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Abstract

Flow visualisationhasalreadybeena veryattractivepart of visualisationresearch for a long time. Usuallyvery
large data setsneedto be processed,which often consistof multivariate data with a large numberof sample
locations,oftenarrangedin multipletimesteps.Recently, thesteadilyincreasingperformanceof computers again
has becomea driving factor for a new boomin �ow visualisation,especiallyin techniquesbasedon feature
extraction,vector�eld clustering, andtopology extraction.
In this state-of-the-artreport, an attemptwasmadeto (1) provide a usefulcategorisationof FlowVis solutions,
(2) giveanoverview of existingsolutions,and(3) focusonrecentwork,especiallyin the�eld of featureextraction.
In separate sectionswe describe(a) direct visualisationtechniquessuch as hedgehog plots, (b) visualisation
using integral objects,such as streamlines,(c) texture-basedtechniques,including spotnoiseand line integral
convolution,and(d) techniquesbasedon extractionof featuresor �ow topology.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3 [ComputerGraphics]:visualisation,�o w visuali-
sation,computational�o w visualisation

1. Intr oduction

Computershave becomeincreasinglyimportantin many as-
pectsof society— in science,businessandeconomics,ed-
ucationandpolitics, aswell as in many other �elds, com-
putersareusedto acquire,store,process,andcommunicate
data,notin theleasttousers.Visualisation, asaseparate�eld
of researchanddevelopmentin computerscience,addresses
exactly this bridgebetweendataanduser:visualisationso-
lutionshelpusersto explore,analyse,andpresenttheirdata.

In �ow visualisation(FlowVis) — oneof the traditional
sub�elds of visualisation— a rich variety of application
�elds is given, form the automotive industry, aerodynam-
ics, turbomachinerydesign,weathersimulationand mete-
orology, climatemodelling,groundwater�o w, medicalap-
plications,etc.,with signi�cantly differentcharacteristicsre-
latingto thedataandusergoals.Consequently, thespectrum
of FlowVis solutionsis very rich, spanningmultiple dimen-
sionsof technicalaspects,e.g.,2D vs. 3D solutions,tech-
niquesfor steadyandtime-dependentdata,et cetera.

1.1. Aspectsof Flow Visualisation

Bringingmany of thosesolutionsin a linearorder(asneces-
saryfor atext like this), is notatall easyor intuitive.Several
optionsof subdividing this broad�eld of literaturearepos-
sible. Hesselinket al., for example,addressedthe dif�cult
problemof how to categoriseFlowVis techniquesin their
1994overview of (at that time) recentresearchissues33. In
the following subsectionsseveral of thoseaspectsare dis-
cussedon a higher level, beforeliteratureis addresseddi-
rectly later.

Dir ectvs. integration-basedvs. feature-based�o w
visualisation

Accordingto thedifferentneedsof theuserstherearediffer-
entapproachesto �o w visualisation(cf. Figure1c).Oneis to
do direct �ow visualisationby usinganasdirectaspossible
translationof the�o w datainto visualisationcues,suchasby
drawing arrows.FlowVis solutionsof thiskind allow imme-
diateinvestigationof the �o w data,without a lot of mental
translationeffort.

For abettercommunicationof thelong-termbehaviour in-
ducedby �o w dynamics,integration-basedapproaches�rst
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Figure1: Direct�ow visualisation(a) vs.FlowVis basedon
�ow integration (b) vs.FlowVis basedon deriveddatasuch
as �ow featuresor �ow topology (c). Thisclassi�cation re-
latesto the�r st-level structure of this report.

integratethe �o w dataanduseresultingintegral objectsas
basisfor visualisation,e.g.,usingstreamlinesfor visualisa-
tion.

Anotherapproachfor visualising�o w datais thefeature-
basedapproach, in which an abstractionstepis performed
�rst. From the original dataset, interestingobjectsareex-
tracted,suchasimportantphenomenaor topologicalinfor-
mationof the�o w. These�o w featuresareanabstractionof
the data,andcan be visualisedef�ciently and without the
original data.Becausethe original datais not neededany-
more,a hugedatareductionis achieved, of a factor 1000
or more.This makes this approachvery suitablefor large
(time-dependent)datasets,originatingfrom computational
�uid dynamicssimulations.Thesedatasetsaresimply too
large to visualisedirectly, andtherefore,a lot of time is re-
quiredin preprocessing,for computingthefeatures(feature
extraction).But oncethispreprocessinghasbeenperformed,
visualisationcanbedoneveryquickly.

In this overview we useseparatechaptersfor the afore-
mentionedclassesof approaches:direct �o w visualisation
is discussedin Section2, integration-basedFlowVis in Sec-
tions3 and4, andfeature-basedFlowVis is describedin Sec-
tions5 through8. Figure1 illustratesthedifferencebetween
theaforementionedclasses— notetheincreasingamountof
computationspentwithin thevisualisationstepwhenchang-
ing from directFlowVis (a) to feature-basedFlowVis (c).

Spatial dimensionsvs.time

In �o w visualisation,availablesolutionssigni�cantly differ
with respectto the given dimensionalityof the �o w data.
Techniqueswhich areuseful for 2D data,like colour cod-
ing or arrow plots,sometimeslacksimilaradvantagesin 3D.
Also, thequestion,whetherthe �o w datais steadyor time-
dependent,usuallymakesabig differencewith respectto the
FlowVis solutionof choice.

In this state-of-the-artreport,we (at leastpartially) sub-
structurethesectionsaboutdifferentclassesof FlowVis so-
lutions into subsectionswith respectto differentspatialdi-
mensionsinvolved. Although there are lots of interesting
worksabout1D FlowVisaswell asnD FlowVis (with n> 3),

this reportclearly focuseson two andthreespatialdimen-
sions.

Below, thetop-level sectionsstartwith asubsectionon2D
FlowVis techniques(Sectionsn.1), i.e., covering solutions
which focus on 2D �o w data (in 2D domains).Sincethe
2D domaininherentlycorrespondsto the 2D screen,good
overviews are possiblefor thesekinds of techniqueslike
with theuseof 2D LIC (seebelow for details).However, the
readershouldbeaware,thatreal-world �o ws (at leastwhen
talking about�uids or gases)arerarelytwo-dimensional—
datasetsthereforeareoftenslicesout of a stackof those,or
stemfrom simpli�cations of theunderlyingmodel.

A secondsubsection(Sectionsn.2) discussesFlowVis so-
lutionsfor boundary�ows or sectionalsubsetsof 3D �ows,
for example,�o w dataonplanarcrosssections.Thissubsec-
tion thereforedealswith 2D �o w data,atleastwith respectto
thelocal dimensionalityof thedata,but which is embedded
within 3D space.Whereasboundary�o ws oftenareprimar-
ily interestingto theuseranyway (for examplein aerospace
design),thevisualisationof sectionalsubsetsof 3D �o w usu-
ally needsspecialcare(notattheleastbecauseof theusually
missingthird �o w component).Especiallytheuseof integral
curvesacross�o w crosssectionsis questionableasthesug-
gestedparticlepaths(in general)donotcorrespondto actual
�o w trajectorieswhichnaturallyextendto 3D in thiscase.

Finally, a third subsection(Sectionsn.3) discussestruly
3D FlowVis solutions, i.e., visualisationtechniques,which
applyto true3D �o w data.With true3D FlowVis, rendering
becomesa centralissue— in many casescompromisesare
needed,tradingvisibility for completeness.Solutionsrange
from clipping andopacitymodulationsto feature-basedse-
lections.

In additionto thespatialdimensionsasaddressedabove,
alsodimensionalitywith respectto time is of greatimpor-
tancein �o w visualisation.First of all, �o w dataitself in-
corporatesa notionof time — �o ws oftenareinterpretedas
differentialdatawith respectto time, i.e., whenintegrating
thedata,pathsof moving entitiesareobtained.Additionally,
the�o w itself canchangeover time (like in turbulent�o ws,
for example),resultingin time-dependentor unsteadydata.
In this case,two dimensionsof time arepresentandthevi-
sualisationmustcarefullydistinguishbetweenbothin order
to prevent the userfrom beingconfused.This is especially
true,whenanimationshouldbeusedfor �o w visualisation.
Then,evena third temporaldimensioncanshow up in a vi-
sualisation,requiringspecialcareto avoid confusionalong
with interpretationof theanimations.

