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Abstract

Portfolio optimization is one of the most important problems in the finance field. The traditional Markowitz mean-variance
model is often unrealistic since it relies on the perfect market information. In this work, we propose a two-stage stochastic
portfolio optimization model with a comprehensive set of real-world trading constraints to address this issue. Our model
incorporates the market uncertainty in terms of future asset price scenarios based on asset return distributions stemming from
the real market data. Compared with existing models, our model is more reliable since it encompasses real-world trading
constraints and it adopts CVaR as the risk measure. Furthermore, our model is more practical because it could help investors
to design their future investment strategies based on their future asset price expectations. In order to solve the proposed
stochastic model, we develop a hybrid combinatorial approach, which integrates a hybrid algorithm and a linear programming
(LP) solver for the problem with a large number of scenarios. The comparison of the computational results obtained with
three different metaheuristic algorithms and with our hybrid approach shows the effectiveness of the latter. The superiority
of our model is mainly embedded in solution quality. The results demonstrate that our model is capable of solving complex
portfolio optimization problems with tremendous scenarios while maintaining high solution quality in a reasonable amount
of time and it has outstanding practical investment implications, such as effective portfolio constructions.

Keywords Hybrid algorithm - Combinatorial approach - Stochastic programming - Population-based incremental learning -
Local search - Learning inheritance - Portfolio optimization problem

1 Introduction

With the advances in computing and the rise of big data,
nowadays investment decisions are made not only by the
financial experts, but also based on sophisticated mathemat-
ical models and ‘number crunching’ by mathematicians or
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computer scientists. The high yield of stock has made it a
major investment over the past decades. One typical prob-
lem in stock market, portfolio optimization, can be described
as allocating the limited capital over a number of potential
assets in order to achieve investors risk appetites and the
return objectives. The first portfolio optimization model was
proposed by Markowitz (1952, 1991) in the 1950s , where
the risk of the portfolio is measured as the variance of the
asset return and therefore the problem can be viewed as a
mean-variance optimization problem. The original problem
is a quadratic programming problem; therefore, it can be
solved in an exact manner with a reasonable computational
time.

The standard Markowitz model can be considered as a
simplistic unconstrained risk-return model. One shortcom-
ing of the model is that it assumes there exists a perfect
market with no taxes or transaction costs, where short sell-
ing is not allowed and the assets are infinitely divisible (i.e.,
they can be traded in any non-negative proportion). One
limitation of such simplistic approach is that some of the
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trading restrictions of stock markets in the real-world situ-
ation are omitted. The basic mean-variance model can be
extended to capture market realism. There exists a wide
range of real-world trading constraints in practice. The most
common examples include the transaction costs (Konno
and Wijayanayake 2001) (fixed transaction cost, variable
transaction cost), the cardinality constraint (Metaxiotis and
Liagkouras 2012) (which specifies the total number of the
held assets in a portfolio in order to reduce tax and transaction
costs), the bounding constraints (Metaxiotis and Liagkouras
2012) (which specify the lower and upper bound of the pro-
portion of each held asset in a portfolio in order to avoid
unrealistic holdings) and the minimum trading size (Crama
and Schyns 2003) (which specifies the minimum amount
of transaction occurred on each asset). As a result, the
complexity of the problem significantly increases with the
additional real-world trading constraints involved. In most
cases, adding new constraints will lead to a nonconvex search
space and quadratic programming technique cannot be used
anymore. For example, the inclusion of cardinality constraint
into the standard Markowitz portfolio optimization model
may be referred as the cardinality-constrained mean-variance
(CCMV) portfolio selection problem (Gao and Li 2013). In
fact, CCMV is a quadratic mixed-integer problem (QMIP)
which has been proven to be NP-hard (Moral-Escudero et al.
2006). Nevertheless, till now, it might be still incapable of
providing an exact algorithm to resolve such optimization
problem efficiently. As aresult, different heuristics and meta-
heuristic techniques have been applied to solve extended
mean-variance portfolio optimization model (Chang et al.
2000; Di Gaspero et al. 2011; Woodside-Oriakhi et al. 2011;
Cui et al. 2014; Lwin and Qu 2013).

Although the real-world constraints have later been intro-
duced into the classic mean-variance model, there still
remains another important market factor, the uncertainty,
that complicates the investors making investment decisions.
In the current work of mean-variance portfolio optimiza-
tion problem (Chang et al. 2000; Di Gaspero et al. 2011;
Woodside-Oriakhi et al. 2011; Cui et al. 2014; Lwin and Qu
2013), the mean expected return and the covariance between
assets are assumed to be static and perfectly known, which is
often unrealistic due to the economic turmoil and the market
uncertainties in practice. It has been pointed out in Baldacci
et al. (2009) and Barro and Canestrelli (2005) that the invest-
ment decisions should be made based on the consideration
of the market uncertainties. Usually, the probabilistic uncer-
tainty factors are taken into account (i.e., the asset price,
the currency exchange rate, the prepayments, the external
cashflows, the inflation and the liabilities, etc.). There are
also some other non-probabilistic uncertainty factors (i.e., the
vagueness and the ambiguity, etc.) which are mainly mod-
eled using fuzzy techniques (Li and Xu 2013; Yano 2014,
Gupta et al. 2013, 2010). In this work, we will focus on the
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probabilistic uncertainty of the market, more specifically, we
use different asset price scenarios as the representation of
market uncertainty based on the real market data. In the real
world, most of the financial data is non-Gaussian distributed;
therefore, the adoption of non-Gaussian distribution would
enhance the model performance. The most recent works have
also emphasized the non-Gaussian element in the financial
model. For example, Badescu et al. (2015) apply the non-
Gaussian GARCH models into the European options pricing
model. Lanne et al. (2017) highlight the non-Gaussian com-
ponent within the structural vector autoregressive (SVAR)
model. Chen et al. (2017) deal with the non-Gaussian noise
structure within the Markov decision processes.

Stochastic programming has been well studied for model-
ing optimization problems with uncertain factors since the
late 1950s (Kall and Wallace 1994; Birge and Louveaux
1997; Dantzig 1963, 2004). It provides a stochastic view to
replace the deterministic one in the sense that the uncertain
factors are represented by the assumed probability distri-
butions. It can model uncertainty and impose real-world
constraints in a flexible way (King and Wallace 2012).
Over the past decades, stochastic programming has been
widely applied to financial optimization problems. Models
for the management of fixed income securities (Golub et al.
1995; Vassiadou-Zeniou and Zenios 1996; Beltratti et al.
1999) and models for asset/liability management (Mulvey
and Vladimirou 1992; Mulvey and Ziemba 1995; Mulvey
et al. 1999; Topaloglou et al. 2008; Stoyan and Kwon 2011)
have been well studied. A wide range of approaches based
on stochastic programming for portfolio management have
also been developed (Topaloglou et al. 2008; Stoyan and
Kwon 2010, 2011; Fleten et al. 2002; Higle and Wallace
2003; Barro and Canestrelli 2005; Gaivoronski et al. 2005;
Escudero et al. 2007). For example, Topaloglou et al. (2008)
proposed a multistage stochastic programming model for
international portfolio management in a dynamic setting.
The uncertainties are modeled in terms of the asset prices
and exchange rates. Yu et al. (2004) proposed a dynamic
stochastic programming model for bond portfolio manage-
ment. They modeled the uncertainty in terms of the interest
rates. Stoyan and Kwon (2011) considered a stochastic-goal
mixed-integer programming model for the integrated stock
and bond portfolio problem. The uncertainties are modeled in
terms of the asset prices and the real-world trading constraints
are imposed. The model was solved by a decomposition-
based algorithm. He and Rong (2014) proposed a stochastic
portfolio selection problem with a comprehensive set of real-
world trading constraints. The uncertainties are modeled in
terms of the asset prices. A hybrid algorithm integrating local
search and a default branch-and-bound method was proposed
to solve the problem. A more comprehensive review can be
found in Yu et al. (2003). For this work, we will use stochastic
programming to model uncertain future asset prices.
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The other drawback of the mean-variance model is how it
characterizes risk. In the classical Markowitz portfolio opti-
mization model, risk is measured as the standard deviation of
the asset returns. The handicaps of standard deviation might
be displayed in a twofold manner. Firstly, the standard devi-
ation may imply a quadratic utility function, which suffers
from the peculiarity of satiation and irrationality of raising
the level of risk aversion (Huang and Litzenberger 1988).
More importantly, standard deviation relies on the assump-
tion of elliptically return distributions, which indicates that
standard deviation delivers equivalent penalties to upside and
downside market movements. However, it has been shown
that market perceives up and down movements asymmetri-
cally. Given the volatility spillover effects, the stocks tend to
co-move in down market movements (King and Wadhwani
1990; Embrechts et al. 1999). Practically, people may only
want to minimize the possibility of the portfolio losses. Over
the last 15 years, the study of extreme events (i.e., the tails of
the return distribution) has received increased attention due
to the use of sophisticated risk control models in financial
institutions and the reaction of the academic community to
the attempt of imposing inadequate or improper risk mea-
sures in the context of regulations (Szego 2002). The new
definitions of risk measures have been developed. Two com-
monly used examples are Value at Risk (VaR) (Jorion 2006;
Pritsker 1997) and Conditional Value at Risk (CVaR) (Rock-
afellar and Uryasev 2000).

