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Abstract

The online bin packing problem is a well-known optimization challenge that
finds application in a wide range of real-world scenarios. In the paper, we pro-
pose a novel algorithm called FuzzyPatternPack(FPP), which leverages fuzzy
inference and pattern-based predictions of the distribution of item sizes in on-
line bin packing. In comparison to traditional heuristics like BestFit(BF) and
FirstFit(FF), as well as the more recent PatternPack(PaP) and ProfilePack-
ing(PrP) algorithm based on online predictions, FPP demonstrates competitive
and superior performance in solving various benchmark problems. Particularly,
it excels in addressing problems with evolving distributions, making it a promis-
ing solution for real-world applications where the item sizes may change over
time. This research unveils the promising potential of employing fuzzy logic to
effectively address uncertainty in scheduling and planning problems.

Keywords: Online Bin Packing, Planning under Uncertainty, Learning for
Planning and Scheduling, Fuzzy Logic, Pattern-Based Planning

1. Introduction

The bin packing problem (BPP) is a classic combinatorial optimization prob-
lem heavily studied in computer science, operations research, and logistics. Its
real-world applications involve optimizing the utilization of limited resources in
various domains such as transportation (An et al., 2021), scheduling (Su et al.,
2021), manufacturing (Arbib et al., 2021), storage (Spencer et al., 2019), and
networking (Beloglazov & Buyya, 2010).
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A one-dimensional BPP aims to use the minimum number of bins of identical
size to pack a set of items of different sizes. In its offline version, the sizes of
the items are given prior to the packing. Let C' denote the capacity of the bins
to be used. The problem is to pack all the items into the fewest number of bins
with the same capacity. There are N different sizes of items, and each size i has
a quantity ¢; and a size s;. Let y; be a binary variable to indicate whether bin
J is used in a solution (y; = 1) or not (y; = 0). Let z;; be the number of times
item type ¢ is packed in bin j. The problem can be formulated as follows:

minimize Zgzl Yj (1)
subject to: Z;J:l Tij = G fori=1,---,N (2)
Zi]\:ll §iT;j < Cyj forj=1,--- U (3)

where U is the maximal number of possible bins available to use.

In this work, we focus on the online version of this problem, where the items
are revealed one by one, and each item must be packed into a bin immediately
upon its arrival, without knowing the future sizes of items or even the total
number of items.

As simple heuristics, classical online BPP algorithms do not rely on infor-
mation other than the current items and bins (Coffman et al., 2013). Any-Fit
algorithms make decisions based on simple rules. Harmonic-based algorithms
divide items into different groups and adopt a technique to reserve capacity for
specific types of items during packing. Conventionally, the worst-case perfor-
mance would be analyzed for comparison, usually by evaluating the competitive
ratio. The competitive ratio of an online algorithm is defined as the worst-case
ratio of its cost divided by the optimal cost, over all possible inputs. It is a
number not less than 1. A lower competitive ratio means higher worst-case
performance.

While effective in certain scenarios, these methods, which are assessed by
worst-case performance, may not fully capitalize on valuable insights that could
be derived from the regular distributions observed in real-world input item se-
quences. With the emergence of learning augmented algorithms (LAA), many
new online algorithms have been developed. Non-traditionally, these algorithms
leverage predictive analytics based on historical data, allowing for more informed
decisions, under uncertain environment. Wei & Zhang (2020) reveals that the
trade-off between consistency and robustness are intrinsic in the design of LA As.

There has been many recent research exploring different online algorithms
with prediction. Studied online problems include: rent-or-buy (Drygala et al.,
2023; Bhattacharya & Das, 2022; Antoniadis et al., 2021), set covering (Zeynali
et al., 2021; Bamas et al., 2020; Xu & Zhang, 2022), scheduling (Lindermayr
& Megow, 2022; Bampis et al., 2022a; Angelopoulos & Kamali, 2021), routing
(Gouleakis et al., 2023; Kodialam & Lakshman, 2021; Bampis et al., 2022b),
network design (Jiang et al., 2021; Almanza et al., 2021), packing (Im et al.,
2021), etc. LAA opens up promising possibilities for online BPP algorithms.

Recently, two online BPP algorithms have been developed incorporating
the idea of prediction. Both of them also utilize a practically stable Any-Fit



heuristic as a fallback option for unpredicted items. Angelopoulos et al. (2021,
2022) developed ProfilePacking (PrP) catering discrete item sizes. It generates
an offline solution according to a prediction and then packs online items into
placeholders in the offline solution. Although it performs better than classical
heuristics under fixed distribution and foreknown prediction, there is a lack
of promising experimental results of the robustness under varying distribution
and adaptive prediction. The authors admit the need for a more sophisticated
mechanism for better adaptability.

Proposed by Lin et al. (2022), PatternPack(PaP) adopts a trivial predic-
tion mechanism based on historical items. Designed to tackle continuous input,
it discretizes item sizes into types, and forms bin patterns as a combination
of different types of items. Based on historical data, it regularly generates
plans constructively, to guide online packing adaptively. Its experimentation
shows advantages when dealing with some distributions without prior knowl-
edge. However, the discretization and planning mechanism is designed conser-
vatively to avoid bin overflow, which can lead to excessive wasted space in the
solution and lowered consistency. Also, the performance of the algorithm largely
depends on the chosen parameters. A more flexible mechanism may be needed
to reduce waste in patterns and suit more input distributions.