Although the distinction betweensteadyand unsteady
�o ws could openanotherdimensionwhensortingFlowVis
literature,in thisreportsolutionsfor time-dependentdataare
putbesiderelatedtechniquesfor steadydata.
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Computational vs.experimentaland empirical FlowVis

Flow visualisation,asdiscussedin this literatureoverview,
is consideredto be equivalent to what otherscall compu-
tational �ow visualisation— just to distinguishit from the
largeandold �elds of experimentalandempirical�o w visu-
alisation.

Although we do not have spaceto also focus on those
othervariantsof FlowVis, it is interestingto recognisethat
many computationalFlowVis solutionsmoreor lessmimic
thevisualappearanceof well-acceptedtechniquesin exper-
imental visualisation(cf. particle traces,dye injection, et
cetera).

Data fr om simulation vs.measurementsor models

ComputationalFlowVis, in general,dealswith datathatex-
hibit temporaldynamicssuchasresultsfrom �o w simulation
(e.g., the simulationof �uid �o w througha turbine), �o w
measurements(possiblyacquiredthroughlaser-basedtech-
nology), or analytic modelsof �o ws (e.g.,dynamicalsys-
tems,givenassetof differentialequations).

In this reportwe mainly focuson �o w visualisationdeal-
ing with datafrom �o w simulation,i.e., �o w datagivenasa
setof sampleson somekind of grid, whereassolutionsfor
datafrom �o w measurementsor �o w modellingareonly ad-
dressedin lessdetail.Technicalissuesfrequentlyarisedueto
thecombinationof extremelylargedatasetsanddemanding
userrequirementssuchasinteractive visualisationof time-
dependentdata.Therefore,solutionsin the �eld of parallel
computing11; 60; 138; 170, out-of-corerendering147, andrender-
ingof compresseddata166 areoftendiscussedin theFlowVis
literature.

Placementand interaction

Many FlowVis solutionsbuild on theuseof individual visu-
alisationobjects,for example,streamlines.For at leastthree
reasons,the placementof thosevisualisationcuesis an is-
suewithin FlowVis literature:(1) when using integral ob-
jectssuchasstreamlines,anevendistribution of seedloca-
tions usually doesnot result in an even distribution of in-
tegral objects— separatealgorithmsneedto be employed;
(2) when dealingwith 3D �o w data,occlusionand/orvi-
sualisationcomplexity raisesspecialchallenges— dense
placementoftenresultsin severeclutteringwithin rendered
images;(3) whenusingfeature-basedstrategies,placement
needsto becoupled(andaligned)with thefeatureextraction
partsof thevisualisation.

In addition to placement,user interactionplays an im-
portantrole, especiallyin caseof �o w analysis.Usersre-
quire systemswhich allow (1) navigation, includingzoom-
ing, panning,etc.,(2) interactive placementof visualisation
cues,for example,usingan interactive rake for streamline
seeding,aswell asothermeansto in�uence the visualisa-
tion, or even(3) optionsof interactingwith the�o w data,for
example,throughsteering.

Lastbut not leasthuman-computerinteractionchallenges
presentthemselves throughout�o w visualisationresearch,
especiallyin the categoriesof perceptionin 3D, andinter-
action.For thereis strongevidencethat both 3D visualisa-
tion 154 andinteraction34 arevery importantcomponentsfor
theuserin understandingthedata.

1.2. FlowVis Fundamentals

Beforeoutlining someof themostimportantFlowVis tech-
niquesin themainpartof this paper, a shortoverview about
thecommonmathematicalbackgroundaswell assomegen-
eralconceptswith regardto thecomputationof FlowVis re-
sultsarediscussed.

Flow data

An inherentcharacteristicof �o w datais thatderivative in-
formation is given with respectto time, which is laid out
acrossan n-dimensionaldomainW� Rn, for example,for
representing3D �uid �o w (n = 3). In the caseof multidi-
mensional�o w data(n> 1), temporalderivativesv of nD lo-
cationsp within the �o w domainWaren-dimensionalvec-
tors:

v = dp=dt; p 2 W� Rn; v 2 Rn; t 2 R (1)

In analyticmodels(like dynamicalsystems),vectorsv of-
tenaredescribedasfunctionsof therespective spatialloca-
tions p, saylike v = Ap for steadylinear �o w dataif A is
a constantn� n-matrix. A generalformulationof (possibly
unsteady, i.e., time-dependent)�o w datav wouldbe

v(p; t) : W� P ! Rn (2)

wherep 2 W� Rn representsthespatialreferenceof the�o w
andt 2 P � R representsthesystemtime. If t is considered
tobeconstant,i.e.,for steady�o w data,themoresimplecase
of v(p) : W! Rn is given.

In casesof resultsfrom nD �o w simulation,like in auto-
motive applicationsor airplanedesign,vectordatav usually
is not given in analyticform, but needsto be reconstructed
from the(discrete)simulationoutput.As usuallynumerical
methodsareusedto actuallydo the�o w simulationsuchas
�nite elementmethods.Theoutputof �o w simulationusu-
ally is a large-sizedgrid of many samplevectorsvi;t , which
discretelyrepresentthe solution of the simulationprocess
(at timestepst). For furtherprocedure,it is assumedthatthe
�o w simulationwasbasedonan(at leastlocally) continuous
modelof the �o w, thusallowing for continuousreconstruc-
tion of the �o w datav during visualisation.Oneoption for
doingsowouldbeto applyareconstruction�lter h : Rn ! R
to computev(p; t) = å i h(p � pi) vi;t . As — for practical
reasons— �lter h usually has only local extent (around
theorigin), ef�cient proceduresfor �nding those�o w sam-
plesvi;t , which arenearestto thequerypoint p, areneeded
to do properreconstruction.
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Grids

In �o w simulation,the vectorsamplesvi;t usuallyare laid
out acrossthe �o w domainaccordingto a certaintype of
grid. Grid types range from simple Cartesiangrids over
curvilinear grids to complex unstructuredgrids. Typically,
simulationgrids also exhibit large variationsin cell sizes.
This variety of grids stemsfrom the high in�uence of grid
designontothe�o w simulationprocessandthetherebyde-
rivedneedto modelthe�o w grid asoptimalaspossiblewith
respectto thesimulationin mind.

Although the principal theoryof function reconstruction
from discretesamplesdoesnotexhibit toomany differences
with respectto grid typesinvolved, the practicalhandling
does.While neighboursearchingmightbetrivial in a Carte-
siangrid, it usuallyis not in atetrahedralgrid.Similardiffer-
encesaregivenfor theproblemsof point locationandvector
reconstruction.In the following we shortlydescribeseveral
fundamentaloperationswhich form the basisfor FlowVis
computationson simulationgrids.

Startingwith point location, i.e., the problemof �nding
the grid cell which a given nD-point lies in, usually two
casesaredistinguished.For thegeneralpoint locationprob-
lem specialdatastructurescanbeusedwhich subdivide the
spatialdomainto speedup the search.The secondcaseof
iterative point location,which often is neededduring inte-
gral curve computation,usuallyallows for quiteef�cient al-
gorithmsdueto exploitationof spatialcoherence.Onekind
of algorithmstartswith an initial guessfor the target cell,
checksfor containmentthenandre�ning accordinglyafter-
wards.This processis iterateduntil the targetcell is found.
More detailscanbefound in older texts about�o w visuali-
sationfundamentals129; 95.