It is notable that CVaR also dominates VaR as a risk
metric in the portfolio selection model circumstance. One
reason mentioned in Yamai et al. (2002) is that CVaR could
be easily optimized compared with VaR. It is because that
CVaR retains the feature of convexity and thus the avail-
ability of global optimal solutions (Rockafellar and Uryasev
2000; Quaranta and Zaffaroni 2008). Accordingly, CVaR fits
better than VaR in the context of the portfolio optimization.
Another shortcoming of VaR is that it is incapable of tack-
ling the loss beyond the pre-specified level and delivers a
lowest bound for losses. Therefore, VaR, as a risk measure,
is more optimistic than conservative (Rockafellar and Urya-
sev 2002). Likewise, Alexander and Baptista (2004) illustrate
that for the same confidence level, the CVaR constraint will
be more rigorous than the VaR constraint. They conclude
that a CVaR constraint may outperform the VaR constraint
in most investment cases. More importantly, as a coherent
risk measure, CVaR preserves the sub-additive feature, which
complies with the investment diversification effect. In other
words, CVaR can be diminished through investment diversi-
fication. In addition, minimizing CVaR is more effective than
minimizing VaR, since a low CVaR usually produces a port-
folio with a small VaR (Alexander et al. 2006). As a result,
minimizing CVaR is better than solely minimizing VaR. In
summary, CVaR is a coherent risk measure and it outweighs
both standard deviation and VaR as a risk measure. There-

fore, adoption of CVaR might endorse better performance
of the portfolio selection compared with standard deviation
and VaR. It would be a worthwhile endeavor to employ the
computational method in order to furnish an up-to-date inves-
tigation into portfolio management based on the coherent risk
measure of CVaR.

In the portfolio optimization domain, Glasserman and Xu
(2013) proposed a series of portfolio control rules to handle
the model errors within the portfolio optimization problem.
They applied a stochastic notion of robustness to reflect
model error uncertainty. Gaivoronski et al. (2005) investi-
gated different approaches to portfolio selection based on
different risk characterizations. They proposed an algorithm
to determine whether to rebalance a given portfolio based
on transaction costs and new market condition information.
Greco et al. (2013) proposed an approach for portfolio selec-
tion in a non-Markowitz way. The uncertainties are modeled
in terms of a series of meaningful quantiles of probabilis-
tic distributions. They proposed an interactive multiobjective
optimization (IMO) method based on dominance-based
rough set approach (DRSA) to solve the model in two phases.
Chen and Wang (2015) introduced a hybrid stock trading
system based on genetic network programming and mean-
CVaR model (GNP-CVaR). The proposed model combines
the advantages of statistical models and artificial intelli-
gence in the sense that CVaR measures the market risk and
distributes the weights of capital to each asset in the port-
folio and GNP decides the trading strategies. More recently,
there are also burgeoning studies emerged in portfolio opti-
mization field. Ban et al. (2016) use two machine learning
methods to optimize portfolio constructions. They uncover
that one machine learning method named performance-based
regularization overwhelmingly dominates all other solutions
including sample average approximation, which is the other
machine learning method. Xidonas et al. (2017) introduce
future returns scenarios into resolving portfolio selection
problems. On the basis, they construct portfolios through the
conventional minimax regret criterion formulation, which
enables their model to solve multiobjective portfolio opti-
mization problem. Lwin et al. (2017) propose an efficient
hybrid multiobjective evolutionary algorithm (MODE-GL)
to accommodate mean-VaR portfolio optimization problems
with real-world constraints. They reveal that the MODE-GL
performs more favorably compared with two other existing
techniques. Ahmadi-Javid and Fallah-Tafti (2019) introduce
arisk measure with monotone property named entropic value
at risk (EVaR) into portfolio optimization. They unveil that
EVaR-based portfolios could have better return rates and
Sharpe ratios compared with CVaR-based portfolios.

Our approach of investigating risky asset allocation prob-
lem is based on an integrated simulation and optimization
framework with the adoption of CVaR as the risk measure
as well as the real-world trading constraints. Our scenario-

@ Springer



T.Cuietal

based optimization model incorporates the future asset price
uncertainty within the joint distributions of asset returns. The
benefits of this methodology exhibit in a twofold fashion.
Firstly, our model legitimizes investors to take the future
asset price uncertainty into considerations in the meantime
of minimizing CVaR. This model simulation result could
help investors to entail an approximation of the cardinality-
constrained efficient frontier with the risk measure CVaR
instead of standard deviation. Investors can then select their
investments according to their risk preferences along the
approximated cardinality-constrained efficient frontier. As
a result, our model becomes highly relevant to investors
with different risk preferences, including risk averse, risk
neutral and risk seeking investors. Secondly, our cardinality-
constrained approximated efficient frontier could serve as
a basis to engender the approximated capital market line
(CML) with the risk measure CVaR. Therefore, investors
could be not only capable of choosing the portfolio invest-
ment along the approximated efficient frontier, but also
capable of allocating investment between risk free asset and
portfolio investment along the approximated CML based on
the risk measure CVaR.

One common method used in the literature to deal with
stochastic portfolio optimization model is decomposition.
Benders decomposition (Escudero et al. 2007), scenario
decomposition (Rysz et al. 2015), time decomposition (Barro
and Canestrelli 2005) and other novel decomposition meth-
ods (Stoyan and Kwon 2011) have been proposed. The
problem is simplified when it is decomposed into different
parts.

In our previous work Cui et al. (2015), we improved
the stochastic portfolio optimization models in the literature
(Topaloglou et al. 2008; He and Rong 2014) and proposed a
hybrid algorithm for the two-stage stochastic portfolio opti-
mization problem with a comprehensive set of real-world
trading constraints. A genetic algorithm (GA) together with
a commercial LP solver was used where GA searches for
the assets selection heuristically and the LP solver solves the
corresponding subproblems optimally. The proposed hybrid
GA can solve the problem to a good degree of accuracy; how-
ever, it has a slow convergent speed. The standard GA relies
heavily on designing effective genetic operators which are
highly specific to different problems. In order to solve the
two-stage stochastic model more efficiently, in this work, we
propose a lightweight approach based on population-based
incremental learning (PBIL). The whole idea of PBIL is on
learning statistically, leading to efficiency and effectiveness
compared to GA. Instead of relying on heavy computations,
PBIL employs lightweight learning adaptively on the fly. It
intends to solve the model via adaptive learning upon a larger
number of scenarios. Local search, hash search, elitist selec-
tion and partially guided mutation are also adopted in order
to enhance the evolution.

@ Springer

The outline of the rest part is as follows: Sect. 2 introduces
the background information. Section 3 gives the statement
of the problem as well as the corresponding notations. The
detailed description of our hybrid combinatorial approach
is given in Sect. 4. The datasets and scenario generation
methods are described in Sect. 5. Experimental results are
presented in Sect. 6. The final conclusion is given in Sect. 7.

2 Preliminaries
2.1 Stochastic programming

This section presents preliminaries for the two-stage stochas-
tic programming, including scenario tree definition and the
calculation of percentile risk function, such as VaR and
CVaR.

In real-world situations, many parameters of a problem
are not precisely known but are subjected to uncertainties—
due to future events and human variabilities, etc. Generally,
there are two approaches to deal with the uncertainties:

— Robust optimization when the uncertain variables are
given within some certain boundaries, robust optimiza-
tion is applied for such problems. The idea is to find a
solution which is feasible for all the data and optimal for
the worst-case scenario.

— Stochastic programming when the probability distribu-
tion of the uncertain variables are known or can be
estimated, stochastic programming is applied for such
problems. The idea is to find a policy which is feasi-
ble for all (or at least almost all) possible data instances
and maximizes/minimizes the expectation of the objec-
tive function with the decision and random variables
involved. The decision maker can gather some useful
information by solving such models either analytically
or numerically.

For this work, we use stochastic programming to deal with
the uncertain future asset prices. The comprehensive con-
cepts of stochastic programming can be found in Kall and
Wallace (1994) and Birge and Louveaux (1997).

2.2 Two-stage stochastic programming problem
with recourse

For this work, we consider a widely applied class of stochas-
tic programming problem, namely the recourse problem. It
seeks a policy that can take the actions after some realiza-
tion of the uncertain variables as well as make the recourse
decisions based on the temporarily available information.
The simplest case of the recourse problem have two stages:
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— first stage A decision needs to be made.

— second stage The values of the uncertain variables are
revealed and further decisions are allowed to make in
order to avoid the constraints of the problem becoming
infeasible. Usually a decision in the second stage will
depend on a particular realization of the uncertain vari-
ables.