Fuzzy logic is a form of logic that can mimic human decision-making and
handle ambiguity. The basic idea is to use fuzzy sets to represent the truth
values of statements. A fuzzy set is a set that has a membership function that
assigns a degree of membership to each element in the universe of discourse. The
degree of membership can range from 0 to 1, where 0 means the element does
not belong to the set at all, and 1 means the element fully belongs to the set.
For example, a fuzzy set of empty bins might assign a degree of membership of
0.8 to a bin with 5% space occupied, and a degree of membership of 0.4 to a bin
with 15% space occupied. Compared to Boolean logic used in all the algorithms
above, fuzzy logic has better flexibility and capability to capture and process
vital statistical data during the handling of uncertain input.

As a branch of computational intelligence, fuzzy logic has been applied to
optimization problems from various aspects. On the one hand, it can leverage
expert knowledge and experience. For instance, Cuevas et al. (2020) proposed a
directed search strategy, as part of a meta-heuristic, based on a Takagi-Sugeno
Fuzzy inference system of expert human knowledge. On the other hand, it can
better model or handle problems under uncertainty. For example, Hernandez
et al. (2019) developed a fuzzy logic classifier for an offline 3-D BPP derived
from the application in package delivery companies. Drakulié¢ et al. (2021) in-
corporated fuzzy logic in algorithm design for covering location problems with
probabilistic uncertainty involved. Moreover, Pardalos et al. (2013) modeled a
list of combinatorial problems under the fuzzy setting.

In this paper, we introduce a new algorithm called FuzzyPatternPack (FPP),
which directly extracts patterns from an offline solution and adopts a fuzzy
classification system to perform the bin selection process. Experiments are
performed to compare its performance with PaP, PrP and its variants, as well
as some classical heuristics. The contributions of this study are twofold:



- Our study introduces an innovative approach to online bin packing prob-
lems by drawing inspiration from the impact of prior knowledge on performance.
By extracting valuable insights from historical data, the proposed algorithm in-
corporates patterns to approximate optimal solutions. The integration of fuzzy
logic adds a dynamic assessment of bin fitness. This combination of histori-
cal data and fuzzy logic represents a novel advancement in tackling online bin
packing problems.

- Our study demonstrates the significant contributions of the proposed al-
gorithm through a comprehensive comparison with existing methods, including
PaP, PrP and classical heuristics. The experimental results exhibit the algo-
rithm’s superiority, particularly in handling uncertainties inherent in real-world
online bin packing scenarios. Notably, the algorithm’s capability in adapting to
changing distributions, whether due to unpredictably arriving items or evolv-
ing sizes, is state-of-the-art, which signifies its potential to address dynamic
real-time challenges effectively.

2. Background

2.1. Online Bin Packing Problem

Online bin packing problem has a long history of study. BestFit(BF), First-
Fit(FF) and Harmonicy algorithm are three heuristic algorithms for online bin
packing problems. As members of the Any-Fit family, the BF and FF are simple
and intuitive algorithms that do not open new bin until the item cannot be
packed into any existing bin. They pack each item into the first bin that has
enough space for it, either in the order of arrival or in the order of decreasing
free space. Based on the idea of bounded-space algorithms (Johnson, 1973)
and reservation technique (Yao, 1980), Harmonicy algorithm was presented. It
is a more sophisticated algorithm that classifies the items into k& classes based
on their sizes and assigns each class to a dedicated set of bins. The algorithm
assigns each class, which contains items with sizes in interval (ﬁ, %], to a ded-
icated set of bins, so that each bin can only contain items from one class. This
approach effectively guaranteed a better worst-case performance to Any-Fit.
Numerous modified versions of Harmonicy have been developed (Lee & Lee,
1985; Ramanan et al., 1989; Richey, 1991; Seiden, 2002). Table 2.1 lists some
key algorithms in a roughly chronological order, with their features, adopted
techniques, input requirements, and competitive ratios.

Without prediction, for any online bin packing algorithm, the competitive
ratio is proven to be no lower than 1.54278 (Balogh et al., 2021). It is proved that
the competitive ratio of FF and BF is 1.7 (Johnson et al., 1974). For the Harmonic
family, the most recent algorithm Advanced-Harmonic obtained a competitive
ratio of 1.58 (Balogh et al., 2021). Note that better worst-case performance
does not lead to better average performance. According to Angelopoulos et al.
(2022), simple heuristics such as FF and BF achieve near-optimal performance
for uniformly distributed input of (Coffman et al., 1996) and often surpass, in
practice, many online algorithms with better competitive ratios (Kamali &
Lépez-Ortiz, 2015).
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Many variants of online BPP have also been extensively researched to re-
flect different aspect of real-world applications. Table 2.1 shows some popular
variants. Some variants have also been being studied under offline or multi-
dimensional settings. We refer readers to (Christensen et al., 2017; Ali et al.,
2022; Coffman et al., 2013) for detailed history, formal definitions and research
progress in online BPP-related problems. Researchers have also explored stud-
ies that combine features from multiple variants to create a more accurate and
realistic model tailored for specific application scenarios.

Recently, many data-driven BPP algorithms have been developed with focus
on adapting uncertain environment and evaluated by practical experimentation.
Tu et al. (2023) developed a deep reinforcement learning (DRL) hyper-heuristic
for two online packing problems, where feature fusion is employed to better
characterize uncertain environments. Que et al. (2023) proposed a Transformer
model, trained by DRL, to solve 3D packing problem. There are also attempts
to automatically create algorithms. For example, Asta et al. (2016) proposed a
framework to create heuristics via many parameters with a Genetic Algorithm
optimiser. Furthermore, new algorithms have been created for a broader range
of cutting and packing problems. Sato et al. (2023) developed a a separation
and compaction algorithm for the two-open dimension nesting problem. Neuen-
feldt Junior et al. (2019) designed a data mining based framework to assess
solution quality for the rectangular 2D strip-packing problem.

