard linear lambda

calculus without type classes or type quantification. Note that traditional ‘get-put’ lenses [18] are

not compatible with linear types, because the ‘get’ and ‘put’ functions both discard information. ⋄

3.2 Heterogeneous Lenses
We have just introduced what are called ‘simple’ lenses. Flow typing requires a more general,

heterogeneous form of lens, which allows the types of S and A to differ between their input and

output positions. Concretely, we define a four-argument form of the lens arrow→ as follows.

Definition 3.2. The type of lenses (S, S ′) → (A,A′) is defined to be:

S ⊸ (A ⊗ (A′ ⊸ S ′))

This is an abbreviation for a λL type, and does not introduce any new syntax. ⋄

Under this definition, a simple lens S → A is precisely a (heterogeneous) lens (S, S) → (A,A). It
might seem strange for S ′ to appear on the left-hand side of the→ symbol when it appears on the

right-hand side in the definition, but this syntax is justified by the interpretation that such a lens

zooms into a ‘big’ structure (S, S ′) to provide a mutable view of a ‘small’ structure (A,A′).
Heterogeneous lenses allow for type-changing updates. Indeed, such a lens provides a view of a

particular A inside a given S , but after being returned an A′, the original value is reconstructed in

type S ′. The lens defined above that extracted the first component of a pair can be given the more

general type (A ⊗ B,A′ ⊗ B) → (A,A′): if the first component of a given pair A ⊗ B is updated to

have type A′, the pair reconstructed by the lens has type A′ ⊗ B.
Heterogeneous lenses subsume many patterns of destructive and non-destructive data accesses.

For instance, there is a correspondence between functions S ⊸ A and lenses (S, 1) → (A, 1), where 1
is the unit type. Indeed, we have the following isomorphism:

((S, 1) → (A, 1)) = (S ⊸ (A ⊗ (1 ⊸ 1))) ≃ (S ⊸ A)

As another example, there is a lens that extracts the first component of a pair without recombining

it later. This lens has type (A⊗B,B) → (A, 1), and it can be defined in terms of the identity function

on the pair type, as shown by the following calculation of types:

((A ⊗ B,B) → (A, 1)) = ((A ⊗ B) ⊸ (A ⊗ (1 ⊸ B))) ≃ ((A ⊗ B) ⊸ (A ⊗ B)) ∋ id

The central idea behind flow typing is to leverage the generality of heterogeneous lenses by

building a type system in which every term is a lens over the typing context.

Remark 3.3. There are many variants of lenses, called optics in general [46]. For example, traver-

sals can be used to view multiple fields inside a larger data structure, potentially modifying all of

them at once. However, this is an inherently non-linear concept: if we wish to modify some values

through a traversal, the function that performs this modification will be called once for each value

located by the traversal. This means that such a function could be called arbitrarily many times (or

even none at all), and so cannot be linearly owned. For this reason, we only consider lenses and

not other optic variants, leaving possible generalisation to future work. ⋄

4 Flow Typing for the Linear Lambda Calculus
In this section, we introduce flow typing as a way to define an alternative type system for the linear

lambda calculus λL . In subsequent sections, we will extend λL into a more expressive language λF ,
which further exploits the shape of flow typing rules to address the threading problem.
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4.1 Introduction
The key idea of flow typing is that every term should be a heterogeneous lens over its typing

context Γ. More precisely, a flow type system for a language T defines a translation from well-typed

T -terms to the linear lambda calculus λL , in such a way that every such T -term is mapped to a

closed λL lens (Γ◦
1
, Γ◦

2
) → (A,B) that is type-correct in the type system from section 2. Here, Γ1

and Γ2 are T -contexts, and (−)
◦
is an operator that converts a context into a λL type, to be defined

later in this section. It is important to note that the→ symbol is nothing more than an abbreviation

for a particular pattern of ⊗ and⊸; we have not added a new type of lenses to λL .
Operationally, during typechecking in a flow type system, we view the typing context as stateful.

The input context Γ1 is the state of the typing context before evaluating the term. Consuming Γ1,
the term produces a value of its initial type A, as well as an obligation to be passed a value of its

final type B from somewhere else in the program containing the term. After this obligation has

been resolved, the output context Γ2 can be recovered, and this forms the new state of the typing

context. The corresponding λL lens has type (Γ◦
1
, Γ◦

2
) → (A,B).

In this section, we set T = λL , introducing an alternative type system for the linear lambda

calculus λL itself. In fact, we will prove that the flow type system for λL is equivalent to its

conventional type system, but the presentation of this flow type system lays the foundation for the

more sophisticated lambda calculus λF that we introduce in section 5. In this simpler setting, all

terms will be interpreted as λL lenses of type (Γ◦
1
, Γ◦

2
) → (A,B) where B = 1.

Remark 4.1. In a conventional linear lambda calculus, judgements take the form Γ ⊢ t : A, and
correspond to functions Γ◦ ⊸ A. As seen in section 3, such functions correspond precisely to lenses

(Γ◦, 1) → (A, 1). This section discusses a type system in which the first occurrence of 1 here can
vary. In section 5, we will also permit the second 1 to vary, which will allow us to properly make

use of the interpretation of lenses as mutable views of some part of a larger data structure. ⋄

4.2 Flow Typing Rules
Consider the term comprising a single variable x . As noted in section 2, in a conventional linear

lambda calculus, the typing rule for a variable can only be applied when the context is precisely

this single variable, to avoid discarding the rest of the context. With flow typing, however, we

could interpret the term x as a lens of the type ((Γ, x :A)◦, Γ◦) → (A, 1). This lens can be defined

concretely using the identity function on Γ◦ ⊗ A via the following calculation of types, assuming

for now a sensible definition of (−)◦ for converting contexts into λL types:

((Γ, x :A)◦, Γ◦) → (A, 1) = (Γ◦ ⊗ A) ⊸ (A ⊗ (1 ⊸ Γ◦)) ≃ (Γ◦ ⊗ A) ⊸ (Γ◦ ⊗ A) ∋ id

The idea is that the term x is evaluated inside input context (Γ, x :A) and returns an A, then as soon

as an element of the unit type 1 is provided, which can be done immediately, we recover the output

context, which consists of the list Γ of unused variables. Here, Γ can be any context; linearity is

enforced by ensuring the unused variables form the output context.

We introduce the notation Γ1 ⊢ t : A ⊣ Γ2 for flow typing judgements to be interpreted as lenses

of the form (Γ◦
1
, Γ◦

2
) → (A, 1). Using this notation, the input context Γ1 is on the left of the term t of

type A to be evaluated, and the output context Γ2 is on the right. For example, the variable rule

might be written as follows (to be refined shortly):

Γ, x :A ⊢ x : A ⊣ Γ
Flow-Var

This rule is justified by the existence of the lens discussed above. It states that if the context contains

x : A, we can remove it and yield a result of type A. The output context is the same as the input
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context, except that the binding for x has been used up. Similarly, we can define an introduction

rule for the unit type 1, in such a way that it does not access or manipulate the context:

Γ ⊢ ∗ : 1 ⊣ Γ
Flow-1-I

This term will be interpreted as the obvious lens of type (Γ◦, Γ◦) → (1, 1). In more complicated

expressions, the context is treated statefully, threaded through each subterm to be evaluated. For

example, the rule for function application is as follows:

Γ1 ⊢ t1 : A ⊸ B ⊣ Γ2 Γ2 ⊢ t2 : A ⊣ Γ3

Γ1 ⊢ t1 t2 : B ⊣ Γ3
Flow-⊸-E

Here, the two subterms t1 and t2 are evaluated sequentially, with the output context from t1 being
used as the input context for t2. We will see later that this innate threading property of flow typing

will allow us to avoid explicitly threading values through programs in our λF language. Note that

the linear lambda calculus rule for application forces us to split the context into two parts, but the

flow typing rule avoids this by instead stipulating an evaluation order for the subterms. The rule

for pairing is similar, with the two subterms once again being evaluated sequentially:

Γ1 ⊢ t1 : A ⊣ Γ2 Γ2 ⊢ t2 : B ⊣ Γ3

Γ1 ⊢ (t1, t2) : A ⊗ B ⊣ Γ3
Flow-⊗-I

4.3 Live and Dead Variables
Let us compare the typing rule for ‘let’ expressions in the linear lambda calculus with an analogous

flow typing rule (to be refined shortly):

Γ1 ⊢ t1 : A Γ2, x :A ⊢ t2 : B

Γ1, Γ2 ⊢ (letx = t1 in t2) : B
Lin-Let

Γ1 ⊢ t1 : A ⊣ Γ2 Γ2, x :A ⊢ t2 : B ⊣ Γ3

Γ1 ⊢ (letx = t1 in t2) : B ⊣ Γ3
Flow-Let

At first, the flow typing rule looks like a simple restatement of the linear rule with a defined

evaluation order, but there is a subtle issue: there is currently no restriction on whether Γ3 can
include x . This would mean that variables could escape their scope of definition, for example in

the term ‘letx = t in ∗’, which would make issues such as alpha-equivalence harder to address. To

handle this, we need to be more specific about how contexts can pass through flow typing rules:

Definition 4.2. Contexts and judgements in the flow type system for λL use the following syntax:

Γ B � | Γ, x :A | Γ, x† Γ1 ⊢ t : A ⊣ Γ2 ⋄

A variable is now either live, in which case it has a type A and the binding is written x :A, or
it is dead, and is written x†. A dead variable once contained a ‘live’ value, but it has since been

removed from that variable. Semantically, a dead variable is treated as if it does not appear in the

context at all; the distinction between dead and entirely absent variables will be elaborated upon in

section 5 once we add rules that interact with dead variables. Using the refined form of contexts,

we can now define the (−)◦ operator mentioned above, encoding a context as a λL type:

(�)◦ = 1 (Γ, x :A)◦ = Γ◦ ⊗ A (Γ, x†)◦ = Γ◦

All of our typing rules will preserve the invariant on judgements that if Γ1 ⊢ t : A ⊣ Γ2, then Γ1
and Γ2 contain the same variables, and the free variables of t occur in both of these contexts. In

particular, this invariant will ensure that names cannot escape their scope of definition. With this
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restriction, we refine the flow typing rules for variables and ‘let’ expressions as follows:

Γ, x :A ⊢ x : A ⊣ Γ, x†
Flow-Var

Γ1 ⊢ t1 : A ⊣ Γ2 Γ2, x :A ⊢ t2 : B ⊣ Γ3, x
†

Γ1 ⊢ (letx = t1 in t2) : B ⊣ Γ3
Flow-Let

Now, both rules preserve the desired invariants. The new variable rule ensures that the variable x
contains a live binding in the input context, and a corresponding dead binding in the output context.

Similarly, the new ‘let’ rule introduces a live binding for x , then ensures that the binding is dead

before removing it from the output context, enforcing well-scoped behaviour of the variable.

Remark 4.3. We adopt the Barendregt convention that bound variables are chosen to be all

different, and to be distinct from free variables. Additionally, as in section 2, we assume that

contexts contain no duplicate variable names. Finally, we allow ourselves to use the structural rule

of exchange to freely permute variables in the input and output contexts. It is possible to avoid

the need for this extra rule by regarding contexts as multisets rather than lists; however, as this

complicates some of the proofs later on, we will not do so in this article. ⋄

4.4 Abstractions
The linear and flow typing rules for abstraction are as follows:

Γ, x :A ⊢ t : B

Γ ⊢ (λx :A. t) : A ⊸ B
Lin-⊸-I

Γ2, x :A ⊢ t : B ⊣ Γ†
2
, x†

Γ1, Γ2 ⊢ (λx :A. t) : A ⊸ B ⊣ Γ1, Γ
†
2

Flow-⊸-I

The linear rule passes the entire context into the abstraction to avoid discarding resources. However,

the flow typing rule requires a context split: it allows the abstraction to capture the Γ2 part of the
environment, while preserving the Γ1 part for later expressions to use. To ensure that resources are

never discarded, we additionally assume that after evaluating t , the context consists only of dead

variables. This is formalised by the operation (−)† on contexts, defined as:

�† = � (Γ, x :A)† = Γ†, x† (Γ, x†)† = Γ†, x†

This definition ensures that dead variables are split in the same way as live variables during a

context split. For example, the contexts Γ1, x :A and Γ2, x
†
cannot be combined using the comma

symbol in Flow-⊸-I, since the combined context would contain two entries for x .
Note that let expressions are not simply syntactic sugar for immediately applied abstractions, as

the latter requires a context split and the former does not; this flexibility will be exploited later.

Remark 4.4. Consider the following alternative rule for abstraction.

Γ1, x :A ⊢ t : B ⊣ Γ2, x
†

Γ1 ⊢ (λx :A. t) : A ⊸ B ⊣ Γ2
Flow-⊸-I

′

With this rule, the typing context is not split. Rather, the context flows directly into the abstraction

body and then out for later expressions to use. While this rule is simpler, it has the wrong computa-

tional interpretation in our intended semantics. To prove this formally, we demonstrate that it is

not possible in general to construct a function of the following type:

((Γ◦
1
⊗ A, Γ◦

2
) → (B, 1)) ⊸ ((Γ◦

1
, Γ◦

2
) → ((A ⊸ B), 1))
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Let Γ◦
1
and B be the unit type 1, and let Γ◦

2
and A be the empty type 0. We show that there is a lens

of the former type, but there are none of the latter type. Concretely:

((1 ⊗ 0, 0) → (1, 1)) ⊸ ((1, 0) → ((0 ⊸ 1), 1))
= ((1 ⊗ 0) ⊸ (1 ⊗ (1 ⊸ 0))) ⊸ (1 ⊸ ((0 ⊸ 1) ⊗ (1 ⊸ 0)))
≃ (0 ⊸ 0) ⊸ ((0 ⊸ 1) ⊗ 0)

The left-hand type contains the identity function 0 ⊸ 0, but the right-hand type is empty. ⋄

4.5 Case Expressions
As a final example, the linear and flow typing rules for case expressions are as follows:

Γ1 ⊢ t1 : A ⊕ B Γ2, x :A ⊢ t2 : C Γ2,y : B ⊢ t3 : C

Γ1, Γ2 ⊢ (case t1 of inl(x) → t2 | inr(y) → t3) : C
Lin-⊕-E

Γ1 ⊢ t1 : A ⊕ B ⊣ Γ2 Γ2, x :A ⊢ t2 : C ⊣ Γ3, x
† Γ2,y : B ⊢ t3 : C ⊣ Γ3,y

†

Γ1 ⊢ (case t1 of inl(x) → t2 | inr(y) → t3) : C ⊣ Γ3
Flow-⊕-E

The linear rule splits the context, using Γ1 to evaluate the scrutinee and Γ2 to evaluate each branch,

ensuring that the result of each branch has the same type C . The flow typing rule needs to check

slightly more. Like the linear rule, it checks that the two branches t2 and t3 yield the same type C ,
but it must also check that the new variables x and y have been used up, and that the two remaining

output contexts match so that they can be used as the output context for the overall term.

The full set of flow typing rules for the linear language λL are given in fig. 3. In the rest of this

section, we will establish some basic, metatheoretic results about this flow type system, showing

how it is related to the conventional type system. Afterwards, in section 5, we will use λL as the

foundation for a more sophisticated language λF that takes advantage of our lens-based approach.

Remark 4.5. Unlike in the conventional type system for λL in fig. 2, our flow type system requires

a context split in only two places, namely, the introduction rules for implication⊸ and additive

product &. The computational meaning of these splits is that these connectives are interpreted as

closures, and so they represent places where computation ‘forks’: some evaluation happens now

and some is suspended for later. The other connectives that are interpreted as closures, namely ⊤

and !A, are given rules that avoid context splits by construction. Concretely, the introduction rule

for ⊤ is explicitly given the data it captures as its argument; this is required in order to have

uniqueness of derivations. Similarly, the introduction (‘promotion’) rule for !A has an explicit list

of the variables that the closure can use; this decision calls back to Benton et al. [6, 7] who chose

this to ensure that the terms in their linear lambda calculus were closed under substitution. ⋄

4.6 Equivalence of Typing Systems
An important goal of this work is to show that our flow typing languages T are conservative over λL .
For our purposes, this statement can be broken into three parts:

• Every well-typed λL-term is a well-typed T -term, so T indeed extends the syntax of λL ;

• Every T -term can be translated back into a well-typed λL-term;

• The round-trip translation from λL to itself is semantics-preserving.

