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This document supplements the “Quotient Polymorphism” paper by providing the full set of typing rules for

the core language A, including support for choice polymorphism for quotient types.

Key

Context: T, A, X
Type variable: a, f, ax, B

Equality constructor: ¢, €

Quotient variable: g

Set of Respect. Theorems: ¢

. Lo . ’ ’
Substitution: 6 Monotype: 7, 7/, 7y, T
Variable: x Term: e, €, e
Quotient Set: Q, Q’  Quotient: Q

Patterns: p, p’, pr ~ Qualifier Set: Q

Polytype: o, o', ok, 0']2
Refinement: @, ¥
Constant: ¢

Respect. Theorem: ¢

Well-Formed Types

Ix:7F¢:Bool —— [WT-VAR]
WT-BASE
Trfrerlg) | ] Tha
Ix:rr1 Tro
: T-FUN ———— [WT-POLY
Tr(x:7)> 1’ [WT-FUN] I'-Vao [ ]

Irr l'tgQ=o 'toCr

[WT-QUOT]

'rz/Q

Igutto

[WT-CHOOSE]
I'+ choose g : 7.0
Liquid Type Checking
I'tge:o T'roCo’ T'vro’

[LT-SUB]

FI—Q€:O'/
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x:{v:t|®}eT x:7€Tl
[LT-VAR] Ftgx:T

[LT-VAR]
F'tgx:{v:t|lv=x}

——  [LT-CONST
I'tgc:ty(c) [ ]

I'x:trge:1’ F'r(x:7)> 1’

LT-FUN
F'rgAxe:(x:7)—> 1’ ! ]

I'E(x:t/Q) — 1’ T'ropi:t I';vars(p;) kg e : T'[x = pil
'toCr Vie{t, ..., n} T'tg¢ I'E¢g=>A{p—>e}~Quo
P1, ..., Pnisacomplete case analysisof r  Valid([I'] = [4])

LT-CASE
F'roAd{pi—es..5pn—e}:(x:7/Q)— 1 ! ]

Tt fi(x:7) >’ F'r(x:7)—> 1

LT-APP
IF'rgAxe:(x:1)—> 1’ [ ]

I' kg b : Bool I'tge:t F'rtge':7 I'rr

LT-IF

I'tgifbtheneelsee : 7 [ ]
Trtoe:o I'x:otrge' :1

9 S [LT-LET]
IF'tgletx=eine’: 7
I'x:ttge:T Ix:orge' : 7’ TrtroCr
- [LT-LETREC]
I'rgletrecx =eine’: 7’
I'tge:o a not freein T
[LT-GEN]
Irtge:Va.o
I'rr Igutrge:1’ g is not free in T’
[LT-CHOOSE]

I'tge:chooseq: 7.7’

I' g e : choose q : 03.03 IF'rgQ:oy I'roi C oy
I'|= ¢ = (e 4 03) respects (Q :: 07) Valid ([T] = [¢])
I'tge:7'[q— Q] [

LT-CINST]

Subtyping

Valid ([T] A [®] = [¥])
Fr{x:t|®}<:{x:7|¥}

[ST-BASE]
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Lx:nrr <1

Trn<n ST-FUN]
Fl—(x:Tl)—>T1'<i(x¢Tz)—>T2' [ST-
- [ST—VAR] I'o<:o’ ST-POLY
lra<a I'+Va.o <:Va.o’ ! ]
[ST-QBASE] Lrr<t” _ [sT.QUOTY]

F're<t/Q

r'rr/Q0<7/0Q

I,q:: Fo<:o' I+ C
1=n "9 =g %2=9 __ [ST-CHOOSE]

;0,0 FQ <:Q’
T+7/Q<17/0Q [ST-QUOT]

Equality constructor subtyping

ILArgpe:t IErgpe:t pSop

Valid ([e] = [e’[0]])

I' + choose g : ;.0 <: choose g : 0;.0

Valid ([A] = [2[0
alid ([A] = [[6]]) (111 = ESTBASE]
LAZE(p==e < (p==¢)
Av:T; S kge<ie
) _ [EST-LEFT]
A2 kg (forallv: Tine¢) <: ¢
AS,vitkg e <: €
—__ [EST-RIGHT]
A2 kg e <: (forall v : 7 in ¢’)
Specialisation
I'to <:0’
——————— [SP-SUB
'roCo’ [ ]
' =rla; — 73] fi not free inVay ... an.T [ST-POLY]

F'FVYoy ... ayp.TEVS ... Pm.T’

Well-Formed Respectfulness Theorems

I'to I' kg ¢; : Bool

Flei:o FI-QVI'ZO'