Packing-related algorithms have been increasingly used to solve more com-
plex and practical production problems. Other than examples mentioned in
Introduction, Li et al. (2022) proposed a container loading algorithm with the
integration of a heuristic packing algorithm. Bartmeyer et al. (2022) developed
an expert system for texitile industry, to quickly generate alternative layouts for
cutting irregular pieces from raw materials, while avoiding defective areas. Abo-
hamama & Hamouda (2020) designed a hybrid energy—Aware virtual machine
placement algorithm for cloud environments, where the formulation of variable
sized bin packing problem was adopted. Al-Moalmi et al. (2021) addressed the
container placement problem in data centers, considering the placement as vec-
tor bin-packing problem. Luo & Rao (2023) developed a heuristic to tackle
a special knapsack packing problem arising from aircraft management on the
carrier.

2.2. Ewisting Algorithms with Prediction

As explained above, most online BPP algorithms were developed with the
aim for better worst-case performance. However, two recent algorithms - PrP
and PaP - utilize predictions to improve performance in online packing while
also preserve an Any-Fit heuristic as a robust fallback option.

2.2.1. ProfilePacking

Proposed in (Angelopoulos et al., 2022), PrP algorithm utilizes predictions
on the frequency of item sizes. This algorithm employs a profile set as an
approximation of the expected input and packs items according to the optimal
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packing of this profile set. In other words, it treats each item in the optimal
solution as a placeholder for incoming items of the same size. Before packing,
PrP requires a prediction, which is also called the prefix. The prefix consists
of a collection of item sizes and is packed by an offline algorithm. The offline
solution is treated as a profile group, which will be filled according to the type
of each incoming item.

The algorithm is claimed to have optimal consistency, meaning that it per-
forms best when the predictions are error-free, and near-optimal robustness,
meaning that its performance degrades slowly as the prediction error increases.
The reported competitive ratio of PrP is 1+ (2 + 5¢)nC + €, where € is any fixed
constant less than 0.2, n represents the prediction error.

Two variants are proposed in (Angelopoulos et al., 2021). The Hybrid(\)
variant integrates the classical FF with a parameter X € [0,1]. The value of A
defines the portion of items handled by PaP. For instance, when A = 0.5, each
of the two algorithms would handle half of the incoming items. This approach
is tested and found to have higher robustness compared to PrP. Here we use
PrP()\) to represent both original and Hybrid(\), as Hybrid(1) is identical to
PrP. The other variant is called Adaptive(w), and it is designed from a more
practical perspective. Instead of relying on a pre-known distribution “prefix”, it
replaces it with a dynamically updating prediction based on a “Sliding Window”
approach. This involves considering a w of most recently received items to make
predictions.

The practical experiments on benchmarks show that PrP, along with its vari-
ants, has advantages compared to classical heuristics. However, the placeholder-
based mechanism can only handle items that have appeared in the profile. If
an incoming item is of a size not appeared in the prediction, called “special
items,” it would be packed by FF as a fallback option. In their work, all the
tests were done under a discrete setting where the input item sizes are integers
in the range (0,102?]. Nevertheless, if sizes of items are in a much wider range,
such as (0,10%], it would be very likely to have many more “special items” that
are forcibly packed by FF, resulting in degrading performance. For time effi-
ciency and simplified implementation, they adopt FirstFit Decreasing(FFD)
to generate profile groups, instead of an exact algorithm.

2.2.2. PatternPack

PaP, proposed by Lin et al. (2022), also utilizes the idea of prediction and
proposes a mechanism that could overcome the “special item” problem. The
bin capacity C is divided into N, sections. Items are categorized based on the
section they belong to. An S; item is any item with size ranging from (JN;l, NL],
where j € [1,N]. A pattern is made up of one or more types of items. The
algorithm would attempt to generate N, patterns beforehand with a constraint
that the maximum size of all items capped at C, starting from {Sy_}. For
example, if Ny =4 and N, =4, we could form a list of pattern: {Ss}, {S1,Ss},
{Sq, 52}, {S1,51,52}.

During the packing process, the input items are recorded regularly into a
sample, which is a collection of the at most N, recently received items. The



sample is treated as a prediction and would be cleared when a plan is generated.
A plan will be generated when the number of items in the sample reaches N,,.
During planning, each pat tern would be assigned a quota to determine how
many times the pattern should be used in the next N, items.

If a pattern consists of ¢ items, the waste after fully packed would be ¢ x NQ in

the worst case. This leads to an approximation ratio of Nﬁjﬁc. When Ng =17
and ¢t < 3 for all patterns applied, for example, the approximation ratio for
pattern-based packing is % = 1.214286 given accurate prediction of the item
distribution.

During the packing, there are two groups of bins - pattern bins and BestFit
bins. For each pattern, N; queues are constructed for bins waiting for different
item types. Opened pattern bins would be waiting in queues until fully packed
according to the corresponding patterns. First, for each item, the algorithm
attempts to find a pattern bin that is waiting for this item, in the order of
patterns. If no pattern bin matches, the algorithm tries to match a pattern
by reviewing the pattern list sequentially. A pattern is matched only when it
contains this item type. A pattern is available only when it still has a quota. If
a pattern is matched and available, a new pattern bin would be opened and used
for packing. If no pattern is matched or available, the items would be packed by
BF and inserted into the BF bin collection. In this way, items are grouped into
limited categories, so unseen items could be packed according to similar items
in the prediction.