Setting T to be the flow type system for λL introduced in this section, so far we have only shown

the second part. We will prove the third part when we consider semantics in section 7, but will

prove the first part now. In fact, we can prove a stronger result:
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Γ, x :A ⊢ x : A ⊣ Γ, x†
Var

Γ1 ⊢ t1 : A ⊣ Γ2 Γ2, x :A ⊢ t2 : B ⊣ Γ3, x
†

Γ1 ⊢ (letx = t1 in t2) : B ⊣ Γ3
Let

Γ2, x :A ⊢ t : B ⊣ Γ†
2
, x†

Γ1, Γ2 ⊢ (λx :A. t) : A ⊸ B ⊣ Γ1, Γ
†
2

⊸-I

Γ1 ⊢ t1 : A ⊸ B ⊣ Γ2 Γ2 ⊢ t2 : A ⊣ Γ3

Γ1 ⊢ t1 t2 : B ⊣ Γ3
⊸-E

Γ1 ⊢ t1 : A ⊣ Γ2 Γ2 ⊢ t2 : B ⊣ Γ3

Γ1 ⊢ (t1, t2) : A ⊗ B ⊣ Γ3
⊗-I

Γ1 ⊢ t1 : A ⊗ B ⊣ Γ2 Γ2, x :A,y : B ⊢ t2 : C ⊣ Γ3, x
†,y†

Γ1 ⊢ (let (x,y) = t1 in t2) : C ⊣ Γ3
⊗-E

Γ ⊢ ∗ : 1 ⊣ Γ
1-I

Γ1 ⊢ t1 : 1 ⊣ Γ2 Γ2 ⊢ t2 : A ⊣ Γ3

Γ1 ⊢ (let ∗ = t1 in t2) : A ⊣ Γ3
1-E

Γ1 ⊢ t : A ⊣ Γ2

Γ1 ⊢ inlA⊕B (t) : A ⊕ B ⊣ Γ2
⊕-IL

Γ1 ⊢ t : B ⊣ Γ2

Γ1 ⊢ inrA⊕B (t) : A ⊕ B ⊣ Γ2
⊕-IR

Γ1 ⊢ t1 : A ⊕ B ⊣ Γ2 Γ2, x :A ⊢ t2 : C ⊣ Γ3, x
† Γ2,y : B ⊢ t3 : C ⊣ Γ3,y

†

Γ1 ⊢ (case t1 of inl(x) → t2 | inr(y) → t3) : C ⊣ Γ3
⊕-E

Γ1 ⊢ t : 0 ⊣ Γ2
Γ1 ⊢ falseB (t) : B ⊣ Γ2

0-E
Γ2 ⊢ t1 : A ⊣ Γ

†
2

Γ2 ⊢ t2 : B ⊣ Γ
†
2

Γ1, Γ2 ⊢ (t1 & t2) : A& B ⊣ Γ1, Γ
†
2

&-I

Γ1 ⊢ t : A& B ⊣ Γ2

Γ1 ⊢ fst(t) : A ⊣ Γ2
&-EL

Γ1 ⊢ t : A& B ⊣ Γ2

Γ1 ⊢ snd(t) : B ⊣ Γ2
&-ER

Γ1 ⊢ t : A ⊣ Γ2

Γ1 ⊢ true(t) : ⊤ ⊣ Γ2
⊤-I

Γ1 ⊢ t1 : !A1 ⊣ Γ2 · · · Γn ⊢ tn : !An ⊣ Γn+1 x1 : !A1, . . . , xn : !An ⊢ t : B ⊣ x
†
1
, . . . , x†n

Γ1 ⊢ promote t1, . . . , tn forx1, . . . , xn in t : !B ⊣ Γn+1
Prom

Γ1 ⊢ t : !A ⊣ Γ2

Γ1 ⊢ discard t : 1 ⊣ Γ2
Disc

Γ1 ⊢ t : !A ⊣ Γ2

Γ1 ⊢ copy t : !A ⊗ !A ⊣ Γ3
Copy

Γ1 ⊢ t : !A ⊣ Γ2

Γ1 ⊢ derelict t : A ⊣ Γ2
Der

Fig. 3. Flow typing rules for λL

Theorem 4.6. Let Γ and t be a context and term respectively in the language λL (fig. 1). Then

Γ ⊢ t : A ⇐⇒ Γ ⊢ t : A ⊣ Γ†

This theorem implies that conventional λL typing derivations can naturally be identified with a

particular subset of flow typing derivations, namely, those for which the output context consists

entirely of dead variables. The proof makes use of a lemma called the frame rule:

Lemma 4.7 (Frame rule). Let Γ1, Γ2 be flow typing contexts not containing the variable x , and let t
be a λL-term in which x does not appear free. Then

Γ1 ⊢ t : A ⊣ Γ2 ⇐⇒ Γ1, x : B ⊢ t : A ⊣ Γ2, x : B ⇐⇒ Γ1, x
† ⊢ t : A ⊣ Γ2, x

†
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Proof. By rule induction; note that when the context is split (⊸-I, &-I), there is a unique choice

for which of the two parts the new variable x should belong to. □

Remark 4.8. The name of this lemma echoes the frame rule from separation logic [42, 45]. This
rule is normally presented in terms of Hoare triples of the form {P} S {Q}, where P is a precondition

that must hold before execution, S is a statement to be executed, and Q is a postcondition that

holds after execution. The usual statement is that a suitably ‘separate’ assumption R can always

be added to P and Q while preserving validity of the assertion. The similarity of this rule to our

flow typing frame rule indicates that we can think of flow typing judgements themselves as Hoare

triples: the input context Γ1 is the precondition required for the derivation, a term t is a statement

producing a value, and Γ2 is the postcondition. The main difference is that this lemma is a stronger

result than the standard frame rule, being an equivalence rather than an implication. ⋄

5 Flow Typing in General
Recall that our typing judgements from section 4 had the form Γ1 ⊢ t : A ⊣ Γ2, to be interpreted

semantically as a lens (Γ◦
1
, Γ◦

2
) → (A,B) where B = 1. In this section, we introduce the flow typing

calculus λF , which extends the syntax of λL to allow for arbitrary final types B. As we will see, this
generalisation allows us to fully realise the idea that lenses provide a mutable view into some part

of a data structure. This is what allows flow typing to address the threading problem: we will be

able to define terms that mutate variables without threading them.

We will add some new type constructors, and so we will need to define an operator (−)◦ to

interpret these more general λF types as ordinary λL types. At the term level, we will introduce

a new syntactic class of lens terms using the letter u, whose typing judgements take the form

Γ1 ⊢ u : A/B ⊣ Γ2, to be interpreted as linear lenses (Γ◦
1
, Γ◦

2
) → (A◦,B◦).

Definition 5.1. Contexts and judgements in λF use the following syntax:

Γ B � | Γ, x :A | Γ, x† Γ1 ⊢ t : A ⊣ Γ2 Γ1 ⊢ u : A/B ⊣ Γ2 ⋄

We will maintain a syntactic class of linear terms, still using the symbol t , for which B = 1. For
such terms, the output context can always be obtained immediately. This is not the case for lens

terms, whose output contexts generally depend on a value of their final type B. To utilise this

flexibility, we do not consider linear terms to be a subset of lens terms, but regard them as two

distinct syntactic categories which have differing behaviour in their typing rules. In particular, the

typing rules for lens terms rely more heavily on context splits than the rules for linear terms do.

Despite this difference, linear terms and lens terms operate on the same, stateful typing context:

there is no such thing as a ‘linear variable’ or a ‘lens variable’.

The syntax of λF is designed to closely follow that of the linear lambda calculus λL . The grammar

is defined in such a way that it is always clear whether an expression is to be parsed as a linear

term or as a lens term; this means that we can use the same syntax for both kinds of term without

any ambiguity arising. The full syntax is defined in fig. 4. We introduce and discuss its typing rules

throughout this section, and provide a full listing of the rules in the appendix.

5.1 Creating and Using Lenses
In this section, we introduce some of the syntax for lens terms. Recall from section 3 that a lens can

be interpreted as a mutable view over some part of a structure: our lens terms will act as mutable

views over a part of the typing context. The simplest example of such a lens is a variable, using the

following typing rules, depending on whether the variable is live or dead:

Γ, x :A ⊢ x : A/A′ ⊣ Γ, x :A′
FVar-Live

Γ, x† ⊢ x : 1/A′ ⊣ Γ, x :A′
FVar-Dead
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Plain types A,B,C B α | T ⊸ T ′ | A ⊗ B | 1 | A ⊕ B | 0 | A& B | ⊤ | !A

Types T B A | A/B

Contexts Γ B � | Γ, x :A | Γ, x†

Linear terms t B x | u B t | unlensu in t | letx = s in t | λx :T . s | t s

| (t1, t2) | let (x,y) = s in t | ∗ | let ∗ = s in t

| inlA⊕B (t) | inrA⊕B (t) | (case s of inl(x) → t1 | inr(y) → t2) | falseA(s)

| t1 & t2 | fst(t) | snd(t) | true(t)

| promote t1, . . . , tn forx1, . . . , xn in t | discard t | copy t | derelict t

Lens terms u B x | lensx ← t1 in t2 | letx = s inu | t s

| (u1,u2) | let (x,y) = s inu | ∗ | let ∗ = s inu

| (case s of inl(x) → u1 | inr(y) → u2) | falseA(s)

Terms s B t | ~u

Fig. 4. Syntax of the flow typing calculus λF

These rules allow us to temporarily take a variable x from the input context, then mutate it,

potentially updating its type from A to A′, and then replace it in the output context. We will shortly

introduce an assignment operator for lens terms, and we will see that FVar-Dead allows rebinding

dead variables to a new value, ‘resurrecting’ them in the context. This is the reason that we have

distinguished dead variables from absent variables that do not appear in the context at all: we need

to ensure that the variable x is in scope at the point that this lens term is written. The interpretation

of the rule for live variables comes from one of the lenses discussed in section 3,

((Γ, x :A)◦, (Γ, x :A′)◦) → (A◦,A′◦) ≃ (Γ◦ ⊗ A◦) ⊸ (A◦ ⊗ (A′◦ ⊸ (Γ◦ ⊗ A′◦)))

and the rule for dead variables is similarly easy to derive.