Formally, the two-stage stochastic programming problem
with recourse can be described as follows [ Yu et al. (2003)]:

min  f(x) + E[Q(x, §)]
S.t.
Ax=0b
x €R" (1)

where £ represents the uncertain data, f(x) is the objective
function where x is the first-stage decision variable vector
which should be decided before the uncertain variables are
revealed, E[Q(x, &)] is the expectation value of the function
Q(x, &) and Q(x, &) is the optimal value for the following
nonlinear program:

min g (u, §)
S.t.

WEu=hE)—-TE)x
ueR" (2)

where u is the vector of the second-stage decision variables
which depends on the realization of the first-stage uncertain
variables. g (u, &) represents the second-stage cost function.
W (&), h(§) and T (&) are model parameters with reason-
able dimensions. These parameters are the functions of the
uncertain data &; therefore, they are also random. W is the
recourse matrix and / is the second-stage resource vector.
T is the technology matrix which contains the technology
coefficients; therefore, it can convert the first-stage decision
variable vector x into resources for the second-stage problem.

Hence, the general two-stage stochastic programming
problem with recourse can be rewritten as follows:

min  f(x) + E[min{g(u, §)|W(E)u + T (§)x = h(§)}]
S.t.
Ax =0b
x eR"
ueR" (3)

In this formulation, a “here and now” decision x is made
before the uncertain data £ is realized. At the second stage,
after the value of the uncertain data & is revealed, we can

modify our behavior by solving the corresponding optimiza-
tion problem.

The recourse problem is not restricted to the two-stage
formulation and it is possible to extend the problem into a
multistage model.

2.3 Scenario tree

There are two common methods which can be used to
deal with the multistage stochastic programming prob-
lems, namely decision rule approximation and scenario tree
approximation. For this work, we will focus on the scenario
tree approximation method.

A scenario is defined as the possible realization of the
uncertain data £ in each stage t € 7. An example of a sce-
nario tree is showed in Fig 1. The nodes in the scenario tree
represent a possible realization of the uncertain data &7 . Each
node is denoted by n = (s, ) where s is a scenario and ¢ is the
level of the node in the tree and the decisions will be made
at each node. The parent of the node n is represented by
a;—1(n). The branching probability of the node » is denoted
by p, which is a conditional probability on its parent node
a;—1(n). The path to the node 7 is a partial scenario with the
probability Pr, = [] p, along the path and the sum of Pr,
is up to 1 across each level of the scenario tree.

In order to apply the scenario tree approximation method
for the stochastic programming problem with recourse, the
uncertain data & needs to be discretized and all possible real-
izations of £ can be represented by a discrete set of scenarios.
Thus, scenario generation methods are required. There are
several scenario generation methods in the literature; for this
work, we applied a shape-based method (Kaut and Wallace
2011).

2.4 Percentile risk function
2.4.1 Value at Risk (VaR)

In the real-world situation, portfolio managers may only need
to reduce the possibility of the high loss. Value at Risk (VaR)
(Jorion 2006; Pritsker 1997) gives the maximum possible
loss o with a specified confidence level 8. That is, by the end
of the investing period, the probability of the loss exceeding
the threshold « is 1 — B (see Fig. 2).

Formally, let f(x, &) be the loss function where x € R"
is the decision vector and & € R™ is the uncertain (random)
vector. The uncertain variable is a measurable function from
an uncertainty space to the set of real numbers (Liu 2009).
The density of the probability distribution of £ is denoted
by p(€). The probability of the loss function f(x, &) not
exceeding a threshold « is given by
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Fig.1 An example of a scenario
tree. At stage ¢ = 0 there is 1
scenario, at stage t = 1 there are
four scenarios and at stage t = 2
there are eight scenarios

t=20
t=1
t=2

VaR («)

Maximum loss

Fig.2 Value at Risk (VaR) and
Conditional Value at Risk
(CVaR)
ﬁ:
[
[a
e = [ pe @)
f(x.6)<a

The B-VaR for the loss random variable associated with x
and the specified probability 8 in (0, 1) is denoted by ag(x)
and formally we have the following:

ag(x) =min{e e R: ¥(x,a) > B}. (@)

However, VaR is inadequate for market risk evaluation.
As it has been pointed out in Artzner et al. (1999), VaR does
not satisfy the sub-additivity and the convexity and gener-
ally it is not a coherent risk measure (VaR is only coherent
for standard deviation of normal distributions). Also, VaR
is difficult to optimize using scenarios (Mausser and Rosen
1999). Furthermore, VaR does not take the distribution of
the loss exceeding the threshold into account and it would
become unstable if there is a sharp and heavy tail in the loss
distribution.
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Portfolio Loss

2.4.2 Conditional Value at Risk (CVaR)

Conditional Value at Risk (CVaR) (also called mean excess
loss, mean expected shortfall, or tail VaR) is proposed in
Rockafellar and Uryasev (2000) in order to eliminate the
drawbacks of VaR. CVaR is a more consistent risk measure
because of its sub-additivity and the convexity (Artzner et al.
1999), and it is proven to be a coherent risk measure (Pflug
2000).

CVaR calculates the average value of the loss which
exceeds the VaR value (see Fig. 2). Formally, CVaR is defined
as follows [Rockafellar and Uryasev (2000)]:

¢p(x) = (1—p)~" / J(x, §)p(§)ds. (6)

f(x.8)zap(x)

The function above is a little bit difficult to handle because
the VaR value ag(x) is involved in it. Alternatively, we can
have the analytical representation to replace VaR. A simpler
function can be used instead of CVaR:
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(f(x,8) —a)p(&)dé.
(7

Py =a+a-p7" [
f(x.86)<a

It has been proved in Rockafellar and Uryasev (2000) that
Fg(x, ) is a convex function with respect to  and the min-
imum point of Fg(x, ) is VaR with respect to a. The CVaR
value can be obtained by minimizing Fg(x, a) with respect
to .

2.4.3 Minimizing CVaR

From the definitions of VaR and CVaR, we can see that given
a specified probability level 8, f-CVaR should always be
greater or equal to -VaR. In fact, we can optimize CVaR
and obtain VaR simultaneously by minimizing the function
Fg(x, a) (Uryasev 2000). Suppose we have the solution of
the minimization of Fg(x, o), (x*, &™), then the optimal
CVaR value equals Fg(x*, «*) and the corresponding VaR
value equals ™.

We can minimize the function Fg(x, ) by introducing an
auxiliary function Z(€) such that Z(¢) > f(x,&) — o and
Z (&) > 0. Formally, we have the following:

min o+ (1 —B8)"LE(Z(®))
S.t.

Z@E) = f(x,8) —«
2(6)=0
aeR ®)

Now let us consider the portfolio optimization problem.
Here the uncertain data & refers to the future asset prices.
Normally, the analytical representation of density function
p(&) is not available but instead the scenarios can be gener-
ated from the historical observations of each asset price. The
scenario generation can use the property matching method
(Hgyland and Wallace 2001; Hgyland et al. 2003) or even
simply Monte Carlo simulations. Suppose we have generated
N scenarios from the density p(§), y, wheren = 1,..., N.
Function Fg(x, a) can be, therefore, calculated as follows:

N
Fgro)=a+ (1= Y pi(fl,y) -t (9

i=1

where f(x,y;) is the portfolio loss function in scenario i
and it is defined as the negative of the total portfolio return.
pi is the probability of scenario i and (f(x,y;)) — a)T =
max (0, (f(x, y;) — «)). By introducing the auxiliary func-
tion Z(&), we can have the auxiliary variable z; where
zi > f(x,yi) —a,zi = 0,i = 1,..., N. Therefore, the
minimization of the function Fg(x, o) can be reduced to the
simplified form:

N
min a+(1-p7"Y pizi
i=1
s.t.
i > fl,y)—a i=1,...,N
zz>0i=1,...,N
aelR
x eR" (10)

It has been showed in Andersson et al. (2001), Krokhmal
et al. (2002) and Rockafellar and Uryasev (2000) that such
formulation can provide the numerically stable technique to
the problem with a large number of scenarios.

3 Model statement

This section exhibits the two-stage stochastic model formu-
lation, including model notations and model constraints.

3.1 Notations

We first introduce the notions that will be applied in the two-
stage stochastic model as follows:

— Set

— A Thesetofassets A = {ay,...,a,}. Indexi,i € A.

— N; The set of recourse nodes. One node corresponds
to one recourse portfolio. Index j, j € N;.

— N/ The set of evaluate nodes on recourse node j
where j € N;. Index e, e € N/.

— User-specific parameter

— 1 The target return specified by the investor.
— B The quantile (percentile) for VaR and CVaR.
— M A very large constant.

— Deterministic input data

— h The initial amount of cash to invest.

- w? The initial position of asset @; (in number of units).

— 1y The fixed buying cost.