Besidepoint location,�ow reconstructionwithin a cell of
the �o w datasetis a crucial issuein �o w visualisation.Of-
ten,oncethecell whichcontainsthequerylocationis found,
only thesamplevectorsat thecell's verticesareconsidered
for �o w reconstruction.The most often usedapproachis
�rst-order reconstructionby performinglinearinterpolations
within thecell. Within a hexahedralcell in 3D, for example,
trilinear �o w reconstructioncanbeused.

Using point locationand�o w reconstruction,�o w visu-
alisationcan alreadystart: vectorscan be represented(for
example,by arrows), virtual particlescan be injectedand
tracedacrossthe �o w domain.Nevertheless,the computa-
tion of deriveddatamight benecessaryto do moresophis-
ticatedFlowVis. Usually, the�rst stepis to request(second-
order)gradientinformationfor arbitrarypoints in the �o w
domain, i.e., r vjp, which gives information about local
propertiesof the�o w (at point p) suchas�o w convergence
anddivergence,�o w rotationandshear, et cetera.For fea-
tureextraction,also�o w vorticity w = r � v canbeof high
interest.Furtherdetailsaboutlocal �o w propertiescan be
foundin previouswork 96; 77.

Flow integration

Recallingthat �o w datain mostcasesis derivative informa-
tion with respectto time the idea of integrating �o w data
over time is naturalto provide an intuitive notion of (long-
term)evolutioninducedby the�o w data.An examplewould
be �o w visualisationby theuseof particleadvection.A re-
spective particlepathp(s) — herethroughunsteady�o w —
wouldbede�ned by

p(s) = p0 +
� s

t = 0
v(p(t ); t + t0) dt (3)

wherep0 representstheseedlocationof theparticlepathand
t0 equalsthe time whenthe particlewasseeded.Note, that
Equations2 and3 aremoreor lesscomplimentaryto each
other. For othertypesof integral curvessuchasstreamlines,
streaklines,etc., refer to later partsof this text or previous
works129; 61.

In addition to the theoretical speci�cation of integral
curves,it is importantto note,that respective integral equa-
tions like Equation3 usually cannotbe resolved for the
curve function analytically, andtherebynumericalintegra-
tion methodsneedto be employed. The most simple ap-
proachis to usea �rst-order Euler methodto computean
approximationpE — oneiterationof thecurve integrationis
speci�edasby

pE(t + Dt) = p(t) + Dt v(p(t); t) (4)

whereDt usually is a very small stepin time andp(t) de-
notes the location to start this Euler step from. A more
accuratebut also more costly techniqueis the second-
orderRunge-Kutta method,which usesthe Euler approxi-
mationpE asa look-aheadto computea betterapproxima-
tion pRK2 of theintegral curve:

pRK2(t + Dt) =

p(t) + Dt � (v(p(t); t) + v(pE(t + Dt); t))=2 (5)

Higher-order methods like the often used fourth-order
Runge-Kutta integratorutilise moresuchstepsto betterap-
proximatethe local behaviour of the integral curve. Also,
adaptive stepsizesareusedto make smallerstepsin regions
wherelotsof changestake placein the�o w.

In the following, four classesof approachesin the �eld
of �o w visualisationare discussed— direct �o w visuali-
sationis describedin Section2, texture-basedFlowVis in
Section3, geometricFlowVis is discussedin Section4 and
�nally , feature-based�o w visualisationis describedin Sec-
tions5 through8.

2. Dir ect �o w visualisation

Direct, or global, �o w visualisationtechniquesattemptto
presentthe completedataset, or a large subsetof it, at a
low level of abstraction.The mappingof the datato a vi-
sualrepresentationis direct,without complex conversionor
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Figure2: Examplesof direct�ow visualisation—aninteractiveslicingprobewith colouredslicesandscalarclipping(left) 122;
directvolumerenderingbasedon resampling(middle)160; texture-based,colouredspotnoise(right) 65.

extractionsteps.Thesetechniquesareperhapsthe mostin-
tuitive visualisationstrategiesasthey presentthedataasis.
Dif �culties arise,whenthelong-termbehaviour inducedby
�o w datais investigated,if direct FlowVis is used— this
mayrequirecognitive integrationof visualisationresults.

2.1. Dir ectFlowVis in 2D

In this subsectionwe shortly addresswidely distributed,
standardtechniquesfor 2D FlowVis, i.e., colouringandar-
row plots.

Colour coding in 2D

A commondirect�o w visualisationtechniqueis to map�o w
attributessuchasvelocity, pressure,or temperatureto colour.
Sincecolour plots arewidely distributed,this approachre-
sultsin very intuitive depictions.Of course,thecolourscale
which is usedfor mappingmust be chosencarefully with
respectto perceptualdifferentiation.

Colourcodingfor 2D FlowVis extendsto time-dependent
dataverywell, resultingin moving colourplotsaccordingto
changesof the�o w propertiesover time.

Arr ow plots in 2D

A naturalvector visualisationtechniqueis to map a line,
arrow, or glyph to eachsamplepoint in the �eld, oriented
accordingto the �o w �eld, as in Figure 6 (left). Usually
a regular placementof arrows is usedin 2D, for example,
on an evenly-spacedCartesiangrid. Two variantsof arrow
plots are often used:(1) normalisedarrows of unit length
whichvisualisethedirectionof the�o w only and(2) arrows
of varying length that is proportionalto the �o w velocity.
KlassenandHarrington59 andSchroederet al. 121 call this
techniquea hedgehog visualisation(becauseof the bristly
result).

2D hedgehogplots can be extendedto time-dependent
data,althoughbiggertime stepsmight resultin jumpingar-
rows,diminishingthequality of sucha visualisation.

Hybrid dir ectFlowVis in 2D

Kirby et al. proposesimultaneousvisualisationof multiple
values(of 2D �o w data)by usinga layeringconceptrelated
to the paintingprocessof artists57. Arrow plots aremixed
with colour coding to provide visualisationresultsrich of
information.

2.2. Dir ectFlowVis on slicesor boundaries

When dealing with 3D �o w data, visualisationnaturally
facesadditionalchallengessuchas3D rendering.Acting as
a middlegroundbetween2D FlowVis andthevisualisation
of truly 3D �o w data is the restriction to subdimensional
partsof the3D domain,e.g.,sectionalslicesor boundarysur-
faces.Thereby, techniquesknown from 2D FlowVis usually
areapplicablewithoutmajorchanges(at leastfrom atechni-
cal point of view). Whenworking with sectionalslices,the
treatmentof �o w componentsorthogonalto slicesrequires
somespecialcare.

Colour coding on slicesor boundaries

Colour coding is very effective for visualising boundary
�o ws or sectionalsubsetsof 3D �o w data.A good exam-
ple is NASA's Field EncapsulationLibrary 85, which allows
to easilyusebothtechniquesfor various�o w data.

Schulz et al. also use colour coding of scalarson 2D
slices in 3D automotive simulation data 122 as shown in
Figure2 (left). They introducean interactive slicing probe
whichmapsthevector�eld datato hue.

Theuseof scalarclipping, i.e., the transparentrendering
of slice regions where the correspondingdata value does
not lie within a speci�c datarange,allows to usemultiple
(coloured)sliceswith reducedproblemsdueto occlusion.

2D arr ows on slicesor boundary surfaces

Using2D arrows on slicesfrom 3D �o w datais alsoanef-
fective visualisationtechnique19. However, resultsof such
a visualisationshouldbeinterpretedcarefully, as�o w com-
ponentswhichareorthogonalto thesliceareusuallynotde-
picted.
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Above mentioneddif�culties with 2D arrows and sec-
tional slicesthrough3D �o w arebasicallynegligible, when
talking aboutboundarysurfaces,sincein thesecases,rarely
cross-boundary�o ws aregiven.Thereforetheuseof arrows
spreadout over boundarysurfacesusuallyis very effective,
asusedby Treinishfor weathervisualisation145.

2.3. Dir ectFlowVis in 3D

After discussingdirectFlowVis on slicesandboundarysur-
faces,direct FlowVis of real 3D �o ws is discussedin this
subsection.In contrastto previously mentionedtechniques,
hererenderingbecomesthe most critical issue.Occlusion
andcomplexity make it dif�cult (if possibleat all) to getan
immediateoverview of anentire�o w datasetin 3D.