One simple way to use lenses is with assignment expressions of the form (u B t). These are
linear terms, and use the following typing rule:

Γ1 ⊢ t : B ⊣ Γ2 Γ2 ⊢ u : A/B ⊣ Γ3

Γ1 ⊢ (u B t) :A ⊣ Γ3
Assign

This term is executed operationally as follows. Given a term t , we can produce a value of type B
with output context Γ2. Then, the lens u gives a value of type A and demands a value of type B
which we can provide from the output of t . Upon being supplied this value, u reconstructs the

output context Γ3, and we are left with the value A that was originally stored inside u. In this

manner, assignment behaves as a ‘swapping’ operation, replacing the value behind a lens with

a new one, but returning the old value to preserve linearity. Formally, if t : (S, S ′) → (B, 1) and
u : (S ′, S ′′) → (A,B), we can define a lens (S, S ′′) → (A, 1) via the following calculation:

[(S, S ′) → (B, 1)] ⊗ [(S ′, S ′′) → (A,B)]

≃ [S ⊸ (B ⊗ S ′)] ⊗ [S ′ ⊸ (A ⊗ (B ⊸ S ′′))] by definition

→ S ⊸ [(B ⊗ S ′) ⊗ (S ′ ⊸ (A ⊗ (B ⊸ S ′′)))] push inside function

→ S ⊸ [B ⊗ (A ⊗ (B ⊸ S ′′))] supply S ′ to function
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→ S ⊸ [A ⊗ S ′′] supply B to function

≃ (S, S ′′) → (A, 1) by definition

Example 5.2. The term x B t that assigns to a variable has the following derived rules:

Γ1 ⊢ t : A ⊣ Γ2, x : B

Γ1 ⊢ (x B t) : B ⊣ Γ2, x :A

Γ1 ⊢ t : A ⊣ Γ2, x
†

Γ1 ⊢ (x B t) : 1 ⊣ Γ2, x :A

Hence, assignment to a variable updates its value (and type) in the context, returning the old value

if one was present and returning the unit otherwise. Using both of these rules, we can derive:

x :A,y : B ⊢ (y B x) : B ⊣ x†,y :A

x :A,y : B ⊢ (x B (y B x)) : 1 ⊣ x : B,y :A

Therefore, the term x B (y B x) swaps the types and values of x and y, returning the unit 1. ⋄

Not all lenses are variables, however. For instance, lenses can be combined into tuples using

familiar pairing syntax. For the empty tuple ∗, we make use of the fact that there is a lens of

type (S, S) → (1, 1) for any type S . For pairs (u1,u2), we use the ability of lenses to be composed

‘horizontally’: given l : (S, S ′) → (A,A′) andm : (T ,T ′) → (B,B′), we can construct a lens of type

(S ⊗ T , S ′ ⊗ T ′) → (A ⊗ B,A′ ⊗ B′) by the following calculation of types:

[(S, S ′) → (A,A′)] ⊗ [(T ,T ′) → (B,B′)]

≃ [S ⊸ (A ⊗ (A′ ⊸ S ′))] ⊗ [T ⊸ (B ⊗ (B′ ⊸ T ′))] by definition

→ (S ⊗ T ) ⊸ [(A ⊗ (A′ ⊸ S ′)) ⊗ (B ⊗ (B′ ⊸ T ′))] pairing

→ (S ⊗ T ) ⊸ [(A ⊗ B) ⊗ ((A′ ⊗ B′) ⊸ (S ′ ⊗ T ′))] pairing

≃ (S ⊗ T , S ′ ⊗ T ′) → (A ⊗ B,A′ ⊗ B′) by definition

These calculations give rise to the following inference rules:

Γ1 ⊢ u1 : A/A
′ ⊣ Γ2 Γ3 ⊢ u2 : B/B

′ ⊣ Γ4

Γ1, Γ3 ⊢ (u1,u2) : (A ⊗ B)/(A
′ ⊗ B′) ⊣ Γ2, Γ4

~⊗-I
Γ ⊢ ∗ : 1/1 ⊣ Γ

~1-I

Example 5.3. Consider the term (x,y) B (y, x). In the context x :A,y : B, we derive the following:

· · ·

x :A,y : B ⊢ (y, x) : B ⊗ A ⊣ x†,y†
· · ·

x†,y† ⊢ (x,y) : (1 ⊗ 1)/(A ⊗ B) ⊣ x : B,y :A

x :A,y : B ⊢ ((x,y) B (y, x)) : 1 ⊗ 1 ⊣ x : B,y :A

This term swaps the types and values of the two variables similarly to (x B (y B x)), but returns a
pair of units instead of a single unit. ⋄

Remark 5.4. We cannot introduce the analogous notation inl(u) and inr(u) for sum types. Indeed,

there is no way to convert a lens (S, S ′) → (A,A′) into (S, S ′) → (A ⊕ B,A′ ⊕ B). For a simple

counterexample, set S = S ′ = A = A′, but set B = 1. Then there is clearly a lens of type (S, S ′) →
(A,A′), namely the identity, but the latter type is given by:

(S, S ′) → (A ⊕ B,A′ ⊕ B)

= (A,A) → (A ⊕ 1,A ⊕ 1)
= A ⊸ ((A ⊕ 1) ⊗ ((A ⊕ 1) ⊸ A))

Using the fact that classical linear logic has cut-elimination [21], this can be shown to be an

unprovable statement in classical linear logic, and hence this type admits no λL term. ⋄
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Most generally, we can create an arbitrary lens using the notion of a lens literal, with the syntax

‘lensx ← t1 in t2’. The form of this syntax makes use of the observation that lenses can always be

split into a ‘left’ part and a ‘right’ part. Indeed, in a linear lambda calculus with existential types,

we can define the following equivalence, as essentially an application of Yoneda reduction:

(S, S ′) → (A,A′) ≃ ∃R. (S ⊸ (A ⊗ R)) ⊗ ((A′ ⊗ R) ⊸ S ′)

Here, R is an arbitrary type encoding the residual (cf. section 3) of the lens. In the forward direction,

we choose R = (A′ ⊸ S ′):

(S, S ′) → (A,A′) = S ⊸ (A ⊗ (A′ ⊸ S ′))

→ (S ⊸ (A ⊗ (A′ ⊸ S ′))) ⊗ ((A′ ⊗ (A′ ⊸ S ′)) ⊸ S ′)︸                          ︷︷                          ︸
evaluation

In the backward direction, we push the right-hand side inside the left then compose:

(S ⊸ (A ⊗ R)) ⊗ ((A′ ⊗ R) ⊸ S ′) → S ⊸ (A ⊗ R ⊗ ((A′ ⊗ R) ⊸ S ′))

→ S ⊸ (A ⊗ (A′ ⊸ S ′)) = (S, S ′) → (A,A′)

Assuming parametricity, this pair of functions forms an equivalence, which is given as the definition

of optics in a monoidal category by Riley [46]. Motivated by this observation, the inference rule for

lens literals has the following form, where an intermediate context Γ2 is used as the residual R:

Γ1 ⊢ t1 : A ⊣ Γ2 Γ2, x :A′ ⊣ t2 : 1 ⊣ Γ3, x†

Γ1 ⊢ (lensx ← t1 in t2) : A/A
′ ⊣ Γ3

Lens

Remark 5.5. The syntax we have defined so far is not quite enough to define all lenses. In

particular, the ability of Γ2 to encode the residual of a lens relies on it containing at least one

variable to store the residual inside. However, given our invariant that the contexts in a flow typing

judgement must always contain the same variables, this cannot be true if Γ1 is the empty context. We

will shortly introduce syntax for ‘let’ expressions in lens terms, fixing this issue in example 5.8. ⋄

5.2 Flow Functions
Whereas functions in λL have type A ⊸ A′, functions in λF have the more general form T ⊸ T ′,
where eachT is either a plain typeA or a flow typeA/A′. The idea is that functionsT ⊸ A internalise

linear terms of type A over a possibly-changing context T , and functions T ⊸ A/A′ internalise
lens terms of type A/A′ over a similar context T . In order to define the interpretations of their

introduction and elimination rules, we must first explain how these function types are interpreted

in the types of λL . We can now define the action of the operator (−)◦ on types, mapping λF types

to λL types. It is defined inductively in such a way that it commutes with all type constructors

apart from flow functions, and for these types we define:

(A/A′ ⊸ B/B′)◦ = A◦ ⊸ (B◦ ⊗ (B′◦ ⊸ A′◦)) ≃ (A◦,A′◦) → (B◦,B′◦)

(A/A′ ⊸ B)◦ = A◦ ⊸ (B◦ ⊗ A′◦) ≃ (A◦,A′◦) → (B◦, 1)

(A ⊸ B/B′)◦ = A◦ ⊸ (B◦ ⊗ (B′◦ ⊸ 1)) ≃ (A◦, 1) → (B◦,B′◦)

(A ⊸ B)◦ = A◦ ⊸ B◦ ≃ (A◦, 1) → (B◦, 1)

We now define:

(�)◦ = 1 (Γ, x :A)◦ = Γ◦ ⊗ A◦ (Γ, x†)◦ = Γ◦
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In a similar way to types, we simplify notation for terms by defining s B t | ~u: where an s
appears in syntax, it can stand for either a linear term, or a lens term tagged with a ‘~’ symbol for

disambiguation. We use the following convention to abbreviate the uses of s in judgements:

(Γ1 ⊢ ~u : A/A′ ⊣ Γ2) B (Γ1 ⊢ u : A/A′ ⊣ Γ2)

Using this syntax, we define the following introduction rules for abstraction:

Γ2, x :A ⊢ s : T ⊣ Γ†
2
, x†

Γ1, Γ2 ⊢ (λx :A. s) : (A ⊸ T ) ⊣ Γ1, Γ
†
2

⊸-I

Γ2, x :A ⊢ s : T ⊣ Γ†
2
, x :A′

Γ1, Γ2 ⊢ (λx :A/A′. s) : (A/A′ ⊸ T ) ⊣ Γ1, Γ
†
2

/⊸-I

Due to the use of T and s , this is actually a set of four rules. All of these rules produce linear

terms, but they are eliminated as the kind of term corresponding to their right-hand side. The four

elimination rules can be written using the following scheme:

Γ1 ⊢ t : (T ⊸ T ′) ⊣ Γ2 Γ2 ⊢ s : T ⊣ Γ3

Γ1 ⊢ t s : T
′ ⊣ Γ3

⊸-E

Note the similarity between these rules and the rules for abstraction in λL given in fig. 3.

The new typing rules defined above require the existence of eight different lenses, because

we must give interpretations for all four introduction rules and all four elimination rules, so we

now show that they indeed exist. For the first introduction rule, the assumption translates to the

following type, where either T = B/B′ or T = B and B′ = 1:

((Γ2, x :A)◦, (Γ†
2
, x†)◦) → (B◦,B′◦)

≃ (Γ◦
2
⊗ A◦) ⊸ (B◦ ⊗ (B′◦ ⊸ 1)) unfolding definitions

≃ Γ◦
2
⊸ (A◦ ⊸ (B◦ ⊗ (B′◦ ⊸ 1))) currying

= Γ◦
2
⊸ ((A◦, 1) → (B◦,B′◦)) by definition

from which the conclusion follows. A similar calculation gives the lens for the second introduction

rule, whereA′◦ appears in place of 1. For the elimination rule, the two assumptions can be combined

as follows, writing T = A/A′ and T ′ = B/B′ (or T = A and A′ = 1, and analogously for T ′):

[(Γ◦
1
, Γ◦

2
) → ((A◦,A′◦) → (B◦,B′◦), 1)] ⊗ [(Γ◦

2
, Γ◦

3
) → (A◦,A′◦)]

≃ [Γ◦
1
⊸ (((A◦,A′◦) → (B◦,B′◦)) ⊗ Γ◦

2
)] ⊗ [Γ◦

2
⊸ (A◦ ⊗ (A′◦ ⊸ Γ◦

3
))] by definition

→ Γ◦
1
⊸ [((A◦,A′◦) → (B◦,B′◦)) ⊗ Γ◦

2
⊗ [Γ◦

2
⊸ (A◦ ⊗ (A′◦ ⊸ Γ◦

3
))]] push pair in function

→ Γ◦
1
⊸ [(A◦ ⊸ (B◦ ⊗ (B′◦ ⊸ A′◦))) ⊗ [A◦ ⊗ (A′◦ ⊸ Γ◦

3
)]] supply Γ2 to function

→ Γ◦
1
⊸ [B◦ ⊗ (B′◦ ⊸ A′◦) ⊗ [A′◦ ⊸ Γ◦

3
]] supply A to function

→ Γ◦
1
⊸ (B◦ ⊗ (B′◦ ⊸ Γ◦

3
)) function composition

= (Γ◦
1
, Γ◦

3
) → (B◦,B′◦) by definition

justifying the elimination rule as required.

Example 5.6. There is always an identity flow functionT ⊸ T , given by λx :A. x or λx :A/A′. ~x
depending on the form of T . We can also compose flow functions. Let f : T1 ⊸ T2 and д : T2 ⊸ T3.
Then depending on the forms of the Ti , the term λx :T1. ~(д ~(f ~x)) will be type-correct once the
right number of ‘~’ symbols are removed, which is uniquely determined based on the forms of the

Ti . In general, the presence or absence of ‘~’ annotations on function arguments can always be

inferred from the type of the function. An implementation of flow typing may wish to suppress

these symbols when they can be inferred, but we keep them to remain explicit. ⋄
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Example 5.7. It is straightforward to define combinators that allow us to switch between the

different forms of flow functions. We can define use : A ⊸ A/1 as follows:

use B λa :A. lensx ← a inx

Here, the inner lens term u B (lensx ← a inx) has type a :A ⊢ u : A/1 ⊣ a†, so the overall term is

type-correct. Similarly, we define take : A/1 ⊸ A by:

take B λa :A/1. (a B ∗)

The term a B ∗ updates the variable a to have the value ∗ and the new type 1, and returns the

previous value stored in this variable. ⋄

Now that we have defined function types, we can introduce the most general elimination principle

for lens terms, converting them into linear terms. We use the following inference rule:

Γ2 ⊢ u : A/B ⊣ Γ3 Γ3 ⊢ t : C ⊣ Γ
†
3

Γ1, Γ2 ⊢ (unlensu in t) : A ⊗ (B ⊸ C) ⊣ Γ1, Γ
†
2

Unlens

This effectively applies a lens term to the context over which it is defined, returning its value A,
as well as the residual B ⊸ C . The type of the residual should be B ⊸ Γ3, but since the latter is a
context and not a type, we use a term t to mediate this difference and convert Γ3 into a typeC . This
is implemented via the following calculation:

[(Γ◦
2
, Γ◦

3
) → (A◦,B◦)] ⊗ [(Γ◦

3
, 1) → (C◦, 1)]

≃ [Γ◦
2
⊸ (A◦ ⊗ (B◦ ⊸ Γ◦

3
))] ⊗ [Γ◦

3
⊸ C◦] unfolding definitions

→ Γ◦
2
⊸ (A◦ ⊗ (B◦ ⊸ C◦)) push inside function then compose

≃ Γ◦
2
⊸ (A ⊗ (B ⊸ C))◦ by definition

Example 5.8. Lenses (A,A′) → (B,B′) defined internally to λF coincide with the flow function

type A/A′ ⊸ B/B′. More precisely, we can provide (the data of) the following equivalence in λF :

(A/A′ ⊸ B/B′) ≃ A ⊸ (B ⊗ (B′ ⊸ A′))

Given f : (A/A′ ⊸ B/B′), we define a function д with the right-hand type as:

д B λa :A. unlens f ~a in a

In the reverse direction, given д : A ⊸ (B ⊗ (B′ ⊸ A′)), we define:

f B λa :A/A′. let (b, r ) = д a in lens b ′← b in (a B r b ′)

This uses a more general form of let-expression that produces a lens term, using the following rule:

Γ1 ⊢ t : A ⊣ Γ2 Γ2, x :A ⊢ s : T ⊣ Γ3, x
†

Γ1 ⊢ (letx = t in s) : T ⊣ Γ3
Let

Using this result, and the combinators from the previous two examples, it is easy to express each of

the four flow function types in terms of each other. Crucially, we can derive the following identity,

which hints at how these new function types will be used to address the threading problem:

(A/A ⊸ B) ≃ (A ⊸ (B ⊗ A))

This means that functions that only use an A non-destructively can be equivalently represented as

functions of type A/A ⊸ B, obviating the requirement to explicitly deal with the returned A. ⋄
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Example 5.9. Given a variable x of type !A, we can get a value of type A non-destructively by:

get B (λx : !A/!A. let (y, z) = copyx in let ∗ = (x B y) in derelict z) : !A/!A ⊸ A

Now, if x : !A is in the context, get ~x is an expression of type A and does not alter the context. ⋄

5.3 Pattern Matching
The remaining syntax that we will discuss is the extension of let bindings and pattern matching

to lens terms, allowing us to eliminate the connectives 1, ⊗, 0, ⊕ in any setting. For example, this

syntax will allow us to manipulate tuples of variables non-destructively.