— ns The fixed selling cost.

— pp The variable buying cost.

— ps The variable selling cost.

— K The number of asset held in the portfolio (cardi-
nality).

— Wpin The minimum holding position.

— tmin The minimum trading size.

— Scenario-dependent data
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— p; The probability of recourse node j in the second
stage.

— P(j,e) The probability of evaluate node e of recourse
node j in the second stage.

- Pio The price of asset g; in the first stage (per unit).

- Pij The price of asset a; on recourse node j in the
second stage (per unit).

- Pi(J ) The price of asset a; on evaluate node e of
recourse node j in the second stage (per unit).

— VO The initial portfolio wealth.

— V/J The final portfolio wealth on recourse node ;.

— R/ The final portfolio return on recourse node j.

— Auxiliary variable

— z; Portfolio shortfall in excess of VaR at recourse
node j.
— o The optimal VaR value.

— Decision variable

— b; The number of units of asset a; purchased in the
first stage.

— 5; The number of units of asset a; sold in the first
stage.

— w; The final position of asset g; in the first stage.

- bij The number of units of asset a; purchased on
recourse node j in the second stage.

- sij The number of units of asset a; sold on recourse
node j in the second stage.

- wij The final position of asset a; on recourse node j
in the second stage.

— ¢; The binary holding decision variable in the first
stage. ¢; = 1 if anonzero value of asset i is held after
the first-stage decision.

— fi The binary buying decision variable in the first
stage. f; = 1 if asset i is chosen to be bought in the
first stage.

— gi The binary selling decision variable in the first
stage. g; = 1 if asset i is chosen to be sold in the first
stage.

- cf The binary holding decision variable on recourse
node j in the second stage. cl.j = 1 if a nonzero value
of asseti is held after the recourse decision in scenario
j

- fi] The binary buying decision variable on recourse
node j in the second stage. fl.j = lifasseti is chosen
to be bought in scenario ;.

- giJ The binary selling decision variable on recourse
node j in the second stage. gij = lif asseti is chosen
to be sold in scenario j.
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3.2 Two-stage stochastic portfolio optimization
model with recourse

The model we used for this work is the same as our previous
work [Cui et al. (2015)]. Inspired by Topaloglou et al. (2008),
the original form of the model was proposed in He and Rong
(2014). Although He and Rong (2014) is formulated as a two-
stage model, it does not include a possibility that the costs and
values change after the recourse decision is enacted. Hence,
the recourse in that model could have no monetary effect,
and so would obtain the same decisions as a simpler single-
stage formulation. A contribution of this present work is to
extend the model so that values can change after the recourse,
and nontrivial recourse decisions can improve the portfolio
performance. The proposed model is divided into two stages.

min [a+ 1= > pjiz; (11)
JEN:
S.t.
First-Stage Portfolio Selection:
wi=w) +b; —s;, VieA (12)
h+ ) (siPY) =) (1sgi +sips PY)
ieA ieA
=Y BiP)+ > (mfi +bipn ) (13)
icA icA
Yo=K (14)
icA
Wmin¢;i < w; Vi €A (15)
tminfi <b;j VieA (16)
tmingi <si Yi€A (17
fi+g <1 VieA (18)
fiM>b, VYieA (19)
giM > s; VieA (20)
bM>f VieA 1)
siM > g; VieA (22)
wi, bi, si eR (23)
c¢i, fi, g €B (24)
Second-Stage Recourse:
w/ =w; +b/ —s] VieA VjeN, (25)
Z(sl.j Pl.'/) - Z(nsg;/ + sij Ps Pi/)
i€eA i€eA
=Y "I P+ f! +bipP) VjieN: (26)
i€eA i€eA
Yo=K Vjen Q27)
i€eA
Wminc! <w! Vi€ A, VjeN (28)
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tminf; <b! Vi€ A, VjeN, (29)
tming! <! Vie A YjeN, (30)
fl4gl <1 VieA VjeN, 31)
fiM=bl VieA VjeN, (32)
gM>s/ VieA VjeN, (33)
biM=>f/ VieA VjeN, (34)
siM=>gl VieA VjeN, (35)

VJ = Z p(j,e)Pi(j’e)wij V] S Nr (36)
eeNej
ieA
RI=vi—VvY vjen, (37)
zj>—R —a VYjeN; (38)
;>0 VjeN; (39)
D PR =p (40)
JEN:
P
w;, bi, 5; eR (41)
cij, fi/, gij eB (42)
a zj €R (43)

The objective function (11) calculates the B-percentile
CVaR of the portfolio loss at the end of the second stage,
where « is the corresponding optimal VaR value.

Equation (12) is the first-stage asset balance condition
and Eq. (25) is the second-stage asset balance condition. The
idea is straightforward, and the current position of an asset
should be equal to its initial holding (in the first/second stage)
plus/minus the corresponding buying/selling amount (in the
first/second stage).

Equations (13) and (26) are the cash balance conditions
for the first and second stages, respectively. The idea is that
the cash inflows should be equal to the cash outflows in both
stages (i.e., no cash left). In financial practice, transaction
costs have the significant effects on portfolio selection, and
ignoring them could lead to inefficient portfolios (Wagner
and Arnott 1990). The effects of transaction cost on the port-
folio constructions have been unveiled (Kellerer et al. 2000).
Large transaction costs might narrow the potential securi-
ties involved in the portfolio constructions and thus result
in the portfolio structure adjustment. In the real-world situa-
tion, the transaction costs are often formulated via nonconvex
functions (Konno and Wijayanayake 2001), which make the
optimization problem more challenging. In traditional finan-
cial literature, transaction cost is often modeled as a linear
function that is proportional to the trading size (Leland 2000).
For our work, we adopt a more general form of transaction

cost, which encompasses both a fixed transaction cost and
a linear variable transaction cost to both buying and selling
an asset (Liu 2004). The transaction costs can be explicitly
written as follows:

— No holdings of an asset: transaction cost = 0;
— Selling an asset: transaction cost = ng+ ps *Selling Value;
— Buying an asset: transaction cost = np+ pp*Buying Value;

Therefore, it results in a nonconvex function, as the trans-
action cost decreases relatively when the trading amount
increases (Konno and Wijayanayake 2001; Lobo et al. 2007).

Equations (14) and (27) are the cardinality constraints
for the first and second stages, respectively, where K is the
desired number of the assets held within a portfolio.

Equations (15) and (28) put the restrictions on the mini-
mum holding size of an asset in order to prevent very small
asset positions for the first and second stages.

Equations (16) and (17) are the minimum trading con-
ditions for the first stage and Egs. (29) and (30) are the
minimum trading conditions for the second stage. The idea
is to prevent it from trading a very small proportion of an
asset.

Buying and selling the same asset at the same time is not
allowed, which is given in Eq. (18) for the first stage and in
Eq. (31) for the second stage.

The big-M formulations are used in the model in order
to bound the decision variables and the binary decision vari-
ables (constraints (19), (20), (21) and (22) for the first stage
and constraints (32), (33), (34) and (35) for the second stage).
The idea is that if the decision variables for buying/selling an
asset is greater than 0, then the corresponding binary deci-
sion variables should equal to 1; if the decision variables for
buying/selling an asset is 0, then the corresponding binary
decision variables should be 0 and vice versa.

Equations (36) and (37) calculate the portfolio return on
each recourse node by using a different set of evaluate sce-
narios in order to have a better reflection of changing price
scenarios in the reality. An early version of this model (He
and Rong 2014) uses the same set of scenarios to calculate
the portfolio return (i.e., P/ = Pl.(j *©)): therefore, it does not
include a possibility that the costs and values change after
the recourse decision is enacted. Hence, the recourse in that
model could have no monetary effect and so would obtain
the same decisions as a simpler single-stage formulation. The
current model allows values change after the recourse, and
nontrivial recourse decisions can improve the portfolio per-
formance.

Equations (38) and (39) define the excess shortfall z; of
the recourse portfolio where z; = max[0, — R’/ — ] for each
recourse node.
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Equation (40) gives the minimum portfolio target return

The decision variables w;, b;, s;, wl.j , bl.] , si] specify the
exact amount of the units for an asset to buy or sell. In a real-
world situation, these decision variables should be integers.
As they increase the computational difficulty significantly,
we took the same method suggested in Woodside-Oriakhi
et al. (2013) to relax these decision variables to having con-
tinuous values.

4 The proposed PBIL-based hybrid approach

This section gives the procedure of PBIL-based hybrid
approach, including hash search, local search process and
relevant algorithm details.

Exact methods and metaheuristic approaches are two
successful streams for solving combinatorial optimization
problems. Over the last few years, many works have been
developed on building hybrids of exact methods and meta-
heuristic approaches. In fact, many real-world problems can
be practically solved much better using hybrid strategies
since the advantages of both types of methods are simulta-
neously exploited. For this work, we integrate metaheuristic
approaches with exact methods. The idea is that we divide the
two-stage stochastic problem into two parts. The first part is
to determine the asset combination by the PBIL-based hybrid
algorithm while the second part is to calculate the optimal
weights of the selected assets by a LP solver correspond-
ingly. Local search, hash search, elitist selection and partially
guided mutation are also adopted in order to enhance the evo-
lution.