This algorithm was evaluated with n = 10° and C = 10*, to imitate continu-
ous input. Higher performance was observed on middle-sized item distributions,
compared to BF, under a certain configuration. However, this algorithm has sev-
eral drawbacks. Firstly, the patterns generated come with wasted space. The
more items in a pattern, the more wasted space could occur. Although the pri-
ority of patterns has been considered during pattern generation, some pattern
bins still have higher wasted space compared to BF. Secondly, the number of au-
tomatically generated patterns grows exponentially as Ny increases. This means
that using large N, is computationally unavailable. Additionally, although this
algorithm has been designed to adapt to different input distributions, it is dif-
ficult to find appropriate parameters - Ng, N, and IV, - to obtain reasonable
performance across a wide range of distributions.

3. Our Proposed Method

FPP improves PaP in pattern generation and bin selection. Algorithm 1 shows
the general framework of our proposed approach, which are mostly inherited
from PaP. Initially, when an item is received, it is packed into a bin by BF with
its size recorded into the sample. After the sample size reaches N,, a new
pattern list and plan would be generated based on the sample. Recall that a
pattern is a combination of different types of items; each pattern has a quota to
limit usage; a plan is a list of quotas for all extracted patterns. For the next IV,
items, they would guide the packing. There are two parameters: sample size



Algorithm 1 Pattern-based Online Bin Packing Algorithm with Fuzzy Logic Bin
Selector
1: function MAIN

2: initialize the item recorder sample > max size Ny
3 initialize pattern list patterns > Ns x ny, of integers
4 initialize pattern plan plan > n, of integers
5 initialize bin waiting list [ > N x np of multi-sets
6: initialize avg. item sizes pSizes > N x n, of integers
7 initialize a collection of Best-Fit bins B,
8 while there is unpacked item do > fetch next item from input
9: counter < counter + 1
10: PusH(sample, item) > record item
11: PACK(plan, patterns, By, l,item,...)
12: if S1zE(sample) = N, then
13: plan, patterns, pSizes < UPDATE(sample)
14: push bins in [ into By > pattern bins turn to BF bin
15: clear sample and [

N, and number of sections N,. N, is not needed for configuration, as we have
a variable number of patterns n,,.

The key data-structures are as follows: sample is a vector of maximum
length N,. sample; represents the size of the i-th recorded item. Pattern list
patterns is a matrix with width of N, and dynamic row count n,. patterns;
is the i-th pattern; patterns;; is the number of type-j item in the i-th pattern.
plan is an vector of length n,,. plan; refers to the quota of i-th pattern, i.e., how
many times the pattern could be applied to bins. Bin waiting list [ is a matrix
of multi-sets, with width Ny and dynamic row count n,,. l;; is a multiset of bins
following i-th pattern, waiting for type-j items. The multiplicity of a bin in the
multi-set indicates how many items of this type it is waiting for. To calculate
patterns and plan, instead of having a computer-generated pattern list with a
maximum size of each pattern strictly equal to C, the new algorithm adopts
an offline algorithm to work out an optimal solution, from which patterns are
extracted. In this way, the pattern list and plan could be seen as a generalized
form of the optimal solution, guiding the following packing towards optimal.
Algorithm 2 describes the planning process. The bins in optimal solution are
grouped based on the type of items they contain. Each group of bins creates
a pattern. For each pattern, the frequency of bins would be the quota of the
pattern. Also, the average size of each item type of each pattern is logged
to aid future decision-making. The extracted patterns have a possibility to
cause bin overflow. For example, an offline solution may contain {0.48,0.51}
and {0.47,0.52}; under C' = 1 and N, = 4, they belong to pattern {Ss,Ss3}.
The pattern requires a space of 1.25 at most, which is greater than C. Trivial
approaches, such as placing the pattern bins in queues, may produce invalid
results.

To resolve the possibility of bin overflow, a selection mechanism is designed
in the packing process (Algorithm 3). Instead of placing opened pattern bins

10



Algorithm 2 Pattern Plan Update

1: function UPDATE(sample)

2 OPT « an optimal solution of sample
3 initialize plan

4: initialize patterns

5: initialize pSizes

6 for each bin b in OPT do

7
8

9

initialize cur Pattern > N of integers
for each item in b do > identify pattern of b
: s « CEIL(item/C[N5) > round-up
10: curPatterns < curPatterns + 1
11: curSizess < curSizess + item
12: i < FINDMATCH(cur Pattern, patterns)
13: if 7 is found then > pattern already identified
14: plan; < plan; + 1
15: else > new pattern identified
16: PusH(patterns, cur Pattern)
17: PusH(plan, 1)
18: i < index of the last element in patterns
19: for j < 1 to Ns; do > accumulate item sizes
20: pSizes;j < —pSizes;; + curSizes;
21: for i < 1 to S1zE(patterns) do
22: for j < 1 to Ns do > calculate avg. size
23: pSizes;; < —pSizes;[plan;

return plan, patterns, pSizes

in waiting queues, multi-sets (lists) are used to store bins of a specific pattern,
which wait for a specific type of item. Note that duplication is allowed as a
pattern may contain several items of the same type. Random access is also not
required. For an incoming item, a bin is a potential bin if it is a pattern bin wait-
ing for the item or a BestFit bin with sufficient space. We also virtually create
empty pattern bins or BestFit bins. All potential bins with sufficient remaining
space would be gathered for selection, based on a fitness value, generated with
a Mamdani fuzzy classification system.