To establish notation, in a pattern match such as (case t1 of inl(x) → t2 | inr(y) → t3), we call t1
the scrutinee, and t2 and t3 the minor premises. The same nomenclature is used for let expressions

such as (letx = t1 in t2), in which t1 is the scrutinee and t2 is the sole minor premise. We extend

pattern-matching syntax to lens terms by permitting both the scrutinee and the minor premises to

be lens terms. Such syntax is considered a linear term if all of its minor premises are linear terms,

and a lens term if all of its minor premises are lens terms.

We can easily define pattern-matching rules for λF where the scrutinee is a linear term, by

copying the structure of the rules from fig. 3. For instance, the elimination rule for ⊗ is as follows:

Γ1 ⊢ t : A ⊗ B ⊣ Γ2 Γ2, x :A,y : B ⊢ s : T ⊣ Γ3, x
†,y†

Γ1 ⊢ (let (x,y) = t in s) : T ⊣ Γ3
⊗-E

Note that the output context for the minor premise has variables x†,y†. The natural way to extend

this rule to lens scrutinees is to instead demand that the output context contain x :A′ and y : B′:

Γ1 ⊢ u : (A ⊗ B)/(A′ ⊗ B′) ⊣ Γ2 Γ3, x :A,y : B ⊢ s : T ⊣ Γ4, x :A′,y : B′

Γ1, Γ3 ⊢ (let (x,y) = ~u in s) : T ⊣ Γ2, Γ4
~⊗-E

This is called flow pattern-matching. To evaluate the term (let (x,y) = ~u in s), the variables x and y
are added to the scope of the body s , and after the body has been evaluated, the rule expects

that x and y are still bound in the output context but with possibly different types. Afterwards,

the updated values of x and y are taken out of the context and used to rebuild the value of A′ ⊗ B′

supplied to u, which in turn allows the construction of Γ2. In this way, this construction behaves

like a ‘pattern-match by reference’: we can scrutinise the values of x and y, possibly mutating them,

and these updates are reflected in the original value u.
Note that we require a context split in the ~⊗-E rule above. This is because Γ2 cannot be obtained

until the value of type A′ ⊗ B′ is obtained, which only occurs after the minor premise has finished

evaluation. In Rust-inspired language, the variables used in u are ‘borrowed’ for the duration of the

flow pattern-match, and so cannot be used inside it. It is straightforward to derive the appropriate

linear lenses implementing both of these rules.

Example 5.10. We can internally define the ‘first projection’ lens from section 3 as follows:

fst B (λz : (A ⊗ B)/(A′ ⊗ B). let (x,y) = ~z in ~x) : (A ⊗ B)/(A′ ⊗ B) ⊸ A/A′

Note that the variable y is not used in the body, but this is still a type-correct term. For example,

we can update the first element of a pair using the syntax (fst ~x B t). If x : A ⊗ B and t : A′, this
term updates x to have type A′ ⊗ B, and returns the old value of type A. ⋄

We define syntax for ‘let’ expressions with a lens scrutinee as follows:

Γ1 ⊢ u : A/A′ ⊣ Γ2 Γ3, x :A ⊢ s : T ⊣ Γ4, x :A′

Γ1, Γ3 ⊢ (letx = ~u in s) : T ⊣ Γ2, Γ4
~Let
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This rule is derived in precisely the same way as the ~⊗-E rule: we demand that the let-bound

variable is still live at the end of the body, and supply it to the lens to rebuild the output context Γ2.
For the same reason, this rule requires a context split since we cannot rebuild Γ2 until the value of
type A′ is obtained. The analogous rules for ⊕ are as follows:

Γ1 ⊢ t : A ⊕ B ⊣ Γ2 Γ2, x :A ⊢ s1 : T ⊣ Γ3, x
† Γ2,y : B ⊢ s2 : T ⊣ Γ3,y

†

Γ1 ⊢ (case t of inl(x) → s1 | inr(y) → s2) : T ⊣ Γ3
⊕-E

Γ1 ⊢ u : (A ⊕ B)/(A′ ⊕ B′) ⊣ Γ2 Γ3, x :A ⊢ s1 : T ⊣ Γ4, x :A′ Γ3,y : B ⊢ s2 : T ⊣ Γ4,y : B′

Γ1, Γ3 ⊢ (case ~u of inl(x) → s1 | inr(y) → s2) : T ⊣ Γ2, Γ4
~⊕-E

Note that these rules ensure that s1 and s2 are either both linear terms or both lens terms.

Example 5.11. We can determine whether an element of a sum type A ⊕ B is a ‘left element’ or a

‘right element’ without consuming it, as follows:

isInl B (λz : (A ⊕ B)/(A ⊕ B). case ~z of inl(x) → inl(∗) | inr(y) → inr(∗))

: (A ⊕ B)/(A ⊕ B) ⊸ (1 ⊕ 1)

Under the equivalence (A/A ⊸ B) ≃ (A ⊸ (B ⊗ A)), this corresponds to the following term:

isInl′ B (λz :A ⊕ B. case z of inl(x) → (inl(∗), inl(x)) | inr(y) → (inr(∗), inr(y)))

: (A ⊕ B) ⊸ (1 ⊕ 1) ⊗ (A ⊕ B)

The reconstruction of z as inl(x) or inr(y) is handled automatically using flow pattern-matching,

but would need to be done explicitly in a conventional linear language. ⋄

Example 5.12. Lenses cannot generally be ‘curried’ in linear settings [46, section 4.1], so we should
not expect to be able to curry general flow functions. However, multi-argument flow functions can

still be defined using flow pattern-matching. For instance, we can derive the following rule:

Γ2, x :A,y : B ⊢ s : T ⊣ Γ†
2
, x :A′,y : B′

Γ1, Γ2 ⊢ (λz : (A ⊗ B)/(A
′ ⊗ B′). let (x,y) = ~z in s) : (A ⊗ B)/(A′ ⊗ B′) ⊸ T ⊣ Γ1, Γ

†
2

Here, both x and y are ‘flow parameters’: they are supplied to the body s , and are expected to still

be in the context once s has finished evaluation. ⋄

5.4 Remarks
In the same way as λL , we can prove a frame rule for the flow typing calculus λF :

Lemma 5.13 (Frame rule). Let Γ1, Γ2 be λF contexts not containing the variable x , and let t and u
be λF terms in which x does not appear free. Then:

Γ1 ⊢ t : A ⊣ Γ2 ⇐⇒ Γ1, x : B ⊢ t : A ⊣ Γ2, x : B ⇐⇒ Γ1, x
† ⊢ t : A ⊣ Γ2, x

†

Γ1 ⊢ u : A/A′ ⊣ Γ2 ⇐⇒ Γ1, x : B ⊢ u : A/A′ ⊣ Γ2, x : B ⇐⇒ Γ1, x
† ⊢ u : A/A′ ⊣ Γ2, x

†

Proof. As in section 4, the frame rule can be proven by a rule induction. For some of the new

rules that introduce context splits, such as ~Let, there is no longer a unique choice for how to

handle the new variable, but there is always at least one choice. □

However, we no longer have unique typing in this setting without introducing further type

annotations. For instance, given any input context, the lens term x has a fixed initial type, but the

final type is arbitrary. We will discuss the lack of unique typing in section 9.



20 Sky Wilshaw and Graham Hutton

Remark 5.14. We have introduced flow versions of the introduction and elimination rules for ⊗

and 1, and the elimination rules for ⊕ and 0. However, we cannot do so for the remaining type

formers⊸,&,⊤, !. For example, using the cut-elimination strategy from remark 5.4, we can show

that a first-projection lens for & is not implementable in λL . The same holds for an ‘evaluate at x ’
lens for⊸, and similarly for all of the other connectives. ⋄

6 Examples
In this section, we discuss some example programs that demonstrate the threading problem, and

show how they can be written using the flow typing calculus λF .