4.1 Overview of PBIL

Population-based incremental learning (PBIL) was origi-
nally introduced by Baluja (1994) and Baluja and Caruana
(1995). Itis one of the simplest form of estimation of distribu-
tion algorithms (EDAs). It combines genetic algorithms and
competitive learning for optimization problems by evolving
the entire population rather than each single individual mem-
bers. The idea is that a probability vector which represents the
distribution of all individual alleles (variables) is updated by
learning from the best and the worst solutions during the evo-
lution. Mutation is also performed on the probability vector
in order to help preserve diversity. Then the new generation
of population is created based on the updated probability vec-
tor. PBIL is closely related to GA, but it is simpler and more
efficient since it does not require all the mechanisms of a
standard GA.

@ Springer

4.2 Problem representation

In this work, a PBIL-based hybrid algorithm is utilized
to evolve the best values for discrete variables c¢; in the
stochastic model. The search space is different for differ-
ent benchmark datasets (characterized by Q, see Sect. 5).
The objective is to find the best K items from Q possible
assets for a given target return p specified by the investor.
The details of problem representation are as follows:

— One probability vector v = (vi, v, ..., vg) of size Q
represents the possibility of each asset to be chosen in
the portfolio.

— One binary vector ¢ = (c1, ¢2, ..., ¢g) of size Q is used
to denote if asset is chosen in the portfolio.

— One vector kK = (ky,ka,...,kg) of size K is used to
represent the selected K assets of the portfolio where
kief{l,2,...,0}@=1,...,K)and k; # k;Vi, j.

— The evaluation of vector k is done by calculating a fitness
function F which is implemented using a standard LP
solver. It maps from a list of K integers (i.e., the selected
portfolio with K assets) and a target return p to a real
number: F(ZX, 1) — R.For a given target return level
u, F calculates the CVaR value R of a selected portfolio.

— The probability vector is updated by learning from the
best and the worst solutions obtained from the population
at the end of each generation.

— Elitist selection is used in our PBIL-based hybrid algo-
rithm, i.e., we keep the best solution in each generation.

— The global best solution Xg, is recorded such that
F(Xgh, ) < F(x;, u) for all x; at the given return level

“w.

The procedure of the PBIL-based hybrid algorithm used in
this work is given in Algorithm 1, and the parameters are
given in Sect. 6.1.

4.3 Generating individuals

The probability vector v is used to determine whether asset
i is chosen in the portfolio. Initially, v; is set to 0.5 where
i =1,..., O so that every asset can have an equal chance
to be chosen. The binary vector ¢ is created according to v,
if asset i is selected, ; = 1; otherwise, t; = 0. Vector k is
used to represent the chosen assets in the portfolio, and it is
generated based on the vector ¢. The idea is to choose exact K
number of assets to form the portfolio in order to satisfy the
cardinality constraint. Suppose there are K’ assets selected
inc. If K’ > K, we randomly choose K among K’ assets
and insert them into k. If K’ < K, we first insert K’ assets
into k and then randomly choose another K — K’ different
assets and insert them into k as well.
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Algorithm 1: PBIL-based hybrid algorithm for search-
ing the set of assets
1fori=171t Qdo

2 L v; =0.5;
3 while stopping criteria are not met;
4 do

5 Generating individuals: Create a population of individuals

(see section 4.3);

6 Hash search: Search the infeasible solution hash table

HashInfeasibleSolution and bad solution hash table

HashBadSolution in the archive. If it is very similar to the

entries of the hash table, re-generate (see section 4.4);

7 Evaluation: Evaluate each individual’s fitness by using

CPLEX LP solver (see section 4.5);

8 Local search: Perform the local search for the top 20%

individuals (see section 4.6);

9 Archive: Record the current best solution. Add the current

worst solution to HashBad Solution and add all the

infeasible solutions to HashlInfeasibleSolution (see

section 4.7);

10 Update: Update the probability vector v by learning from the

current best and the current worst solution (see section 4.8);

1 Mutation: Mutate the probability vector v by using partially

guided mutation (see section 4.9);

12 Elitism: Select the best individual from the current
generation and insert it into the next new generation;

It might seem that using both vector ¢ and vector Kk is
redundant. The idea is that vector ¢ is used for learning pur-
pose, as we need to trace the whole efficient frontier, and
vector k is only used for one point (portfolio) each time. The
details are given in Sect. 6.3.

4.4 Hash search

By using our two-stage stochastic model, for any given asset
combination, it does not necessarily always lead to a feasible
solution. We maintain a hash table to keep all the infeasible
solutions explored. We also have a hash table to keep all the
worst feasible solutions of each generation (see Sect. 4.7).
Each time when a new individual is generated, we check
its similarity with the existing entries in the hash tables (i.e.,
how many assets are identical in the new individual compared
with the existing entries in the hash tables). If it is very similar
(just one selection different from an infeasible solution, or
just one or two from a bad solution) to the existing entries,
we discard it and regenerate the individual. As pointed out
in Glover and Laguna (1997), good solutions tend to have
similar structures. Although there may be many bad solutions
and we may not be able to record all of them, we can still
discard the solutions that have the similar structures with
the known bad ones since they tend to have the poor fitness
values as well. There are two advantages of performing the
hash search. Firstly, the computational cost of the hash table
lookup is amortized O (1) (O(1) on average, O (n) for the

worst case), which is cheaper than calling the LP solver, and
therefore it improves the efficiency; secondly, it can explore
different areas of the solution space by avoiding unnecessary
search, and it may explain why, in Fig. 3, PBIL with the hash
search tends to obtain better global solutions. The details of
the hash search are given in Algorithm 2.

Algorithm 2: Hash search

1 for each new individual h generated do

2 for each entry in HashinfeasibleSolution do

3 if 1 has at least K-1 identical assets compared with the entries in the
hash table then

4 regenerate individual 4;

5 break;

6 for each entry in HashBadSolution do

7 if 1 has at least K-2 identical assets compared with the entries in the
hash table then

8 regenerate individual 4;

9 break;

4.5 Evaluation

The fitness of the individual generated is evaluated by solving
the corresponding sub-problem using an LP solver in order
to get the weight allocation of the selected assets. We can
control the numerical properties of the solutions to the sub-
problems by setting up different Markowitz threshold (IBM
ILOG 2009) (which is used to control the kinds of pivots
permitted) and the time allowed for each fitness calculation.
That means we do not need to compute the optimal values for
every individual since the chosen assets may not be global
optimal, thus searching for optimal weights is not necessary.
Rather, we only need to calculate the optimal value once for
the global best solution after the search of the hybrid algo-
rithm is finished. This will help to improve the efficiency.

4.6 Local search

After the evaluation is done, the top 20% individuals with the
best fitness value of the population are selected and the local
search are applied to them in order to seek for better solu-
tions and evolve better individuals within a neighborhood.
Each time, we replace one asset with a neighborhood asset
and then re-evaluate the new portfolio. The neighborhood
relation of an asset is defined as the asset with the closest
probability according to the probability vector v. If a better
solution is obtained, the current best solution is updated. For
each asset, the number of neighbors we search is controlled
by the parameter na (i.e., na closest probability successors).
The local search applied here is an incomplete neighborhood
search. It aims to seek for possible improvements of the cur-
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Fig.3 Comparative results of PBIL with and without hash search for five general market instances. PBIL with hash search dominates PBIL without
hash search, as for each return level, PBIL with hash search can obtain better (smaller) CVaR value

rent solution. Figure 4 shows that the local search can indeed
help the algorithm to find better global solutions.

4.7 Archive

As mentioned in Sect. 4.4, during the evolution, it is possi-
ble to obtain infeasible solutions. It is important to keep an
archive of them. We use a hash table to record all the infeasi-
ble solutions obtained. Similarly, we use a hash table to keep
all bad solutions of every iteration. The purpose of maintain-
ing the two hash tables is to avoid unnecessary search so that
better solutions can be explored. The main computational
cost is on the evaluations of the solutions during the search,
thus pre-selection or filtering based on learning avoids wast-
ing time on less promising solutions. We also keep a record
of the best solutions obtained at each iteration to ensure that
the good solutions found by the algorithm are not lost (i.e.,
elitist selection).

4.8 Update

In PBIL, the probability vector v can be considered as a pro-
totype vector which is used to store the knowledge collected
during the evaluation of current generation in order to guide
the following population generations. v is updated by learn-

ing from the current best solution s and the current worst
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solution 5" using a positive learning rate [+ and a negative

learning rate nelr correspondingly. Thus, the learning rates
are used to control the speed of the prototype vector shifting
to the better solution vector and the portions of exploration
of the search space (Baluja 1994; Shapiro 2002). The details
of the probability updated are given in Algorithm 3.