Volumerendering for 3D FlowVis

Thenaturalextensionof colour codingin 2D (or on slices,
etc.) is colour coding in 3D. This, however, posesspecial
requirementsontorenderingdueto occlusionproblemsand
nontrivial complexity — volumerenderingis needed.Vol-
umerenderingis well-known in the �eld of medical3D vi-
sualisation,i.e., volumevisualisation.However, thosechal-
lenges,which closely correspondto �o w visualisationare
brie�y addressedhere: (1) �o w data sets are often sig-
ni�cantly smootherthan medical data — an absenceof
sharpandclear“object” boundaries(like organboundaries)
makesmappingto opacitiesmoredif�cult andlessintuitive.
(2) �o w datais oftengiven on non-Cartesiangrids,e.g.,on
curvilineargrids— thecomplexity of volumerenderinggets
signi�cantly more tricky on thosekinds of grids, starting
with nontrivial solutionsrequiredfor visibility sortingand
blending.(3) �o w datais alsotime-dependentin many cases,
imposingadditionalloadson therenderingprocess.

In theearlynineties,Craw�s et al. 15, aswell asEbertet
al. 18 appliedvolumerenderingtechniquesto vector �elds.
Little later, Frühaufappliedray castingto vector �elds 22.
Recently, Westermann,presentedarelatively fast3D volume
renderingmethodusing a resamplingtechniquefor vector
�eld datafrom unstructuredto Cartesiangrids 160. A result
from this techniqueis illustratedin Figure2 (middle).

Recently, ClyneandDennis14 aswell asGlau24 presented
volumerenderingfor time-varyingvector�elds usingalgo-
rithmswhichmakespecialuseof graphicshardware.Onoet
al. usedirectvolumerenderingto visualisethermal�o ws in
thepassengercompartmentof anautomobile90. Their goal
is to attain the ability to predict the thermalcharacteristics
of theautomotive cabinthroughsimulation.Swanet al. ap-
ply directvolumerenderingtechniquesin �o w visualisation
in a systemthat supportscomputationalsteering137. Their
visualisationresultsareextendedto theCAVE environment.

Recently, Ebert and Rheingansdemonstratedthe useof
nonphotorealisticvolumerenderingtechniquesfor 3D �o w
data17. They apply, for example,silhouetteenhancementor
toneshadingto improve renderingsof 3D �o ws.

Arr ow plots in 3D

Theuseof arrows for direct3D FlowVis posesat leasttwo
problems:(1) thepositionandorientationof a vectoris of-
tendif�cult to understandbecauseof its projectionontoa2D
screen— using3D representationsof arrows (like a cylin-
der plus a cone)decreasestheseproblemswith perception
and(2) glyphsoccludingoneanotherbecomea problem—
carefulseedingis required(in contrastto thedefaultof dense
distributions).

In actualapplications,arrow plots are usually basedon
selective seeding,for example,all arrows startingfrom one
outof a few sectionalslicesthroughthe3D �o w.

Boring andPangaddresstheproblemof clutter in 3D di-
rectFlowVis by highlightingthosepartsof a 3D arrow plot,
whichpoint in asimilardirectioncomparedto auser-de�ned
direction8. Their methodologyreducesthe amountof data
being displayedthus resultsin lessclutter. Their methods
canbe combinedwith othertechniquesthat useglyph rep-
resentationsand �o w geometriessuch as streamlinesfor
FlowVis. They apply themethodsto bothanalyticandsim-
ulationdatasetsto highlight �o w reversals.

3. Texture-basedVisualisation

Wemake a distinctionbetweengeometric�o w visualisation
(seeSection4) anddense,texture-based�o w visualisation,
however, thesetwo topicsarecloselycoupled:conceptually,
the path from usinggeometricobjectsto texture-basedvi-
sualisationis obtainedvia a denseseedingstrategy. That is,
denselyseededgeometricobjectsresultin animagesimilar
to that obtainedby dense,texture-basedtechniques.Like-
wise,thepathfrom dense,texture-basedvisualisationto vi-
sualisationusinggeometricobjectsis obtainedusingsome-
thingsuchasa sparsetexturefor textureadvection.

Texture-basedtechniquesin �o w visualisationcan pro-
vide densespatial resolutionimages.Texture-basedalgo-
rithmsareeffective,versatile,andapplicableto awidespec-
trum of applications.Sannaet al. presenta summaryof this
researchin a survey paper117.

3.1. Texture-basedFlowVis in 2D

In this subsection,we describetexture-basedFlowVis solu-
tionsfor 2D �o w data,i.e.,spotnoise,line integral convolu-
tion (LIC), andrelatedapproaches.

Spotnoisein 2D

Spotnoise,introducedby VanWijk 162, wasamongstthe�rst
texture-basedtechniquesfor vector�eld visualisation.Spot
noisegeneratesa texture by distributing a set of intensity
functions,or spots,over the domain.Eachspot represents
a particle moving over a small stepin time and resultsin
a streakin the direction of the local �o w from wherethe
particleis seeded.

c TheEurographicsAssociation2002.



Post,Vrolijk, Hauser, Laramee, Doleisch / FeatureExtractionandVisualisationof Flow Fields

One limitation of the original spot noisealgorithm was
the lack of velocity magnitudeinformationin the resulting
texture.Enhancedspotnoise70, by De LeeuwandVanWijk
wasintroducedto addressthis problem.Spotnoisehasalso
beenappliedto the visualisationof turbulent �o w 67 by De
Leeuwet al. A spotnoisealgorithmfor interactive visuali-
sationis proposedby DeLeeuw65, also.De LeeuwandVan
Liere alsocomparespotnoiseto LIC 68. Spotnoisein 2D
combinedwith colourcodingis shown in Figure2 (right).

Line integral convolution in 2D

Line integral convolution (LIC), �rst introducedby Cabral
andLeedom12 is averypopulartechniquefor thedensecov-
erageof vector�elds with �o w visualisationcues.Theorig-
inal methodologybehindLIC takes as input a vector �eld
on a Cartesiangrid and a white noisetexture of the same
size.The noisetexture is locally �ltered (smoothed)along
the path of streamlinesto acquirea densevisualisationof
the�o w �eld. SeeFigure6 (middle)for anexample.

Theresearchin �o w visualisationbasedonLIC described
here extendsLIC in several ways: (1) adding directional
cues,(2) showing velocitymagnitudes,(3) addedsupportfor
non-Cartesiangrids, (4) allowing real-timeand interactive
exploration,(5) extendingLIC to 3D, and(6) extendingLIC
to unsteadyvector�eld visualisationwith timecoherency.

Shenetal. addresstheproblemof directionalcuesin LIC
by combininganimationandintroducingdyeadvectioninto
thecomputation126. Kiu andBanksproposedto usea mul-
tifrequency noisefor LIC 58. The spatial frequency of the
noiseis a functionof themagnitudeof the local velocity in
the�eld.

Khouaset al. synthesiseLIC-lik e imagesin 2D with fur-
like textures 56. Their techniqueis able to locally control
attributesof the output texture suchas orientation,length,
density, andcolour.

Much researchhasbeendedicatedto bringingLIC com-
putationto interactive rates.Stalling andHege presentsig-
ni�cant improvementsin LIC performanceby exploiting co-
herencealongstreamlines135; 29. Parallelimplementationsof
LIC arepresentedby CabralandLeedom11, andZöckleret
al. 170.

OLIC for 2D FlowVis

Wegenkittl et al. alsoaddresstheproblemof orientationof
�o w with their OLIC (OrientedLine Integral Convolution)
approach157. Conceptually, theOLIC algorithmmakesuse
of asparsetextureconsistingof many separatedspotswhich
aremoreor lesssmearedin the directionof the local vec-
tor �eld throughintegration.A fastversionof OLIC (called
FROLIC) is presentedby Wegenkittl andGröller 156 via a
trade-off of accuracy for time.BergerandGröllerpresentan
algorithmfor animating2D FROLIC imagesover theworld
wideweb7.