Fitness levels are the defuzzified output of a fuzzy classification process. This
process classifies each bin into two categories - ‘low’ fitness and ‘high’ fitness. It
is based on four input variables (Table 3), of which the membership functions
are manually tuned (Figure 1). The datasets used in tuning is different to the
ones used in this paper for evaluation. This process involves three parallel sets of
rules, aiming to classify three categories of bins: BestFit bins, existing pattern
bins, and new pattern bins.

Table 4 shows the rule sets for the fuzzy classification process. For BestFit
bins, the rules are made very similar to the original BF algorithms. The bin
with the lowest remaining capacity would gain the highest fitness level. For
existing pattern bins, the goal is to maximize similarity to the optimal solution.
We only consider “diff. after packing”. For new pattern bins, three factors
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Algorithm 3 Pack Item

1
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

s < CEIL(item/C/N5)
B < FINDALLPOTENTIALBINS(By, [, item)
initialize fitness with S1ZE(B)

for i < 1 to S1zE(B) do

fitness; <« CALCFITNESS(B;,item, ...

: function PACK(&plan, patterns, & By, 1, item, ...)

)

target Bin < the bin with the highest fitness value
if targetBin is a BestFit bin then
PACKIN(target Bin, item)
if targetBin is a new bin then

PusH(By, target Bin)

else

PACKIN(target Bin, item)
plany, < plan, -1

p < GETPID(targetBin)

> pattern index

if targetBin is a new bin then
for 1 < 1 to Ns; do
for j < 1 to patternsp; do

PusH(ls;, &targetBin)

s « CEIL(item/C[N5)
ERASE(lps, target Bin)
if targetBin has been packed to full then

PUSH( By, target Bin)

> to wait in [

Figure 1 Membership Functions of Fuzzy Variables.
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should be considered. The remaining quota is a general pattern-wise guidance.
The “diff. after packing” ensures the item could form a similar bin to optimal.
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Table 3 Input Fuzzy Variables, where X,, s, is a collection of average sizes of
items of pattern p; and section s; from the optimal solution, I is the collection
of all items in b after the current item is packed, py is the pattern followed by b,
s; is the section index of this item, b is the current bin under fuzzy assessment.

Fuzzy Definition
Variable

Waste After C-Xicr, 1, the wasted space after the
Packing item is packed into the bin b.

Diff. After Xier,|i — Xp,,s;|, the difference be-
Packing tween b and the optimal bins from
which py is extracted, after packed.

Remaining Remaining quota of py.

Quota

Expected The average waste of the extracted
Waste optimal bins of this pattern bin.

The expected waste evaluates the quality of the pattern: if a pattern leads to a
higher waste than BF, it should not be used.
The fitness level would be defuzzified by the Centroid method:

. [ pe(z)-zdz

[ e

where C is the fuzzy set, z is a member of the fuzzy set, pe(z) is the membership
degree of z.

Due to BPP’s NP-Hard nature and time-intensive exact solution search, it is
impractical to call an exact solver frequently in exhaustive tests. Similar to PrP,
which uses FF for online fallback and FFD for offline solutions in implementation,
we adopt BestFit Decreasing(BFD) solutions to approximate optimal.

(2)dz

4. Datasets

In this section, we would describe the datasets we used in the problem in-
stance generation. Overall 10 problem instances are generated. The first 4 are
locally generated, based on the distribution configuration taken from (Lin et al.,
2022); the others follows the adoption of (Angelopoulos et al., 2022, 2021). For
the experiments, we compare our novel algorithm with PaP and PrP separately,
with 10 input sequences.

4.1. Instance 1 to 4

Datasets 1 to 4 were used by Lin et al. (2022) to demonstrate the performance
of PaP with continuous input item size over fixed distribution. They are regular
distributions generated with standard library functions in C++. Since PrP is
designed for discrete problem input, we would not test them on these datasets.
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Table 4 Fuzzy rule matrix (fuzzy associative matrix) for evaluating different
type of bins. (a) is the rules for BestFit bins, with 1 input. (b) is the rules for
existing pattern bins, with 1 input. (c) is the rules for new pattern bins, with
3 inputs. L, M, and H represent low, medium, and high, respectively.

(a)
Waste After Packing (©)
L H ¢
H L Waste After Packing
L H
Diff. Diff.
(b) L
Diff. After Packing Remain. L M L L L
L H Quota H H M L L
H L

(Lin et al., 2022) created four problem instances for algorithm evaluation.
These problems are based on uniform distribution and triangular distribution.
The bin capacity is 10*, the number of items is set to 10°. The problem instance
is created by C++ standard library functions mt19937 and piecewise_linear -
distribution. The configurations are detailed in Table 5.

Table 5 Specification for Instance 1-4.

ip Distribution Parameters(x10%)
Type Min Mode Max Seed

1 Uniform 3.0 N/A 6.0 1

2 Triangular 3.0 4.5 6.0 0

3 Uniform 20 N/A 6.0 1

4 Triangular 2.0 4.0 6.0 0

4.2. Instance 5 to 10

Datasets 5 to 10 were previously adopted by Angelopoulos et al. (2021, 2022)
to assess the performance of PrP under discrete input.