Algorithm 3: Probability update
1 fori=1t Qdo

2 v = v; ><(171r)+si”b”’ xIr;
3 if A.icbesl # Sicwomt then
4 L v; = v; x (1 — nelr) +sf'b"” x nelr;

4.9 Mutation

At the end of each generation, the probability vector v is
mutated according to a certain mutation probability mp. In
this work, we use a mutation strategy, namely partially guided
mutation (Lwin and Qu 2013). It gives an equal chance to
mutate v either randomly or based on the global best solution
using a mutation rate mr. The advantage of doing this is that
it can exploit the good structures in the current best solutions
as well as giving chance to exploring other regions of the
search space at the same time. The details of the partially
guided mutation are given in Algorithm 4.
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Fig.4 Comparative results of PBIL with and without local search for five general market instances. PBIL with local search dominates PBIL without
local search, as for each return level, PBIL with local search can obtain better (smaller) CVaR value

Algorithm 4: Mutation (partially guided mutation)

1 fori=11 Qdo
2 if rand(0, 1] < mp then

3 if rand(0, 1] < 0.5 then
4 r = Rand|0, 1];
ol
6

7

vi=v; X (I —mr)+r xmr;
else
cbest .
L v =570

5 Datasets and scenarios

This section generates scenarios based on stock market
datasets from OR-Library, including Hang Seng, DAX 100,
FTSE 100, S&P 100 and Nikkei 225. A detailed stability test
have also been attempted.

5.1 Benchmark datasets

In this work, we use the five benchmark instances which are
extended from the OR-Library (Beasley 1990). It contains
261 weekly historical price data for each asset of the follow-
ing five different capital market indices:

Hang Seng in Hong Kong, O = 31.
— DAX 100 in Germany, Q = 85.
FTSE 100 in UK, Q = 89.

S&P 100 in US, Q = 98.

— Nikkei 225 in Japan, Q = 225.

where Q is the number of assets available for each market
index. The weekly historical price data are used to generate
the scenarios for the two-stage stochastic portfolio optimiza-
tion model.

5.2 Distribution

It is well known that vast of financial literatures often postu-
late the asset return follows a normal distribution. However,
the fat-tail feature of financial data distribution has been doc-
umented (Fama 1965). The asset return distribution will be
noted as the fat-tail distribution when the distribution is lep-
tokurtic. The leptokurtic distribution will be defined based on
the kurtosis of the distribution. For normal distribution, kur-
tosis is equal to 3 and for those fat-tail distributions, kurtosis
is usually greater than 3 (Balanda and Macgillivray 1988).
Table 1 calculates the mean value, the standard deviation, the
skewness and the kurtosis of the asset return for the bench-
mark market index. It could be observed that asset returns in
all five markets exhibit leptokurtic characteristics. In other
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Table 1 Four moments of the asset return for benchmark market index

Instance Mean SD Skewness Kurtosis
Index N

Hang Seng 31 0 0.03 —-0.19 3.93
DAX 100 85 0 0.02 —-0.24 3.61
FTSE 100 89 0 0.02 0.37 5.15
S&P 100 98 0 0.02 0.11 3.71
Nikkei 225 225 0 0.03 0.28 4.68
Average 0 0.02 0.07 4.22

words, the kurtosis of asset return distributions in all five mar-
kets are greater than 3, especially for the Nikkei 225 index
and the FTSE 100 index. Therefore, it can be concluded that
the empirical asset return distributions are fat-tail distribu-
tions than normal distributions given the market data we have
selected.

5.3 Scenario generation

Since the distribution of the asset return might not be known,
a plethora of studies have applied Gaussian distribution to
estimate the real asset return distribution. This approach
might be precarious and is often prone to errors. Copi-
ous of empirical studies in the literature (Best and Grauer
1991; Broadie 1993; Chopra and Ziemba 1993) discover
that parameters perturbation may result in huge estimation
errors and thereby parameters estimations request a high level
of accuracy. However, the parameters estimated from real
data are often susceptible to estimation errors. As argued
in Quaranta and Zaffaroni (2008), the portfolio solutions
generated by the optimization process massively rely on the
parameters estimation. The approach to approximate the data
parameters may put theoretical and numerical results into a
suspicious status. Thus, non-robust parameter inputs might
lead to unreliable asset allocation, which, in turn, yields unde-
sired out-of-sample performance (Black and Litterman 1992;
Litterman et al. 2003). As mentioned in Topaloglou et al.
(2002), the uncertain returns of the investment alternatives
play important roles in portfolio selection model. Thus, the
representation and incorporation of the uncertain returns will
be crucial during the model establishment. Our approach, on
the other hand, has unbounded the specified form of distri-
bution and inferred the asset return distribution stemming
from real market data. We have employed the copula-based
method (Kaut and Wallace 2011) that can turn distribution
estimation into scenarios.

The scenarios are generated in order to represent the uncer-
tain asset prices. The model has two stages. We use the price
information on the recourse nodes to form the initial portfolio
and use the price information on the successor evaluate nodes
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to perform the portfolio rebalancing actions. In this case, the
full data of 261 weekly historical prices from the OR-Library
cannot be used directly as it would lead to a prohibitively huge
multistage problem. Instead, we have the following: we take
the week 1 data qll, cee qu as the initial price for the assets.
Starting from week 2, we compute the ratio between the price
of the assets of two consecutive weeks A; = qf 4 /q,i where
i=1...0,t=1...260. Then we can obtain 260 new price
data by computing q{ * AVie Q,t=1,...,260.

We apply the copula scenario generation method (Kaut
and Wallace 2011) using the 260 new price data as the inputs
to generate 400 recourse node scenarios. The evaluate nodes
should be only dependent on their predecessor recourse node.
Therefore, for each recourse node, we use the price sce-
nario on that node and multiply a random coefficient within
(0.9, 1.1) to produce 40 corresponding scenarios for each of
the evaluate nodes. The random coefficients are used to sim-
ulate the fluctuation of asset price in the second stage. It has
been showed that market turmoil is linked with strong corre-
lations between stocks (Junior and Franca 2012). Based on
the empirical fact, our model is multivariate structured and
takes into account the correlation matrix among stocks by
utilizing the copula function. This correlation matrix con-
sideration allows us to alleviate the market estimation errors
during the highly fluctuated periods. We do not claim that
they are the optimal choices. There will be 400 x40 = 16,000
possibilities of scenarios in total and the evaluate scenarios
are different for each different recourse node. By performing
some experiments, we found that the computational results
were sensitive to the scenarios generated, especially for the
evaluate node scenarios. Again, we do not claim that the sce-
nario generation methods we used are the best choices. Our
primary aim is rather to develop an efficient method that can
solve the two-stage stochastic portfolio optimization problem
with a larger number of scenarios and to test the effectiveness
of our hybrid combinatorial approach.

Since the scenarios are generated from the real market
data, the past winners and losers in the market are automat-
ically identified in the scenarios, which help our model to
reserve the potential of developing momentum-based invest-
ment strategies. The momentum phenomena in the stock
market has been widely reported in the financial literature
(Jegadeesh and Titman 1993; Cooper et al. 2004). Fama
and French (2012) also enhance their three-factor model
(Fama and French 1993) with a momentum factor based
on the previous work of Carhart (1997). The remarkable
momentum returns across 23 countries have been demon-
strated in their work. More importantly, it has been showed
that the prevalence of momentum phenomena not only exist
in the stock market, but also in other financial markets such
as currency markets, commodity markets and bond futures
markets (Moskowitz et al. 2012). Based on the momentum
fact, momentum strategies for the portfolio construction have
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been developed (Conrad and Kaul 1998). The profitabil-
ity of momentum strategies has also been verified in the
finance research spectrum (Moskowitz and Grinblatt 1999;
Grundy and Martin 2001). Therefore, our model that takes
asset future price into account can effectively identify differ-
ent potential future winners under different scenarios. Given
the identified potential future winners, possible momentum
strategies can be then formulated with the consideration of
CVaR. The distinguish feature of our model in terms of
developing momentum strategies is that our model does not
entirely rest on the past asset performance information, but
also envisages the future asset performance. Therefore, our
model could help investors to develop the momentum strate-
gies with both future asset price uncertainty and the risk
metric of CVaR.

5.4 Stability

One potential drawback of CVaR is that the CVaR will be
considerably unstable when the asset return distribution is
fat-tail (Yamai et al. 2002). The fat-tail distribution was evi-
dent in the financial literatures. For example, the normality of
daily asset returns using the Dow Jones Industrial Stocks was
tested in Fama (1965). The evidence can be found that the
sample was generated by a distribution which is leptokurtic or
“fat-tailed” relative to the normal distribution. In real-world
situations, most of the financial return distributions are fat-
tail (Longin 2000; Kearns and Pagan 1997; Koedijk and Kool
1992), and in fact, we have demonstrated that the return distri-
butions for the benchmark market index from the OR-library
are also fat-tail. Our model’s stability might be challenged
because of the CVaR adoption in the model. Consequently,
the stability of our model’s results has been scrutinized by
the virtue of out-of-sample simulations.