Vi e{1,...,n}

F}-Q{

(cjs L) 1je{1,...,n}}
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Well-Formed Equality Constructors

IArgp:7t INArge:r
Argp==ce:rT

Av:tT rgenT

[EC-BIND]

EC-BASE
IArgforallv: 7/ ine 7 [ ]

Well-Formed Quotients

IO rg ey F'toCr Vie{l,...,n}
TFrofelie{1,....,n}} 0

[QT-BASE]

l'rgQ:o afreeinT q=o€Tl
I'tg Q=Vao [QT-POLY]

Trogro [STVAR]

Equality Constructor Respectfulness ’ LGAE¢g=>A{p—e}~eurT ‘

ILAvrgp':7 ILArge':t die{1, ..., n}t.pi~gp’
T;A = ([A[O]], eil0), A{p1 —e; ...; pn—oen}e[0)=>A{poe}~(p==¢€)ur

[RP-BASE]

T'rg¢ LAv:T ' Epg=(p—oe)~ent
LGAEpg=>A{p—oe}~ (forallv:7r in¢) = T

[RP-BIND]

Quotient Respectfulness ’ T'Ep=>A{p—e}~»Qur

F'tgQ:uo 'toCr Vie{l,...,n}
Oy, =>A{p—oe}~eurT
F'E{yjlje{l,....n}}=2A{p—e}~Q:o0c

[RP-QUOT]

Polymorphic Respectfulness A |= ¢ = (e ::q o) respects (¢ :: ')

Trtg ¢ A x 11 | ¢ = (e g 72) respects (e :: 13)

PR-BIND
I A = ¢ = (e g 7o) respects (forall x : 7y in ¢ :: 73) ! ]
[PR-CONST]
A |= 0 = (c =4 ty(c)) respects (p == e :: 0)
x:0€l
[PR-VAR]

A |5 0 = (x =4 o) respects (p == e :: ')
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F'+toCr Vie{l,...,n} F'tgpi:t/q T'tg ¢’ T'+q ¢
LGAE¢ =A{p—oe}~p==euo
T, vars(p;); A | ¢; = (e; g T'[x > p;]) respects (p == e :: 0)

PR-CASE
LAREU [r]* ) U@ = (A{pi = ei} :g (x:7 [ q) = 7") respects (p == ¢ :: 0) ! ]
'+roCr Vie{l,...,n} F'rgpi:t/Q I'to ¢; Q+#q
T,vars(p;); A |E ¢; = (e; =y T'[x — p;]) respects (p ==e :: o
(pi): A |= ¢i = (e g T'[x = pi]) respects (p ) [PR-NCASE]
DAREUI[r]«¢i = (A{pi = e} ug (x: 7/ Q) > ') respects (p == e :: )
T+ Ix:1;A = ¢ = (e g /) respects (p == e =:
Q¢ T A= ¢ = (e :q 7') respects (p o) [PR-FUN]
LAE[r] ¢ = (Ax.e g (x:7) = 1) respects (p == e :: 0)
Frg ¢ AE¢ = (f g (x:7) > 1') respects (p == e :: 0)
T'to ¢’ LAEYy = (e respects (p ==e =
Q¢ ’ Fy (,qf) pects (p ) [PR-APP]
DARE¢eU f ¢ = (fengt/[x > e]) respects (p ==e :: o)
rl-Qb:BOOI Fl-ng) FFQ¢’
A |= ¢ = (eg g 7) respects (p == e’ :: 0)
A | ¢ = (e; 4 7) respects (p == ¢’ :: 0) [PRUIF]
[;A | [b] * ¢ U =[b] x ¢ = (if b then e, else e, ::4 7) respects (p == ¢’ :: 0)
T+ Ix:oA|=d = (e = respects (p == e
Q¢ o;A = ¢ = (¢’ 4 T) respects (p o) [PRLET]

A = flx — e] = (letx = eine’ iy 7) respects (p == e :: 0)

I'tg ¢ Ix:0;A |F ¢ = (e iy T) respects (p == ¢ :: 0)

PR-LETREC
A |= ¢[x > e] = (letrec x = ein e’ ;4 7) respects (p == e :: 0) ! ]

Polymorphic Quotient Respectfulness I'lE ¢ = (e 4 o) respects (Q :: 0’)

rzoy€el I'toyCo,

PR-QVAR
I'lE 0= (e :q 01) respects (r :: o) [PR-Q ]
I'to i [0 |= ¢; = (e :q o) respects (g; :: 7) Vie{l,...,n}

T U ¢i = (e g 0) respects ({&; | i € {1,....n} } = 0 [PR-QUOT]
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