Löffelmannet al. usevirtual ink droplets,like streamlets,
to visualise2D dynamicalsystems74. Similar to oriented
line integral convolution (OLIC), the virtual ink droplet
methodis capableof visualisingnot only directionandve-
locity of �o w, but also the orientationof vectors.SeeFig-
ure 6 for a comparisonbetweenstreamlets(right) andLIC
(middle).

2D TextureAdvection

JobardandLeferuseamotionmapdatastructurefor animat-
ing 2D, steady-state�o w �elds 47. Themotionmapcontains
botha denserepresentationof the �o w andthe information
requiredto animatethe �o w. It offers theadvantageof sav-
ing memoryandcomputationtime sinceonly oneimageof
the �o w hasto be computedandstoredin the motion map
datastructure.

Jobardet al. proposea techniqueto visualisedenserep-
resentationsof unsteadyvector �elds basedon what they
call a Lagrangian-EulerianAdvectionscheme45. Thealgo-
rithm combinesa dense,time-dependent,integration-based
representationof thevector�eld with interactiveframerates.
Someresultsfrom thetechniqueareshown in Figure3.

Unsteady�o w visualisationtechniquesmay addressthe
problemof interactive performancetime throughtheuseof
texturemappingsupportedby thegraphicshardware.Becker
and Rumpf illustrate hardware-supportedtexture transport
for 2D, unsteady�o w data6.

Jobardetal. 43; 44 presentadditional2D, unsteady�o w vi-
sualisationtechniques.They achieve high performancevia
the useof graphicshardware.They also detail spatialand
temporalcoherencetechniques,dye advection techniques,
andfeatureextraction.

3.2. Texture-basedFlowVis on surfacesor boundaries

Texture-basedtechniquesare,in general,bettermethodsfor
conveying �o w information on sectionalslices than tech-
niquesusing (long) geometricobjects.This is becausethe
connectionalongthepathof whatwould bea streamlineis
lostwith dense,texture-basedtechniques.Thusthedepiction
of the�o w is not misleadingin termsof a potentialsugges-
tionsof particlepaths.Let us recall that the vectorcompo-
nentorthogonalto theslice is removedwhenusingtexture-
basedandgeometricmethodsfor visualisationresults.

Spotnoiseon boundariesor slices

De Leeuwet al. extendthespotnoisealgorithmto surfaces
in a studythat comparesexperimentalsurface�o w visuali-
sation(with oil) to thatof spotnoiseonsurfaces66.

A combinationof both texture-basedFlowVis (on slices)
and3D arrowsfor 3D FlowVis isemployedbyTeleaandVan
Wijk 144 wherearrowsdenotethemaincharacteristicsof the
3D �o w (afterclustering)anda 2D slicewith spotnoiseor
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Figure 3: Threeimagestaken froman animationof an unsteadyvector�eld createdwith theLagrangian-Eulerianadvection
algorithm45.

LIC is usedto visualisetherestof thevector�eld (onaslice
only).

LIC for boundary �o ws

A largebodyof researchliteratureis dedicatedto theexten-
sionof LIC ontoboundarysurfaces,surveyed,for example,
by Stalling134.

Theextensionof LIC to non-Cartesiangridsandsurfaces
is presentedby researcherssuchasForssell20. Forsselland
Cohen21 extendLIC to curvilinearsurfaceswith animation
techniques,add magnitudeand direction information, and
show how to useLIC to depicttime-dependent�o ws.Their
algorithmalsoutilisestexturemappinghardwareto improve
performancetime towardsinteractive rates.

Teitzel et al. 142 presentan approachthat works on both
2D unstructuredgrids anddirectly on triangulatedsurfaces
in three-dimensionalspace.Mao et al. 82 presentan algo-
rithm for convolving solidwhitenoiseon trianglemeshesin
3D space,andextendLIC for visualisinga vector �eld on
arbitrary3D surfaces.

Battke et al. 4 describean extensionof LIC for arbitrary
surfacesin 3D. Someapproachesarelimited to curvilinear
surfaces,i.e., surfaceswhich canbeparameterisedby using
2D-coordinates.Their methodalsohandlesthecaseof gen-
eral,multiply connectedsurfaces.

Scheuermannet al. presenta methodfor visualising3D
vector �elds that are de�ned on a 3D manifold 118. Their
work addressesthenormalvectorcomponentto thesurface
thatothermethodsdonot.

A problemwith many curvilineargrid LIC algorithmsis
that the resultingLIC texturesmay bedistortedafterbeing
mappedontothegeometricsurfaces,sinceacurvilineargrid
usuallyconsistsof cellsof differentsizes.Maoetal. propose
a solutionto theproblemby usingmultigranularitynoiseas
theinput imagefor LIC 81.

UFLIC, PLIC, et cetera

ShenandKao presentUFLIC (UnsteadyFlow LIC), which
incorporatestime into the convolution 127; 125. SeeFigure4
(left). Their algorithm addressesproblemswith temporal
coherency by successively updatingthe convolution results
over time.They alsoproposea parallelUFLIC algorithm.

Vermaet al. presenta methodfor comparative analysis
of streamlinesandLIC calledPLIC 149. A visual compari-
sonbetweenELIC (enhancedLIC) 89, PLIC, andUFLIC is
shown in Figure4.

3.3. Texture-basedFlowVis in 3D

High computationalcosts, demandingmemory require-
ments,occlusion,and visual complexity can all be inhibi-
tantsfor texture-based�o w visualisationin 3D.

Figure5: 3D LIC 38.

LIC in 3D

Occlusionand interactive performanceare nontrivial chal-
lengeswhenimplementingLIC in 3D (shown in Figure5).
Rezk-Salamaet al. tackletheproblemof interactive perfor-
manceusinga3D-texturemappingapproachcombinedwith
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Figure4: A comparisonof 3 LIC techniques:(left) UFLIC, (middle)ELIC, and(right) PLIC 149.

Figure6: Exampleof comparingFlowVis techniquesfromSections2, 3, and4 72. FlowVis bytheuseof arrows(left) is compared
to texture-basedFlowVis by theuseof LIC (middle)andFlowVis basedon geometricobjects(right).

an interactive clipping planeto addresstheproblemsof oc-
clusionandinteraction103.

A combinedapproachof directvolumerenderingandLIC
is takenby Interrante40 for extendingLIC to 3D. Interrante
andGroschaddresssomeperceptualdif�culties encountered
with dense,3D visualisations38; 39; 40. Techniquesfor selec-
tively emphasisingimportantregionsof interestin the�o w,
enhancingdepthperception,andimproving orientationper-
ceptionof overlappingstreamlinesarediscussed.

Texture advection in 3D

Kao et al. discussthe useof 3D and4D texture advection
for the visualisationof 3D �uid �o ws 51. Formidablechal-
lengesareintroducedby thememoryrequirementsinvolved
in using3D and4D textures.They alsoapplya steady-state
animationto these3D and4D textures.

4. GeometricFlow Visualisation

GeometricFlowVis entailsextractinggeometricobjectsfor
whichtheirshapeisdirectlyrelatedto theunderlyingdata.In
what follows, we discussgeometric�o w visualisationtech-
niquessuchascontouringin both2D and3D aswell asgeo-
metricFlowVis usingintegral objects(suchasstreamlines).

Contouring in 2D

Contouringis a naturalextensionto colourcodingin 2D. A
contouris a boundarybetweentwo distinct regions.Often,
theuseris highly interestedin transitionareasin thevector
�eld. In a colourplot, transitionsareshown by a changeof
colour. With contouring,anexplicit line or curve is drawn.