In stochastic programming, scenario generation methods
are used to create a limited discrete distribution from the input
data. The statistical properties of the scenario sets created
should match the corresponding values estimated from the
input data, and the scenario generation method should not
lay bias on the results by causing instability of the solutions.
Usually, the stability tests are performed (Kaut et al. 2007;
Kaut and Wallace 2007) and there are two types of stability.

— In-sample stability The scenario generation method is
assessed in terms of its ability to match the benchmark
distribution. We generate several scenario sets of a given
size using the same input data. The idea is that no matter
which scenario set we choose, but the optimal objective
value of the model should be approximately the same.
The objective values should not vary across scenario sets.
For this work, we use copula-based scenario generation
method to generate 25 different scenario trees with the
size 400 using the same input data. Then we use CPLEX

to compute the optimal objective value of a same target
return level for each scenario tree and compare the results.
Ideally, these results should be equal.

— Out-of-sample stability The scenario generation method
is assessed in terms of its ability to provide the stable
results with respect to the benchmark distribution. We
generate several scenario sets of a given size using the
same input data and solve the model with each scenario
set. The idea is that if we simulate the solutions obtained
for each scenario set on the benchmark distribution, then
the value of the true objective function should be approx-
imately the same. Again, we use copula-based scenario
generation method to generate 25 different scenario trees
with the size 400 using the same input data and then use
CPLEX to solve the model with a same target return level
for each scenario tree. After that we simulate the solu-
tions obtained for each scenario tree on the benchmark
distribution to compute the true objective function. It is
important that the benchmark distribution is not gener-
ated by the same method we are using and in our case;
we use the input data directly as our benchmark distribu-
tion. Finally, we compare the results. Ideally, these results
should be equal, and they should be also equal to the in-
sample values (approximately).

For this work, the copula-based scenario generation
method is only used to create the scenario sets for the recourse
nodes. The scenarios for the evaluate nodes are dependent
on their predecessor nodes and the random coefficients are
also involved. Therefore, we only examine the stability tests
on the single-stage model (i.e., without rebalancing actions).
The purpose of performing the stability tests here is to show
that the copula-based scenario generation method will not
influence the results and it is a suitable scenario generation
method for this work.

The results are shown in Fig. 5. Tables 2 and 3 calculate
the mean value, the median value and the standard devia-
tion of the in-sample and out-of sample results, respectively.
The simulation results have demonstrated that our model’s
performance is fairly stable since the results from in-sample
and out-of-sample simulations have little fluctuation. Thus,
we can conclude that the scenario generation method we use
is effective, in the sense that it will not cause instability in
the solutions of the model.

6 Experimental results

This section exhibits experiment results of the portfolio com-
positions based on our model. Both model parameters and
algorithmic parameters have been taken into account. Our
model results has been compared with other three algorithms
for the performance evaluation.

@ Springer
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Fig.5 Stability test results for five general market instances of the one-stage model using 400 scenarios. The in-sample points are very close to the
out-of-sample points, indicating that both in-sample and out-of-sample simulations have little fluctuation

Table2 In-sample stability test results for five general market instances
using 400 scenarios

Instance Mean(%)  Median(%) stdev(%)
Index Q N;

Hang Seng 31 400 25.8579 25.8947 0.2408
DAX 100 85 400 16.3507 16.4025 0.4873
FTSE 100 89 400 11.9221 11.9367 0.1805
S&P 100 98 400 16.2933 16.3385 0.2646
Nikkei 225 225 400 2.7621 2.7564 0.0321
Average 0.2411

Table 3 Out-of-sample stability test results for five general market
instances using 400 scenarios

Instance Mean(%)  Median(%) stdev(%)
Index Q Ny

Hang Seng 31 400 26.7367 26.6460 0.5159
DAX 100 85 400 17.8633 17.8262 0.3993
FTSE 100 89 400 12.5446 12.5495 0.3330
S&P 100 98 400 18.0863 18.1676 0.2857
Nikkei 225 225 400 2.5850 2.5751 0.0610
Average 0.3190
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6.1 Parameter settings

The parameter settings used in this work are shown as fol-
lows:

6.1.1 Model parameters

For each given target expected return u, we set the criti-
cal percentile level of CVaR 8 = 95%, fixed buying cost
ny = 0.5, variable buying cost pp = 0.5%, fixed selling
cost ng = 0.5, variable selling cost ps = 0.5%, cardinality
K = 10, minimum holding position wyj, = 1% and min-
imum trading size iy = 0.1%. The initial portfolio only
involves cash, and we set the initial cash 2 = 100,000. For
the model demonstration purpose, we assume that the proba-
bility of each scenario is equal, and therefore p; = 1/400 =
0.0025 and p(; ) = 1/40 = 0.025. However, the probabil-
ity of each scenario can be set differently based on investors’
future expectations of future asset prices. Thus, our model
is capable of designing investment strategies customized by
investors’ future expectations.

6.1.2 Algorithmic parameters
We set population size Po = 200, number of generations

Ge = 50, mutation rate mr = 0.05, mutation probability
mp = 0.05 and number of neighborhood assets na = 15.
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The learning rate has a big effect on our hybrid algorithm.
The algorithm will focus on searching using the information
gained about the search space by using a larger learning rate,
which is called exploitation. On the other hand, the algorithm
will jump to other areas in the search space by using a lower
learning rate, which is called exploration. In order to choose
suitable learning rates, we test four different sets of learning
rates and run a simple ranking test (if one set of learning rates
obtains the best (minimum) CVaR value, we rank it as 1; if
one set of learning rates obtains the second best CVaR value,
we rank it as 2 and so on). The results are shown in Table 4.

There is always a trade-off between exploration and
exploitation. In our context, exploration refers to the abil-
ity of our hybrid algorithm to fully search the entire market
instance, while exploitation refers to the ability of our hybrid
algorithm to use the knowledge learned about the assets to
narrow down the future search. The lower the learning rates
are set, the wider the areas of the instance will be searched.
Likewise, the higher the learning rates are set, the more the
refinement of the current solutions will be obtained. For this
work, the search space of each market instance is different
from each other. We can see from Table 4 that the larger learn-
ing rates lead to better performance for the smaller instances.
Ir = 1, nelr = 0.75 and Ir = 0.1, nelr = 0.075 have
the best average rank for Hang Seng index (with Q = 31),
and Ir = 0.1, nelr = 0.075 has the best average rank
for DAX 100 index (with Q = 85) and FTSE 100 index
(with O = 89). As the size of the instance increases, the
smaller learning rates tend to perform better. [r = 0.01,
nelr = 0.0075 has the best average rank for S&P 100 index
(with Q = 89), and Ir = 0.001, nelr = 0.00075 has the
best average rank for Nikkei 225 index (with Q = 225).

One strategy of our hybrid algorithm is that the informa-
tion gained from the previous return levels can be carried to
the next following return levels. Therefore, we can set the
lower learning rates in the first half of the return levels to
have a better exploration and set the lower learning rates in
the second half of the return levels in order to have a bet-
ter exploitation. For Hang Seng, DAX 100 and FTSE 100

instances, we set the positive learning rate [r = 0.1, the neg-
ative learning rate nelr = 0.075 for the first ten return levels
and then change to Ir = 1, nelr = 0.75 for the last ten
return levels. For S&P 100 and Nikkei 225 instances, we set
the positive learning rate /r = 0.001, the negative learning
rate nelr = 0.00075 for the first ten return levels and then
change to Ir = 0.01, nelr = 0.0075 for the last ten return
levels.

Please note that as our main purpose is to test the effective-
ness of our hybrid combinatorial approach, we do not claim
that these parameter settings are the optimal choices. Our
primary aim is rather to develop an efficient method that can
solve the two-stage stochastic portfolio optimization prob-
lem with a larger number of scenarios.

6.2 Comparison of computational results for the five
general benchmark instances

The main idea of our combinatorial approach is the decom-
position of the two-stage stochastic model into two parts. The
first part is to search for the selection of assets, and the second
partis to determine the corresponding weights of the selected
assets. The first part is solved by using PBIL-based hybrid
algorithm, and the second part can be solved by a standard
LP solver.

Considering the time limitation, we choose 20 equally
spaced return levels and for each return level, we run our
hybrid algorithm to obtain a portfolio. The set of the port-
folios obtained can form a frontier which represents the
trade-offs between the expected return and the CVaR value
which is a risk indicator.