Example 6.1. Wagner et al. [58] use the example of calculating the average number of words per

line in a file to demonstrate the threading problem in linear languages. This example can be written

in λL and λF respectively as follows, where open : String ⊸ Handle and close : Handle ⊸ 1:

words, lines, avg : Handle ⊸ (Int,Handle)
avg h =
let (w, h1 ) = words h in
let (l, h2 ) = lines h1 in

(w / l, h2 )
main : Int
main =
let h = open “data.txt” in

let (a, h1 ) = avg h in

let ∗ = close h1 in a

words, lines, avg : Handle/Handle ⊸ Int
avg ~h = words ~h / lines ~h
main : Int
main =
let h = open “data.txt” in

leta = avg ~h in

let ∗ = close h in a

The λL version of avg must explicitly thread the file handle h through the words and lines functions.
However, the λF version defineswords and lines as flow functions, and so the value ofh in the typing

context is not used up when the functions are called. Once the body of avg has been evaluated in

the flow typing program, the handle h is still in the context, and is picked up by the flow function

infrastructure and returned to the caller. This means that when avg is called in main, it updates the
value of h in place, without having to rebind it to a new variable h1.

We can simplify this further. In a conventional linear programming language, the structure of

the main function could be encapsulated using a ‘with-resources’ combinator, such as:

withFile : String ⊸ (Handle ⊸ (A ⊗ Handle)) ⊸ A
withFile s f = let h = open s in let (a,h1 ) = f h in let ∗ = close h1 in a

main = withFile “data.txt” avg

This combinator could be rewritten in λF so that it has the following type:

withFile : String ⊸ (Handle/Handle ⊸ A) ⊸ A

With this presentation, we might expect to be able to eliminate the type variable A, reducing the
type of the combinator to the following simpler version:

withFile : String ⊸ Handle/Handle

A function of this type can indeed be defined in λF as follows:

withFile s = let h = open s in lensh′← h in close h′

This function opens a file with a given name and returns a corresponding file handle, and when the

file handle is returned back to it later, the handle is closed. The main function can now be written



Flow Typing: A New Lens on Linearity 21

as follows, in a manner much more reminiscent of an equivalent nonlinear program:

main = avg ~(file “data.txt”) ⋄

Example 6.2. Binary session types describe communication protocols between two partici-

pants [26]. The conventional syntax for binary session types writes ?A. B to denote receiving

a value of type A through a channel and continuing with the protocol according to B, and similarly

writes !A. B to denote sending a value of type A and continuing according to B. We can encode the

behaviour of these constructs using λF functions of the following types:

recv : (?A. B)/B ⊸ A send : A ⊸ (!A. B)/B ⊸ 1

This means that if s is a variable in the context with type ?A. B, then recv ~s is a term of type A,
leaving s in the context with updated type B. Similarly, if s has type !A. B and x :A, then send x ~s
has type 1, removing x from the context, and updating the type of s to B. For example, we can

define the following program which receives two integers and transmits their sum:

s : (?Int. ?Int. !Int. B) ⊢ (send (recv ~s + recv ~s) ~s) : 1 ⊣ s : B

This flow typing implementation should be viewed in contrast to a more direct linear interpretation

of recv and send which have to return the updated session:

recv ′ : (?A. B) ⊸ (A ⊗ B) send ′ : A ⊸ (!A. B) ⊸ B

s : (?Int. ?Int. !Int. B) ⊢ let (x, s1) = recv ′ s in let (y, s2) = recv ′ s1 in send ′ (x + y) s2 : B ⋄

6.1 Additional Examples
Our flow typing compiler and a set of example programs are provided as supplementary material

for the article. One of these examples is an implementation of the avg program above, but in a

more sophisticated style that encapsulates the use of IO actions by threading the state of the real

world through the program. With flow typing, this can be done simply by adding the real world as

an extra flow parameter to each function. Concretely, the words, lines, and avg functions in our

implementation have type (World,Handle )/(World,Handle ) ⊸ Int.
Another example, which demonstrates more complex state manipulation, is an evaluator for a

stack-based arithmetic language. In conventional linear languages, the state of the stack, along

with the state of the real world for any side-effects, must be threaded through the evaluator. In

our setting, the state of the stack and the real world are flow parameters, which simplifies the

implementation. For instance, we can push and pop from the stack in place using flow functions,

allowing us to add the top two elements of the stack with: push (pop ~stk + pop ~stk) ~stk.

7 Semantics
As we have defined a translation from terms in λF to lenses in λL , we do not need to introduce a

semantics for λF directly. Instead, we use a standard semantics of the linear lambda calculus due to

Abramsky [1, section 3], and say that the semantics of a λF term is given by the semantics of its

resulting lens, which is a closed λL term. This is a big-step semantics for λL , with judgements of

the form t ⇓ v , where t is closed and values v are specified by the following grammar:

v B λx :A. t | (v1,v2) | ∗ | inlA⊕B (v) | inrA⊕B (v) | t1 & t2 | true(v) | promote for in t

The full listing of the semantic rules for the evaluation relation is given in the technical appendix,

adapted to our syntax for λL . As usual, well-typed programs ‘cannot go wrong’:

Proposition 7.1 (Type safety). If t is a closed term of type A, then there is a unique value v such
that t ⇓ v , and moreover, v is also a closed term of type A.
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We introduce a standard logical relation ≈ to characterise observational equivalence of well-typed

terms, and then prove the following important correctness theorem:

Theorem 7.2 (Correctness). Let Γ ⊢ t : A be a λL term. Then t is also a λF termwith Γ ⊢ t : A ⊣ Γ†.
Moreover, any λL type B satisfies B◦ = B, so the lens translation t of this term back into λL has type:

⊢ t : (Γ◦, 1) ⊸ (A, 1)

Finally, let Γ = x1 : B1, . . . , xn : Bn , so:

Γ◦ = 1 ⊗ B1 ⊗ · · · ⊗ Bn

Then, the following two closed terms are logically equivalent:

t ≈ (λ(∗, x1, . . . , xn) : Γ
◦. (t, λx : 1. x))

This correctness theorem is crucial, because it shows that the extension of λL to λF does not

change the semantics of existing λL programs. Put another way, λF is a conservative extension

of λL , even in the semantics of programs. We prove this correctness theorem in our appendix.

A significant technical challenge in the proof arises from the manipulations that we must perform

on contexts during the lens translation. Context splits, for example, are syntactically verbose to

encode as they involve explicitly breaking up a tuple of variables into two other such tuples. To

alleviate this bureaucracy, the proof follows three major steps:

• First of all, we define a category C whose objects are λL types and whose morphisms are λL
terms, where we regard two terms as equal if they are in the logical relation. We prove that

the type and term formers of λL correspond to categorical constructions on C , in particular

making C a monoidal category under ⊗ and 1.
• Then we appeal to Mac Lane’s coherence theorem [32], which provides a category D that is

equivalent to C but for which the monoidal structure is strictly associative and unital. This

means that we have the following equalities of types, not just isomorphisms:

(A ⊗ B) ⊗ C = A ⊗ (B ⊗ C) A ⊗ 1 = A 1 ⊗ B = B

Because of strictness, tuples of types are much easier to manipulate in D than in C , greatly

reducing the complexity of context packing and splitting.

• And finally, we show by rule induction that the terms appearing in theorem 7.2 are equal as

morphisms in D , from which it follows that they are also equal in C , and thus by definition

that the two terms are logically equivalent, completing the proof.

We can now establish some important corollaries.

Corollary 7.3 (Full abstraction). The inclusion of closed λL terms into λF is fully abstract: it
preserves and reflects logical equivalence.

Note that the lens translation of λF into λL is fully abstract by definition, since the semantics of

the former is defined in terms of the latter.

Proof. If t1, t2 are well-typed λL programs of type A, the inclusions of these terms into λF
translate to λ∗ : 1. (t1, λx : 1. x) and λ∗ : 1. (t2, λx : 1. x) respectively, up to logical equivalence, and

these two translations are logically equivalent precisely if t1 and t2 are. □

We can also prove a generality result, showing that we have not missed any syntax that would

make the language strictly more expressive while preserving the desired translation:
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Theorem 7.4 (Generality). Let Γ1, Γ2 be λL contexts containing the same variables, and let A,B
be λL types. Suppose that there is a closed λL lens of the following type:

⊢ t : (Γ◦
1
, Γ◦

2
) → (A,B)

Let x1, . . . , xn be the names of the live variables in Γ1, and let y1, . . . ,ym be the names of the live
variables in Γ2. Then we can define the lens term

u B (let (a, r ) = t (∗, x1, . . . , xn) in lensb ← a in (∗,y1, . . . ,ym) B r b)

with type Γ1 ⊢ u : A/B ⊣ Γ2 and satisfying t ≈ u. Moreover, if B = 1, we can define the linear term

t ′ B (let (a, r ) = t (∗, x1, . . . , xn) in let ∗ = ((∗,y1, . . . ,ym) B r ∗) ina)

with type Γ1 ⊢ t ′ : A ⊣ Γ2 and satisfying t ≈ t ′.