Isosurfacesfor 3D FlowVis

Extendingcontouringfrom 2D to 3D, resultsin the useof
isosurfacesfor 3D �o w visualisation.Specialcareneedsto
betakenwith isovalueselection,mostlybecauseof theusu-
ally smoothnatureof �o w data— in casesof no sharptran-
sitionswithin thedata,any isovaluelacks(at leastpartially)
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intuitive interpretation.Neverthelessthereareusefulappli-
cationsof isosurfacesto �o w data,e.g.,in thevisualisation
of shockwaves 139 or burning fronts in simulatedcombus-
tion data.Furthermore,whenscalarclippingis usedtogether
with colour coding of slices,this naturally combineswith
isosurfacesaslongasisovalueandclippingvaluecoincide.

Röttgeret al. presenta hardwareacceleratedvolumeren-
dering techniquewhich allows to usemultiple (semitrans-
parent)isosurfacesfor visualisation109. Treinishappliesiso-
surfacingto visualise(unsteady)weatherdata145. Weberet
al. 155 presentcrack-freeisosurfaceextraction for adaptive
(multiresolution)grids.LarameeandBergeronprovide iso-
surfacesfor superadaptive resolutiongrids63.

4.1. Geometric2D FlowVis using integral objects

In this subsectionwe shortly discussgeometricFlowVis
techniquesin 2D basedon integral objectssuchasstream-
lets, streamlines,and their relativeswithin unsteady�o ws.
Also, theseedingproblemis addressed,whichrequiresaso-
lution in orderto realisebetterdistributionsof integral ob-
jects.

Streamletsin 2D

If �o w vectorsareintegratedfor averyshorttime,streamlets
aregenerated.Even thoughshort,streamletsalreadycom-
municatetemporalevolution alongthe�o w. Figure6 shows
anexample,whereseveralstreamletsareusedto visualisea
2D �o w �eld.

Streamlinesin 2D

If longer integration is performed(ascomparedto stream-
lets),streamlinesaregained.They areanaturalextensionof
glyph-basedtechniquesandoffer intuitive semantics:users
easilyunderstandthat�o ws evolve alongintegral objects.

Streaklines,timelines,and pathlines

When unsteady�o w dataare investigated,several distinct
integralobjectsareusedfor �o w visualisation.A pathlineor
particletraceis thetrajectorythataparticlefollowsin a�uid
�o w 121. A timelinejoinsthepositionsof particlesreleasedat
thesameinstantin time from differentinsertionpoints,i.e.,
joinspointsataconstanttimet 88. A streaklineis tracedby a
setof particlesthathavepreviously passedthroughaunique
point in thedomain121. Streaklinesrelateto continuousin-
jectionof foreignmaterialinto real�o w. Sannaetal. present
anadaptivevisualisationmethodusingstreaklineswherethe
seedingof streaklinesis a functionof local vorticity 116.

Streamlineseedingin 2D

One important aspectof streamlines,or integral curves,
whenusedfor visualisingcontinuousvector�elds is thebest

choiceof initial conditions.Since, in general,evenly dis-
tributedseedpointsdo not result in evenly spacedstream-
lines, specialalgorithmsneed to be employed. Turk and
Banks 146 as well as Jobardand Lefer 46 developedtech-
niquesfor automaticallyplacingseedpointsto achieveauni-
form distributionof streamlineson a2D vector�eld.

Streamlineseedingstrategiesin 2D mayalsobetopology-
based. Vermaet al. 150 presenta seedplacementstrategy for
streamlinesbasedon�o w featuresin thedataset.Theirgoal
is to capture�o w patternsnearcritical points in the �o w
�eld.

Building on their previous work, Jobardand Lefer pre-
senteda multiresolution(MR) methodfor visualisinglarge,
2D, steady-statevector�elds 49. TheMR hierarchysupports
enrichmentand zooming.The useris able to interactively
setthe densityof streamlineswhile zoomingin andout of
thevector�eld (Figure7). Thedensityof streamlinescanbe
computedautomaticallyasafunctionof velocityor vorticity.

Seedingof integral objectsbecomesa specialchallenge
when dealingwith time-dependentdata.Jobardand Lefer
presentedanunsteadyFlowVis algorithmby correlatingin-
stantaneousvisualisationsof the vector �eld at the stream-
line level 48. For eachframe,a feedforwardalgorithmcom-
putesa setof evenly-spacedstreamlinesasa functionof the
streamlinesgeneratedfor theprevious frame.Their method
alsoprovidesfull controlof theimagedensitysothatsmooth
animationsof arbitrarydensitycanbeproduced.

4.2. FlowVis usinggeometricobjectson slicesor
boundaries

After discussing2D FlowVis basedon geometricobjects,
thissubsectionshortlyaddressessimilarapproachesonsub-
setsof 3D �o wssuchasboundary�o ws.Interpretationof in-
tegralcurvesonsectionalslicesrequiresspecialcare,again.

Integrated tufts

Wegenkittl et al. useintegratedtufts (similar to streamlets),
seededonspeci�c equilibriumsurfaces,for thevisualisation
of a complex dynamicalsystem158, alsoover variationsof
thatsystemin a fourthdimension.

Geometricobjectson slicesor boundaries

Similar to 2D FlowVis, geometricobjectssuchas stream-
lines are also usedfor visualisingboundary�o ws or sec-
tional slicesthrough3D �o w 19. However, it is importantto
notethat theuseof theseobjectson slicesmaybemislead-
ing,evenwithin steady�o w datasets.A streamlineonaslice
maydepictaclosedloop,eventhoughnoparticlewouldever
traversetheloop.Thereasonagainlies in thefact,that �o w
componentswhich are orthogonalto the slice are omitted
during�o w integration.
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Figure 7: Threeimagesfroman interactiveexploration of a vector�eld usingtheMR viewer 49. A suitablelevel of resolution
canbechosenwhilemaintaininga roughlyconstantstreamlinedensity.

Streamlineseedingon boundary surfaces

Mao et al. 80 extend the streamlineseedingof Turk and
Banks146 in orderto generateevenly distributedstreamlines
onboundarysurfaceswithin curvilineargrids.

4.3. 3D FlowVis usinggeometricobjects

When dealing with 3D �o w, a rich variety of geometric
objectsis available for �o w visualisation.This subsection
addressesa seriesof objects,from streamletsto �o w vol-
umes,primarilysortedaccordingto theirdimensionality, and
within equaldimensionalityroughly with respectto which
techniqueextendsto another.

Streamletsin 3D

Streamletseasily extend to 3D, althoughperceptualprob-
lems may arisedue to distortionsresulting from the ren-
deringprojection.Also, seedingbecomesmoreimportantin
3D,again.LöffelmannandGrölleruseathreadof streamlets
alongcharacteristicstructuresof 3D �o w to gain selective,
but importance-basedseedingaswell asanenhancementof
abstract�o w topologythroughdirectvisualisationcues73.

Streamlinesin 3D

At NASA the Flow AnalysisSoftwareToolkit (FAST) 1 is
usedto visualiseCFDdatabasedonstreamlinesin 3D.Care-
ful seedingis necessaryto obtainusefulresults,sincevisual
cluttercaneasilybecomea problem.

Illuminated streamlines

Zöckler et al. presentilluminated streamlinesto improve
perceptionof streamlinesin 3D by taking advantageof the
texture mappingcapabilitiessupportedby graphicshard-
ware169. Their shadingtechniqueincreasesdepthinforma-
tion. By making the streamlinespartially transparent,they

alsoaddresstheproblemof occlusion,asshown in Figure8
(left). For seeding,the authorsproposean interactive seed-
ing probewhichcanbemovedaroundto startstreamlinesat
speci�c placesof interest.Also, seedingnearpotentialob-
jectsof interestsis demonstrated.

Particle tracing in 3D

KenwrightandLanepresentanef�cient, 3D particletracing
algorithmthatis alsoaccuratefor interactiveinvestigationof
large,unsteady, aeronauticalsimulations55. A performance
gain is obtainedby applying tetrahedraldecompositionto
speedup point locationandvelocity interpolationin curvi-
lineargrids.