4.2.1. Benchmarks

These instances are based on two types of benchmarks. The first type
(Dataset 5) is based on the Weibull distribution, and was first studied by
Castifieiras et al. (2012) as a model of several real-world applications of bin
packing, e.g., the 2012 ROADEF/EURO Challenge on a data center problem
provided by Google and several examination timetabling problems. The Weibull
distribution is specified by two parameters: the shape parameter sh and the
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scale parameter sc (with sh,sc> 0 ). The shape parameter defines the spread of
item sizes: lower values indicate greater skew towards smaller items. The scale
parameter, informally, has the effect of stretching out the probability density.
In our experiments, we chose sh € [1.0,4.0]. This is because values outside this
range result in trivial sequences with items that are generally too small (hence
easy to pack) or too large (for which any online algorithm tends to open a new
bin). The scale parameter is not critical, since we scale items to the bin capacity;
we thus set sc = 1000, in accordance with (Castifieiras et al., 2012).

The second type of benchmarks (Dateset 6-10) is from the BPPLIB Bin
Packing Library (Delorme et al., 2018). This is a collection of bin packing
benchmarks used in various works on (offline) algorithms for bin packing. We
report experimental results for different benchmarks of the BPPLIB Bin Pack-
ing Library, in particular the benchmarks “GI”(Gschwind & Irnich, 2016),
“Schwerin” (Schwerin & Wéscher, 1997), “Randomly_Generated” (Delorme et al.,
2016), “Schoenfield Hard28” and “Wiascher” (Wascher & Gau, 1996). Each
benchmark consists of multiple problem instances for offline BPP.

4.2.2. Input generation

The problem generator (Kamali, 2021) converts the offline problems above
into online input sequences consisting of 10° item with bin capacity 100. It is
because these datasets could not be directly used without shuffling and nor-
malizing n and C in advance. It scale down each item to the closest integer
in [1,100]. Their choice is relevant for applications such as Virtual Machine
placement. We generate two classes of input sequences.

Sequences from a fixed distribution. For Weibull benchmarks, the input
sequence consists of items generated independently and uniformly at random,
for the shape parameter set to sh = 3.0. For BPPLIB benchmarks, each item
is chosen uniformly and independently at random from the item sizes in one of
the benchmark files; this file is also chosen uniformly at random.

Sequences from an evolving distribution. Here, the distribution of the
input sequence changes every 50000 items. Namely, the input sequence is the
concatenation of 10°/50000 subsequences. For Weibull benchmarks, each subse-
quence is a Weibull distribution, whose shape parameter is chosen uniformly at
random from [1.0,4.0]. For BPPLIB benchmarks, each subsequence is generated
by choosing a file uniformly at random, then generating 50000 items uniformly
at random from that specific file.

5. Experimental Results

5.1. Comparison to PatternPack

In this experiment, our objective is to uncover enhancements in both per-
formance and insensitivity to parameters, compared to the initial pattern-based
online BPP algorithm PaP, under continuous item sizes. The overall perfor-
mance of the algorithm on numerous parameter settings would be evaluated by
comparing the average and standard deviation on the bin usage as well as the
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comparison to BF and BFD. We will also observe whether there exists a set of
parameters that works stably across different test cases.

During the experiment, we employ iterative assessments across all possible
settings of Ny and IV, for the PaP algorithm. These evaluations are conducted
on the same benchmark configurations as that detailed in (Lin et al., 2022),
including n = 10°, N = 250, and C' = 10*. The range for N, spans from 10
to 45. We have excluded tests with N, values below 10 due to the consider-
ably reduced performance of PaP in such scenarios. Additionally, tests with N
values surpassing 45 have been omitted to mitigate the exponential growth of
computer-generated patterns. When N > 45, the potential generation of over
10° patterns could lead to impractical computational demands. For the same
reason, the scope for NV, encompasses values between 20 and 2'7 logarithmi-
cally. Note that FPP does not suffer from such computational difficulty as it
only extracts patterns appeared in offline solutions.

The results indicate a significant advantage with FPP. Finding an adaptable
configuration is easier compared to PaP. Table 6 summarizes the results statis-
tically, across all tested configurations. The performance and stability of FPP
largely outperformed PaP, as indicated by lower average and standard deviation
of bin usage for each case. All FPP configurations surpassed BF. In contrast, PaP
displayed lower and more erratic performance. For instances (1)-(3), it produced
moderate results, with most configurations better than BF. Many configurations
equaled BF, while some did worse. However, for instance (4), the trend reversed,
with a large portion of configurations exhibiting worse performance versus BF.

Figure 2 depicts three-dimensional response surfaces for the two algorithms
across various parameter combinations on the different test cases. It further
reveals the superior performance and the insensitivity to parameters of the new
algorithm. Concerning PaP, higher values of N, and NN, generally correlated
with enhanced performance over BF; however, exceptions exist, as evidenced in
problem (4), where elevated settings led to unsatisfactory results, even under-
performing BF. Therefore, PaP is noticeably sensitive to parameters. A single

Table 6 Statistic Comparison of Bin Usage of PaP and FPP Across Various
Configurations and Test Cases. N, = 250,n = 10° and C = 10*.