In order to test the effectiveness of our proposed hybrid
algorithm, we compare our results with three different
approaches. These three approaches use GA mutation only,
PSO and random search for the first part, respectively, while
the second part is solved by the same LP solver. All these
three approaches also maintain an archive (see Sect. 4.7) and
perform the hash search at each iteration (see Sect. 4.4) in

Table4 Average ranks (aveRk)

of the hybrid combinatorial Instance - r

algorithm with different sets of Index (0] | Ny INJ | 0.001 0.01 0.1 1

learning rates for five general nelr

market instances using 16,000 0.00075 0.0075 0.075 0.75

possibilities of scenarios
Hang Seng 31 400 40 aveRk 1.1429 1.1429 1.0000 1.0000
DAX 100 85 400 40 aveRk 1.4545 1.3636 1.1818 1.3636
FTSE 100 89 400 40 aveRk 1.6000 1.5000 1.4000 2.1000
S&P 100 98 400 40 aveRk 1.9286 1.2143 1.9286 2.1429
Nikkei 225 225 400 40 aveRk 2.0000 2.2500 2.7500 3.0000
Average aveRk 1.6252 1.4942 1.6521 1.9213

Bold values indicate the best learning rate settings
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Fig.6 Comparative results of the hybrid algorithm with three other different approaches for five general market instances using 16,000 possibilities
of scenarios. The proposed hybrid algorithm dominates other three approaches, as for each return level, our hybrid algorithm can obtain better

(smaller) CVaR value

Table 5 Average ranks (aveRk) of the four different algorithms for five general market instances using 16,000 possibilities of scenarios

Instance Hybrid algorithm GA mutation PSO Random search
Index (0] | Ny |Ngj |

Hang Seng 31 400 40 aveRk 1.0000 1.8571 3.1429 3.7857

DAX 100 85 400 40 aveRk 1.0000 1.9091 3.0000 4.0000

FTSE 100 89 400 40 aveRk 1.0000 2.0000 3.0000 4.0000

S&P 100 98 400 40 aveRk 1.0000 2.0000 3.0000 4.0000

Nikkei 225 225 400 40 aveRk 1.0000 2.0000 3.0000 4.0000
Average aveRk 1.0000 1.9532 3.0286 3.9571

Bold values indicate the best algorithm

order to avoid unnecessary search and to explore wider solu-
tion space. The comparative results can be found in Fig. 6.

We run each of different algorithms ten times and take
the simple ranking test. The final average ranks of the four
different algorithms for 20 return levels are shown in Table 5.

From Fig. 6 and Table 5, we can see that our hybrid combi-
natorial algorithm outperforms all the other three algorithms
on all five instances.

6.3 Portfolio composition
As we mentioned previously, good solutions tend to have

similar structures. In fact, for this two-stage stochastic model,
good solutions for two consecutive return levels also share
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some similarities. For each market instance, we run our
hybrid algorithm for ten equally spaced return levels to obtain
the assets selections. The results are shown in Fig. 7. We
calculate the average similarities for two consecutive return
levels and the results are shown in Table 6. We can see that for
two consecutive return levels, there are approximately 6.53
out of 10 identical asset choices on average.

This observation can be used to guide our search. The
idea is that we keep the best solution of one return level
and use it as the starting search point of the next return
level. This mechanism can be adopted in all four algorithms
mentioned in Sect. 6.2. Another important component in our
hybrid algorithm, the probability vector, also contains use-
ful information. Derived from the ideas used in competitive
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Table 6 Average similarities for two consecutive return levels of five
general market instances using 16,000 possibilities of scenarios

Instance Average similarities
Index 0 N | IN|

Hang Seng 31 400 40 6.78

DAX 100 85 400 40 6.11

FTSE 100 89 400 40 6.78

S&P 100 98 400 40 6.11

Nikkei 225 225 400 40 6.89

Average 6.53

learning, the whole population is defined as the probability
vector representation. Therefore, the good asset tends to have
a high probability to be selected. The knowledge learned in
one return level can be transferred to the next return level.
The probability vector is adjusted accordingly in each gener-
ation and in each return level and is gradually shifted toward
representing better solutions.

6.4 Performance

All the algorithms for the two-stage stochastic portfolio opti-
mization model mentioned in Sect. 6.2 were implemented in
C# with concert technology in CPLEX on top of CPLEX 12.4
solver. All the tests were run on the same Intel(R) Core(TM)
17-4600M 2.90GHz processor with 16.00 GB RAM PC and
Windows 7 operating system. For a given return level of each

===
e e e
B s | e | ot |

different market instance, the computational time is given in
Table 7.

In order to conduct fair comparisons between the algo-
rithms, all the tests were run under the same condition (i.e.,
the same number of generations). The performance of four
algorithms are shown in Fig. 8. As we can see that our hybrid
algorithm converges within less than 50 generations for all
five market instances while the other three algorithms fail to
converge within 100 generations. In fact, our hybrid algo-
rithm can achieve better results with less computational time
compared to the other three algorithms. The hybrid algo-
rithm is based on PBIL which has an important component,
the probability vector. It enables learning during the whole
execution in the sense that the knowledge from the previous
return levels can be inherited to problems with the similar
return levels.

A concern is that the local search adopted in our hybrid
algorithm can be also adopted in GA with mutation only
and PSO. The idea is that the probability vector in our
hybrid algorithm can provide a more meaningful neighbor-
hood structure; therefore, the local search are much more
effective compared to using a random neighborhood struc-
ture (i.e., replacing an asset with a random one).

7 Conclusion and further work

In this work, we investigate a two-stage stochastic portfolio
optimization model which minimizes the Conditional Value

Assettd | Assetld | Assetld | Assetld | Assetld
Asser39 | Asser39 | Asse39 | Assetsd
Assett? | Assetl? | Assett7 | Assetl7 | Assett7
Assetdd | Asser29

s ) o s Lo
Asset33 | Asset33 E Asset33 Asset33
Assetd6 | Asset80

S&P 100

Fig. 7 Portfolio composition results of our hybrid algorithm for five
general market instances using 16,000 possibilities of scenarios. Each
column represents the assets selection of the best portfolio obtained

FTSE 100

Nikkei 225

for one specified return level. One portfolio is composed of ten differ-
ent assets represented by ten different color sectors. The same asset is
represented by the same color sector in each market instance
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Table 7 Computational time of

. . Instance Hybrid algorithm ~ GA mutation PSO  Random search
the four different algorithms for -
five general market instances Index (0] | Ny [N/ |
using 16,000 possibilities of
scenarios Hang Seng 31 400 40 min 17 15 15 11
DAX 100 85 400 40 min 31 30 30 23
FTSE 100 89 400 40 min 32 30 31 23
S&P 100 98 400 40 min 35 34 34 24
Nikkei 225 225 400 40 min 56 54 54 45
Average min 342 32.6 32.8 252
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Fig.8 The performance of four different algorithms for five general market instances using 16,000 possibilities of scenarios. The proposed hybrid

algorithm has the fastest convergence speed compared with the other three approaches

at Risk (CVaR) of the portfolio loss with a comprehensive
set of real-world trading constraints. Due to its difficulty, the
problem has not been much explored in the literature. The
two-stage stochastic model can capture the market uncer-
tainty in terms of future asset prices; therefore, it enables the
investors rebalancing the assets. Practically, our model can
help investors for portfolio investment in a twofold fashion.
Firstly, our optimization model takes a set of real-world con-
straints into account, adopting a more reliable risk measure,
CVaR, which makes our model more reliable. Secondly, our
model incorporates future asset price uncertainty based on
different scenarios. Consequently, our scenario-based model
is more applicable to investors since they can design their
future investment strategies in accordance with their future
asset price expectations, which can be embodied in the model
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scenarios with customized probabilities. More importantly,
our future asset price scenarios are produced from the real
market data distributions. In fact, the copula-based scenario
generation method can deal with any possible distributions,
which strongly reinforces the applicability of our model since
it allows us to capture the unique features of data distribu-
tions. Therefore, our model can be easily extended to develop
momentum-based investment strategies in the future work.
A key contribution of this paper is that it develops an
effective hybrid combinatorial approach for the two-stage
stochastic portfolio optimization model. The proposed solu-
tion approach integrates a hybrid algorithm and an LP solver
in the sense that hybrid algorithm can search for the assets
selection heuristically while the LP solver can solve the
corresponding reduced subproblems optimally. The hybrid
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algorithm for assets searching is based on PBIL while local
search and hash search are adopted in order to solve the
two-stage stochastic model with a larger number of scenar-
ios effectively and efficiently. Elitist selection and partially
guided mutation are also adopted in order to enhance the
evolution.

Comparison results against three other algorithms are
given for five general market instances and our hybrid com-
binatorial approach outperforms the three algorithms on all
instances. We also investigate the structure of the solutions
obtained and we demonstrate that the knowledge learned
in one return level can be inherited to the next following
return levels. This can enhance the search process and makes
the whole execution more efficient. The effects of different
learning rates are also examined in order to choose the bet-
ter settings for the hybrid algorithm. The proposed solution
approach in this paper may have potential to be applied to the
other hard problems in a wide spectrum of OR applications
where cardinality is a major concern.
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