Teitzeletal.analysedifferentintegrationmethodsin order
to evaluatethe trade-off betweentime andaccuracy 141; 143.
They presenta 3D particle tracing algorithm targetedat
sparsegrids that is very ef�cient with respectto storage
spaceand computingtime. The authorsrecommendusing
sparsegridsasa datacompressionmethodin orderto visu-
alisehugedatasets.

Nielsonpresentsef�cient andaccuratemethodsfor com-
puting tangentcurves for 3D �o ws 87. The methodswork
directly with physicalcoordinates,eliminating the needto
switchbackandforth tocomputationalcoordinates.Ef�cient
particletracingmethodologiesarealsoaddressedby Sadar-
joenet al. 111.

Since streamlinesare usually easily computedin real
time, they offer (togetherwith their intuitive semantics)an
often chosentool for interactive �o w analysis.Brysonand
Levit 10 demonstrateseedingof integral objectsin a virtual
3D environmentby useof aso-calledrake.

Streamrib bonsand streamtubes

A �rst extensionof streamlinesin 3D are streamribbons
andstreamtubes. A streamribbon is basicallya streamline
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with a winglike strip added,to alsovisualiserotationalbe-
haviour of the 3D �o w (which is not possiblewith stream-
linesalone)148. A streamtubeis a thick streamlinethat can
be extendedto show the expansionof the �o w 148. Stream
ribbonsandstreamtubesoffer advantagesover streamlines
in that way, that they canencodemoreproperties,suchas
divergenceandconvergenceof the vector�eld, in the geo-
metricpropertiesof therespective integralobjects.

Ueng et al. presenttechniquesfor ef�cient streamline,
streamribbon,andstreamtubeconstructionsonunstructured
grids148. A specialisedRunge-Kuttamethodis employedto
speedup streamlinecomputation.Explicit solutionsarecal-
culatedfor the angularrotationratesof streamribbonsand
the radii of streamtubes.The resultingspeedupin overall
performanceaidsin theexplorationof large�o w �elds.

Fuhrmannand Gröller 23 useso-calleddashtubes, i.e.,
animated,opacity-mappedstreamtubes,as a visualisation
icon.An algorithmis describedwhich placesthedashtubes
evenly in 3D space.They alsoapplyamagiclensandmagic
box asinteractiontechniquesfor investigatingdensely�lled
areaswithout �lling the imagewith visual detail andcom-
plexity.

Larameeintroducesthe stream runner as an extension
of streamtubes— an interactively controlled3D �o w vi-
sualisationtechniquethat attemptsto minimise occlusion,
minimisevisualcomplexity, maximisedirectionalcues,and
maximisedepthcuesby letting theusercontrolthelengthof
thestreamtubes62.

Streampolygons

Anotherextensionof streamlinesarestreampolygonsused
by Schroederet al. 120. Streampolygonsare tools to visu-
alisevectorsandtensorsusingtubeswith a polygonalcross
section.The propertiesof the polygonssuchasthe radius,
thenumberof sides,theshapeandtherotationre�ect prop-
ertiesof thevector�eld includingstrain,displacement,and
rotation.

Streamballsand streakballs

Streamballsareauseful�o w visualisationtechniqueusedby
Brill et al. 9, which visualisesdivergenceandacceleration
in �uid �o w. Streamballssplit or mergedependingon con-
vergence/divergenceand acceleration/deceleration,respec-
tively.

Teitzel andErtl introducestreakballswhenthey present
andcomparetwo differentapproachesto accelerateparticle
tracingon sparsegrids andcurvilinearsparsegrids for un-
steady�o w data140.

Streamsurfaces

Yet anotherextensionto streamlinesare stream surfaces,
which aresurfacesthat areeverywheretangentto a vector

�eld. A streamsurfacecanbe approximatedby connecting
asetof streamlinesalongtimelines(andvaryingthenumber
of streamlinesusedaccordingto convergenceor divergence
of the �o w) 36. Streamsurfacesarevery good for texture-
basedvisualisationtechniquessuchasSpotNoiseandLIC,
becausethereis no cross-�ow componentnormalto thesur-
faces,i.e. the vector �eld is not projectedlike it is for 2D
slicesthrougha 3D domain.Streamsurfacespresentchal-
lengesrelatedto occlusion,visualcomplexity, andinterpre-
tation.

Hultquist presentsan interactive �o w visualisationtech-
nique using stream surfaces 35. Van Wijk presentstwo
follow-up techniquesfor generatingimplicit streamsur-
faces164. CaiandHeng13 addresstheissuesassociatedwith
theplacementandorientationof streamsurfacesin 3D.

Löffelmannet al. presentstreamarrows (seeFigure 8,
middle)asanenhancementof streamsurfacesby separating
arrow-shapedportionsfrom a streamsurface76; 75. Stream
arrows addressthe problem of occlusionassociatedwith
3D �o w visualisation,but especiallywith streamsurfaces.
Streamarrowsalsoprovideadditionalinformationaboutthe
�o w, usuallynot seenwith streamsurfaces,suchas�o w di-
rection,convergence/divergence,et cetera.

Van Wijk simulatesstreamsurfacesby a large setof so-
calledsurfaceparticles163. Surfaceparticlesexhibit lessoc-
clusion when comparedto streamsurfaces.Interestingly,
Van Wijk' s approachin a way anticipatedrecentadvances
in pixel-basedrenderingtechniques.

Time surfacesin 3D

A natural extensionof timelines (in 2D or 3D) are time
surfaces, when constant-timeinstantsof moving particles
are assumed,which previously have beenreleasedfrom a
two-dimensionalpatch. An example of an applicationof
this principle,arelevel-setsurfacesusedby Westermannet
al. 161.

Flow volumes

Thelast(direct)extensionof a streamlineinto 3D described
hereare�ow volumes(seeFigure8, right). A �o w volume
is a speci�c subsetof a 3D �o w domain,which is tracedout
by a particular initial 2D patchover time as describedby
Max et al. 83. The resultingvolumeis dividedup into a set
of semitransparenttetrahedra,whicharevolumerenderedin
hardwarein a way derived from themethodof Shirley and
Tuchmann128.

Becker et al. extend �o w volumesto unsteady�o w 5.
The resultingunsteady�o w volumesare the 3D analogue
of streaklines.Considerationsaremadewhenextendingthe
visualisationtechniqueto unsteady�o wssinceparticlepaths
maybecomeconvolutedin time. Theauthorspresentsome
solutionsto the problemswhich occur in subdivision, ren-
dering,andsystemdesign.Theresultingalgorithmsareap-
plied to a varietyof �o w typesincludingcurvilineargrids.
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Figure8: Examplesof �ow visualisationusinggeometricobjects—illuminatedstreamlines(left) 169, streamarrows(middle)76,
and�ow volumes(right) 83.

5. Feature Extraction

Feature-based�o w visualisationis an approachfor visual-
ising the �o w dataat a high level of abstraction.The �o w
datais describedby features,which representthe interest-
ing objectsor structuresin the data.The original dataset
is thenno longerneeded.Becauseoften,only a small per-
centageof thedatais of interest,andthefeaturescanbede-
scribedvery compactly, anenormousdatareductioncanbe
achieved.Thismakesit possibleto visualiseevenvery large
datasetsinteractively.

The �rst stepin feature-basedvisualisationis feature ex-
traction. Thegoalof featureextractionis determining,quan-
tifying anddescribingthefeaturesin a dataset.

A featurecanbelooselyde�nedasany object,structureor
region that is of relevanceto a particularresearchproblem.
In eachapplication,in eachdatasetandfor eachresearcher,
a differentfeaturede�nition couldbeused.Commonexam-
plesin �uid dynamicsarevortices,shockwaves,separation
andattachmentlines,recirculationzonesandboundarylay-
ers.In thenext sectionanumberof feature-speci�cdetection
techniqueswill be discussed.Although mostfeaturedetec-
tion techniquesarespeci�c for aparticulartypeof feature,in
generalthetechniquescanbedividedinto threeapproaches:
basedon imageprocessing,on topologicalanalysis,andon
physicalcharacteristics.