Evaluation Test Case
Alg. . Average
on Bin Usage (1) (2) (3) (4)
FPP Average 47513 49502 41431 42821 45317
(36 Std. Dev. 91 53 82 97 81
confs)  Surpassing BF 36 36 36 36 36(100%)
Average 48760 47308 45857 44406 46583
PaP Std. Dev. 696 125 639 477 484
(1224  Surpassing BF 671 695 616 154 534(44%)
confs) Equivalent to BF 469 479 469 480  474(39%)
Inferior to BF 84 50 139 590 216(18%)
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Figure 2 Bin Usage Comparison Between PaP and FPP, over 4 Test Cases.
Results of PaP are plotted as a function of NV, and N;, results of FPP as a
function of N, results of BF and BFD as constants. N, = 250,n = 10° and
C =10% The closer the bin usage to BFD, the better.

(1) ()

= - - =

-

Bin Usage

[PaP [ BF [ JFPP @@BFD

parameter set may not adapt effectively to a wide array of distributions. On the
contrary, FPP consistently surpassed BF across all parameter settings. FPP also
exhibits diminished sensitivity to fluctuations in N, as its results maintained
modest variability with varying Ny values. It aligned its results more closely
with the offline BFD outcomes, even occasionally surpassing BFD, as observed in
the result of problem (4) of Figure 2.

5.2. Comparison to ProfilePacking

In the experiment, we compare the performance of PrP and FPP both under
fixed distribution and evolving distribution, over discrete input. Since the raw
algorithm output - bin usage - has a wide range for different test cases, for
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evaluation, we adopt “performance gap”, which is the difference of bin usage to
an offline baseline algorithm. The gap is assessed in both relative and absolute
manner. The closer the performance gap is to 0, the better. We use FFD as the
baseline, following (Angelopoulos et al., 2022), with problem settings: n = 10°
and C =102

5.2.1. Fixed distributions

These tests are conducted under an ideal setting, where the distribution
is stable. The result could illustrate the difference in consistency, i.e. the
performance under accurate prediction, between both algorithms.

Two algorithms are tested with various configurations. On the PrP side, the
setting is identical to their paper. Both original algorithm and its Hybrid ()
are tested with A = {0.5,0.75,1.0}. The prediction is generated by randomly
selecting items from the input sequence, prior to packing. The most accurate
prediction (least error) are taken for comparison. On the FPP side, we tested
N, = {50,100}. We use FPP(N,) to denote FPP with different N;. We set
N, = 10%, to enable regular pattern extraction from the historical data. Note
that, the prediction is solely based on the previously packed items without prior
knowledge, i.e. the first 10* items are packed by BF.

Table 7 displays the performance gap in the bin usage between the algorithms
and FFD. It could be seen that, among all benchmarks, no matter which chosen
configuration, PrP and FPP always performed better compared to BF. Generally,
the PrP and FPP is similar: both of them obtained the highest results in half
of the test cases. FPP(100) achieved the lowest gap in half of the test cases,
followed by the prediction-reliant PrP(1.0). The variability in the gap range
across test cases is likely attributable to differences in item size distribution for
each case.

Figure 3 shows the results as ratio differences in bin usage to FFD on each

Table 7 Performance Gap Comparison for Discrete Input under Fixed Distribu-
tions Among Different Algorithms. The performance gap is the bin usage more
than FFD. PrP is tested with A = {0.5,0.75,1.0}. FPP is tested with N = {50,100}
and N, = 10%. A lower gap indicates better performance.

Absolute Performance Gap to FFD (x10%, Bin Usage)

Algorithm
Weibull GI Schwerin Rand. Hard28 Wascher

FFD 0.0 0.0 0.0 0.0 0.0 0.0
FF 129.0 116.1 164.8 144.3 103.4 35.4
BF 126.1 99.2 164.8 124.9 96.4 34.3
PrP(0.5) 77.1 67.5 127.3 82.2 70.3 26.8
PrP(0.75) 50.2 44.0 120.4 51.4 54.3 22.2
PrP(1.0) 23.6 58.9 102.6 57.3 63.8 29.4
FPP(100) 33.6 36.4 115.6 45.0 41.3 25.3
FPP (50) 50.9 36.4 120.3 87.6 68.1 31.1
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Figure 3 Performance Gap Comparison for Discrete Input under Fixed Dis-
tributions Among Different Algorithms. The gap is the ratio of the difference
to FFD in bin usage. PrP is tested with A = {0.5,0.75,1.0}. FPP is tested with
N, = {50,100} and N, = 10%. The closer the gap is to 0, the better.
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problem. Among the three PrP configurations, PrP(0.75) reached the best
performance in a majority of problem instances. However, for Weibull and
Schwerin, the most difficult ones for classical heuristics, the original PrP(1.0)
achieved the highest performance. One possible reason is that, while gaining
robustness from classical heuristics, the performance is partly tied to FF, and
sacrifices some consistency.

As FPP integrates the classical algorithm BF, a connection to traditional
heuristics is also evident, albeit to a lesser extent. Notably, in cases like the
Schwerin benchmarks, FPP fell short in competing against PrP(1.0), which
heavily relies on predictions. However, it exhibited superior performance com-
pared to PrP(0.5) and PrP(0.75), which rely more on FF in packing. This
can be attributed to its more advanced bin selection process. Between 2 FPP
configurations, FPP(100) produced better or equal performance in all instances,
compared to FPP(50). It may be due to the discrete problem setting, where
item sizes are small integers. For a low C' value, such as 102, FPP could achieve
good performance without loosening the offline solution.

5.2.2. Evolving distributions

We also test algorithms’ adaptability and robustness using dynamic distri-
butions that evolve regularly, approximating real-world conditions. The non-
stationary distribution enabled comparison of each method’s capability to adjust
predictions and maintain performance when the historical data is inaccurate to
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Figure 4 Performance Gap Comparison for Discrete Input under Evolving
Distributions Among Different Algorithms. The performance gap is the ratio of
the difference to FFD in bin usage. w = N, = 10100. The closer the gap is to 0,
the better.
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represent future conditions.