8 Related Work
In this section, we survey related work and position flow typing within the literature. We focus on

three key areas: solutions to the threading problem, lenses and bidirectional transformations, and

making linearity more practical. Finally, we compare our work to the Aeneas project of Ho and

Protzenko [22], which describes a translation similar to our lens translation.

8.1 Threading Problem
As discussed in the introduction, the most well-known approach to solving the threading problem

is borrowing [23, 39], popularised by Rust [34] and implemented in various domains [27, 36, 58]. An

early example of Rust-style borrowing can be found in Wadler’s original article on linear types [55].

In particular, Wadler’s let! construct allows temporary nonlinear access to linear values, using a

strict type-based analysis to ensure that references to the linear value cannot be held once the

argument of the let! has been fully evaluated. This idea was refined by Odersky [41] to introduce

‘observer’ variables, which behave more similarly to Rust’s immutable borrows. Fahndrich and

DeLine [16] use guarded types and capabilities in a similar way to Rust-style lifetimes, ensuring that

references are discarded by the time that the referent is used again. The key distinction between

these works and flow typing is that flow typing programs can be compiled to a standard linear

lambda calculus, without lifetime information or unsafe operations.

At first glance, the state monad might appear to offer a solution to the threading problem [38, 56].

This is true in some simple cases, but a major drawback of the state monad is the fact that the type

of the state parameter is fixed, requiring combinators to be used whenever a stateful variable is

introduced or pattern-matched. Furthermore, the get and put operations are nonlinear, so cannot

be used in a linear type theory. Effect systems can be used in a similar way, but suffer from a similar

drawback. In contrast, flow typing derivations behave similarly to a state monad, but allow the

state to be used and changed without complex combinators.

The different kinds of flow function types in λF can be compared to parameter-passing modes.

Mezzo [4] is a permissions-based language that addresses the threading problem by introducing

two parameter-passing modes: arguments to a function can either be consumed or returned to

the caller. A structural type system tracks the way that parts of a data structure are passed to a

function and then returned, in a similar way to how lens terms in λF can focus on some part of a

structure before passing it to a flow function. Mutable value semantics [44] is a related approach

which uses ‘inout’ parameters to implement a form of second-class references in Swift.

Notably, the ! types of the linear lambda calculus do not properly address the threading problem.

As Wagner et al. [58] point out, ! types are only suitable for encoding ‘plain old data’, not resource-

like values, and so they cannot alleviate the syntactic burden of resource-threading.
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8.2 Lenses and Bidirectional Transformations
Lenses have their origins in bidirectional transformations [13], which synchronise multiple views

of the same data. Originally, lenses were introduced as bidirectional transformations on trees,

providing an abstract view of a particular part of a concrete tree [18]. For example, the Boomerang

language [10, 19] uses lenses to view text-based file formats as trees. This allows a file to be modified

in its tree-like representation without so-called ‘dirty diffs’: parts of a file that were not edited

in the view will not be edited in the underlying syntax. Lenses have also been implemented as

libraries in other languages such as Haskell [29], and linear lenses specifically [46] are implemented

in Linear Haskell [50]. Similarly to flow typing, the HOBiT language introduces extra syntax to

manipulate lenses without combinators [35]. The main difference between HOBiT and flow typing

is that lenses in HOBiT are nonlinear and dynamically checked, whereas flow typing programs are

linear and need no runtime checks due to the translation to the linear lambda calculus.

8.3 Practical Linearity
This article is part of a broader effort to make linear types practical for real-world programming. One

well-known practical implementation of linear types is in Linear Haskell [8], which is a compiler

extension distributed with GHC, and hence readily available to all Haskell programmers. One

benefit of Linear Haskell is its implementation of multiplicity polymorphism, allowing programs to

be written polymorphically over linear and unrestricted arguments.

However, Linear Haskell provides no safe mechanism to temporarily escape linearity, such as with

borrowing or flow typing, whichmeans that objects often need to be threaded explicitly through safe

Linear Haskell code. To alleviate this, a significant amount of such code, such as in linear-base [50]
(a standard library for Linear Haskell), makes use of the ‘Unsafe.toLinear’ combinator, marking

a function as linear without compile-time checks. More recently, linear constraints have been

introduced by Spiwack et al. [51]. Linear constraints can be filled in automatically using a type

class solver, and can therefore reduce the syntactic overhead of explicit threading.

Another approach to practical linearity is the use of quantitative type theory [3], in which

variables in the context are annotated with a multiplicity, typically one of 0 (erased at runtime),

1 (linear), or ω (unrestricted). Simple algebraic rules describe how multiplicities of variables are

altered as contexts pass through expression constructors. This has been implemented in Idris 2 [11],

a dependently-typed functional programming language.

An additional strategy to make linear types practical is to separate permissions from data. This

is the perspective used in the L3 language of Ahmed et al. [2], in which the (linear) capability to

access or mutate a pointer is separated from the (nonlinear) pointer itself. This allows for shared

mutable references and cyclic data structures, but without giving up semantic properties such as

termination. Notably, Ahmed et al. describe the explicit threading of capabilities through a program

as ‘too painful to contemplate’; a flow typing version of L3 might alleviate this problem as it would

allow capabilities to be passed non-destructively rather than being explicitly threaded.

The Cyclone language, a type-safe dialect of the C programming language, uses a similar tech-

nique to L3, making use of linear capabilities to encode dynamic regions and unique pointers [17].

To manage the bureaucracy of threading capabilities through a program, they provide a mechanism

to temporarily ‘open’ a capability, allowing it to be used easily. It would be interesting to translate

this mechanism into the setting of flow typing, to see whether it could further simplify programs.

8.4 Aeneas
Aeneas [22] gives a semantics for Rust and its borrowing system by means of a translation to F

∗
, a

pure functional language. Their translation is similar to our lens translation in a number of ways.
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For example, utilising the fact that only one mutable borrow to a value can exist at once, Aeneas

encodes mutable references using state-passing. A key challenge with implementing mutable

borrows in a pure setting is that when a mutable borrow is terminated, its updated value must be

reflected in the source of the borrow. To model this in a pure setting, Aeneas decomposes each

function into a ‘forward’ part, which actually executes the function, and a ‘backward’ part which

provides updated values for the arguments of the function. As the authors comment, this is similar

to the way that lenses are composed of forward and backward parts.

There are two key differences between the translations from Aeneas and flow typing. First of all,

a key aspect of our lens translation is that its target language is a resource-sensitive linear lambda

calculus, and so λF programs can be executed via this translation while preserving the resource

usage of the original program. In contrast, the Aeneas translation yields resource-insensitive F
∗
code,

and in fact duplicates the logic of most functions in order to produce the forward and backward

parts. This means that the generated F
∗
code performs many actions twice, and so does not reflect

accurate resource usage. This observation reflects the differing goals of these two projects: Aeneas

is a tool that enables formal theorem proving about Rust programs, whereas our goal is to offer a

new approach to programming with linear types.

And secondly, Aeneas uses the notion of lenses only as an analogy rather than as a core design

principle, which means that they have no equivalent of our lens terms. As in Rust, Aeneas uses a

notion of ‘paths’ to focus on a part of a data structure, but the syntax of paths is restrictive, and no

user-defined lenses are possible. This is in contrast to flow typing, for which the generality theorem

proves that every λL-definable lens is a lens term in λF .

9 Conclusions and Future Work
In this article, we introduced a new approach to the threading problem called flow typing. This

approach does not require sophisticated static analysis such as a borrow checker, but instead

interprets terms as linear lenses that modify the typing context in a controlled way. Because all

of its machinery can be compiled away using explicit state passing, we retain the same powerful

reasoning principles that conventional linear programming languages enjoy.

There are a number of possible directions for future work. First of all, it would be desirable to

formalise the proofs in the appendix using an interactive theorem prover. However, our current

proof strategy does not lend itself straightforwardly to proof assistants: there is, for instance, no

canonical notion of a strict monoidal category in a type-theoretic system such as Lean. It would

therefore be useful to develop and subsequently formalise an alternative proof strategy.

Additionally, it would be interesting to investigate type inference in λF in more detail. As

variables can change type in our setting, the standard procedure for Hindley–Milner type inference

required some minor modifications. We have implemented this inference algorithm in our flow

typing compiler, and it would be interesting to explore this formally. Another avenue for future

work is generalising the form of the typing judgements themselves. Unifying linear and lens terms

into a single syntax, for example, could simplify implementation strategies.

Finally, we note that a direct implementation of the lens translation from λF to λL generates

a significant amount of syntactic noise, due to the repeated packing and unpacking of contexts

as they are threaded through. Our compiler is able to erase most of this noise using standard

transformations, such as case-of-case and case-of-known-constructor. However, there may be

opportunities for some more clever optimisations, for example by adapting techniques used to

minimise ‘administrative redexes’ in CPS translations [14, 15, 48, 49].
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