We first compare the performance of both algorithms over different instances.
As w and N, both define the size of prediction, we use them interchangeably
in this section. They are both set to 10100, where both algorithms have rea-
sonable performance. Then, we compare the performance of both algorithms as
functions of IV,,, under different test cases. 100 different values of IV,, are tested,
equidistant in [100,100100]. Here we report the results of evolving Hard28
distribution, which shows the most typical trends.

Figure 4 shows the result of the experiment under evolving distributions, as
a better imitation of real-world problem input. It could be seen that, for the two
algorithms with prediction, the performance advantage over BF was significantly
reduced, or even eliminated. For the Wascher instance, BF even had better
performance than both of the two algorithms. As BF is a practically robust
algorithm, a possible explanation for the above changes is that the prediction
accuracy affects the robustness of the two algorithms. When the prediction is
not sufficiently accurate, the performance of both algorithms degrades, in some
cases, very severely. Additionally, FPP obtained better results, compared to PrP,
in a majority of instances (5 out of 6). As both algorithms packs according to the
optimal solution of historical data, the pattern extraction and fuzzy bin selection
mechanism have better performance in tackling degraded prediction accuracy,
compared to trivially converting items in the offline solution into placeholders.

Figure 5 shows the comparison of two algorithms as the IV, increases. We
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Figure 5 Bin Usage of PrP(Adaptive), FPP(100), FF, BF and FFD Under Evolv-
ing Distribution Hard28, as a Function of IV,, i.e. w.
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show the result of instance Hard28 as it includes a majority of common char-
acteristics of all tests. As could be seen, when N, is small, the performance
of both algorithms was lower than classical heuristics. This is because the al-
gorithm does not have sufficient data to construct a correct distribution in the
profile or sample. The performance of both prediction-based algorithms reached
its highest when N, is approximately 8000. Since the input distribution was
updated every 50000 items, this could be seen as a balance point between the
correctness and promptness of the prediction. As N, gets larger than the bal-
ance point, both algorithms suffer performance degradation. There could be
two reasons to explain. First, the prediction is updated slower than needed
and thus failed to gain sufficient advantage to outperform classical advantage
timely. Second, the samples from the previous distribution poison the correct-
ness of the prediction. Notably, although FPP has more fluctuation with large
Ny, it showed an advantage in the vast majority of values of N,,. In most other
instances, this trend could also be found. It indicates this algorithm’s potential
to better handle online BPP uncertainty with varying input distribution.

6. Conclusions and Discussions

In real-world online bin packing problems, information on item sizes before-
hand can lead to significant performance improvements. Motivated by this, we
extract valuable information from historical data and incorporate it into our
packing algorithms. In this paper, we introduce a novel approach that leverages
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patterns to approximate optimal solutions and utilizes fuzzy logic to assess the
fitness of potential bins.

We have conducted a comprehensive comparison of our proposed algorithm
with PaP, PrP and variants of PrP, as well as classical heuristics, using various
benchmark datasets featuring both fixed and evolving distributions. Through
extensive experimentation, the results demonstrate the superior performance
and robustness of our algorithm over PaP in all cases, as well as PrP in the
majority of cases. Notably, our algorithm exhibits exceptional capabilities in
handling uncertainty and variability inherent in online bin packing problems.

In scenarios with fixed distributions, our algorithm consistently outperforms
PaP and the classical heuristics, showcasing its ability to find better solutions
efficiently. Moreover, the utilization of historical data and the incorporation of
fuzzy logic enables our algorithm to adapt dynamically to changing distributions
in real-time scenarios, where items may arrive unpredictably, or their sizes may
evolve over time, which is state-of-the-art. These results affirm the promising
potential of our algorithm in solving online bin packing problems, making it a
highly practical and effective solution for a wide range of real-world applications.

Future work could be done in several directions. Firstly, a comprehensive
analysis of the algorithm’s competitivity could be explored to establish a more
solid theoretical ground. Secondly, the fuzzy classification system can be refined
through varied membership functions and inference rules, automated methods
for component optimization, and simplifying rules into equations. Further inves-
tigation could be pursued to broaden fuzzification, encompassing a wider array
of uncertain information. Thirdly, the algorithm could be extended to handle
more complex online problems.
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Appendix A. Nomenclature

List of Symbols

Parameters

C

Bin capacity

N The number of different sizes of items
U The maximal number of possible bins available to use
sh Shape parameter of Weibull distribution
n The number of items
A The portion of items handled by PrP
k The number of partitions in Harmonic
w The sliding windows width of adaptive variant of PrP
N The number of sections in PaP and FPP
N, The number of patterns in PaP
N, The sample size in PaP and FPP
sc Scale parameter of Weibull distribution
Variables
t The number of items in a pattern
€ Any fixed constant less than 0.2
n The prediction error
qi Quantity of size 4
S; Size of size i
Tij The number of times item type ¢ is packed in bin j
Yj Whether bin j is used in a solution
A section index
S; The j-th section, (JN;l, I\J[]
Np The number of patterns in FPP
b The current bin under fuzzy assessment
1€y Items in b after the current item is packed
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The pattern followed by b

The section that item ¢ belongs

Average size of items of p, and s; of optimal solution
The fuzzy set

A member of C

The membership degree of z in C

The defuzzified value of z
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