5.1. ImageProcessing

Imageprocessingtechniqueswereoriginally developedfor
analysisof 2D and 3D imagedata,usually representedas
scalar(greyscale)valueson a regular rectangulargrid. The
problemof analysinga numericaldataset,representedon a
grid, is similar to analysinganimagedataset.Therefore,ba-
sic imageprocessingtechniquescanbeusedfor featureex-
tractionfrom scienti�c data.A featuremaybedistinguished
by a typical rangeof data values,just as different tissue
typesaresegmentedfrom medicalimages.Edgesor bound-
ariesof objectsare found by detectingsuddenchangesin

thedatavalues,markedby high gradientmagnitudes.Thus,
basicimagesegmentationtechniques,suchasthresholding,
region growing, andedgedetectioncanbe usedfor feature
detection.Also, objectsmaybequantitatively describedus-
ing techniquessuchasskeletonisationor principal compo-
nentanalysis.However, a problemis, that in computational
�uid dynamicssimulations,often grid typesareusedsuch
as structuredcurvilinear grids, or unstructuredtetrahedral
grids. Many techniquesfrom imageprocessingcannotbe
easilyadaptedfor usewith suchgrids.

5.2. Vector Field Topology

A secondapproachto featureextraction is the topological
analysisof 2D linear vector �elds, as introducedby Hel-
man and Hesselink30; 32, which is basedon detectionand
classi�cationof critical points.Theseare the pointswhere
thevectormagnitudeis zero.By computingtheeigenvalues
andeigenvectorsof thevelocity gradienttensor, thecritical
pointscanbeclassi�edandtangentcurvescanbecomputed.
(SeeFigure9.) Using this information,a schematicvisuali-
sationof thevector�eld canbegenerated.(SeeFigure15.)
HelmanandHesselinkhavealsoextendedtheiralgorithmto
2D time-dependentandto 3D �o ws.

Scheuermannet al. presentedan algorithm for visualis-
ing nonlinearvector�eld topology119, becauseotherknown
algorithmsareall basedon (piecewiseor bi-) linearinterpo-
lation, which destroys thetopologyin caseof nonlinearbe-
haviour. Their algorithmmakesuseof Clif ford algebrafor
computingpolynomialapproximationsin areaswith nonlin-
earlocalbehaviour, especiallyhigher-ordersingularities.

De LeeuwandVanLiere presenteda techniquefor visu-
alising �o w structuresusingmultilevel �o w topology69. In
high-resolutiondatasetsof turbulent �o ws, the hugenum-
ber of critical pointscaneasilyclutter a �o w topologyim-
age.Thealgorithmpresentedattemptsto solve this problem
by removing small-scalestructuresfrom the topology. This
is achievedby applyinga pair distance�lter which removes
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Figure 9: Vector �eld topology: critical pointsclassi�edby
theeigenvaluesof theJacobian30.

pairsof critical points,thatareneareachother. Thisremoves
smalltopologicalstructuressuchasvortices,but doesnotaf-
fect theglobaltopologicalstructure.Thethresholddistance,
which determineswhich critical pointsareremoved,canbe
adapted,makingit possibleto visualisethestructureat dif-
ferentlevelsof detailatdifferentzoomlevels.

5.3. Selective Visualisation

A genericapproachto featureextractionis SelectiveVisual-
isation,which is describedby VanWalsum152. The feature
extractionprocessis dividedinto four steps(seeFigure10).
The�rst stepis thesegmentationstep.In principle,any seg-
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Figure10: Thefeature extractionpipeline102.

mentationtechniquecanbeused,thatresultsin abinaryseg-
mentationof theoriginal dataset.A very simplesegmenta-
tion is obtainedby thresholdingof the original or derived
datavalues;also,multiple thresholdscanbecombined.The
datasetresultingfrom thesegmentationstepis abinarydata
setwith the samedimensionsas the original dataset.The
binaryvaluesin this datasetdenotewhetheror not thecor-
respondingpoints in the original datasetareselected.The
next stepin the featureextractionprocessis the clustering
step,in whichall pointsthathavebeenselectedareclustered
into coherentregions.In the next step,the attribute calcu-
lation step,theseregionsarequanti�ed. Attributes,suchas

position,volumeandorientation,of the regionsarecalcu-
lated.We now speakof objects,or features,with a number
of attributes,insteadof clustersof points.Oncewe have de-
terminedthesequanti�ed objects,we don't needthe origi-
nal dataanymore.With this, we mayaccomplisha datare-
ductionfactorof 1000or more.In the fourth and�nal step,
iconic mapping, the calculatedattributesare mappedonto
theparametersof certainparametricicons,whichareeasyto
visualise,suchasellipsoids.

6. Feature-based�o w visualisation

In thissection,anumberof featureextractiontechniqueswill
bediscussedthathave beenspeci�cally designedfor certain
typesof features.Thesetechniquesareoftenbasedonphysi-
calor mathematical(topological)propertiesof the�o w. Fea-
turesthatoftenoccurin �o ws arevortices,shockwavesand
separationandattachmentlines.

6.1. Vortex extraction

Featuresof greatimportancein �o w datasets,both in the-
oretical and in practical research,are vortices. (SeeFig-
ure11.) In somecases,vortices(turbulence)have to be im-
pelled,for exampleto stimulatemixing of �uids, or to re-
ducedrag.In othercases,vorticeshave to beprevented,for
examplearoundaircraft, wherethey canreducelift. There

Figure 11: Reconstructionof a hairpin vortex tube, with
groovesindicatingvelocity2.

aremany differentde�nitions of vorticesandlikewisemany
different vortex detectionalgorithms.A distinction can be
madein algorithmsfor �nding vortex regionsandalgorithms
thatonly �nd thevortex cores.

Other overviews of algorithmsare given by Roth and
Peikert 107 andby BanksandSinger2.

Thereareanumberof algorithmsfor �nding regionswith
vortices:

� One idea is to �nd regionswith a high vorticity magni-
tude.Vorticity is the curl of the velocity, that is, r � v,
andrepresentsthe local �o w rotation,both in speedand
direction. However, althougha vortex may have a high
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vorticity magnitude,thereverseis notalwaystrue168. Vil-
lasenorandVincentpresentanalgorithmfor constructing
vortex tubesusingthis idea151. They computetheaverage
length of all vorticity vectorscontainedin small-radius
cylinders,andusethe cylinder with the maximumaver-
agefor constructingthevortex tubes.

� Anotherideais to make useof helicity insteadof vortic-
ity 71; 167. The helicity of a �o w is the projectionof the
vorticity onto the velocity, that is (r � v) � v. This way,
thecomponentof thevorticity perpendicularto theveloc-
ity is eliminated.

� Anothersimpleideais to searchfor regionsof low pres-
sure104.

� JeongandHussainde�ne a vortex asa region wheretwo
eigenvaluesof thesymmetricmatrixS2+ W2 arenegative,
whereSandWarethesymmetricandantisymmetricparts
of the Jacobianof the vector �eld, respectively 41: S =
1
2(V + VT ), andW= 1

2(V � VT ). This methodis known
asthel 2 method.

Theabovemethodsmayall work in certainsimple�o w data
sets,but they do not hold, for example,in turbomachinery
�o ws 107, suchasshown in Figure12.

Figure12: Visualisationof a turbomachinery�ow 107.

Thereare also somealgorithmsspeci�cally for �nding
vortex core lines:

� Globus and Levit presenteda methodfor �nding core
linesby integratingstreamlinesfrom thecritical pointsin
thevelocity �eld 25.

� It is also possible to use streamlinesof the vorticity
�eld 84, but suchanalgorithmis verysensitiveto thestart-
ing location.

� Banks and Singer also use streamlinesof the vorticity

�eld, with a correctionto the pressureminimum in the
planeperpendicularto thevortex core133; 3.

� Combiningtheabove ideas,RothandPeikertsuggestthat
a vortex coreline canbefoundwherevorticity is parallel
to velocity 107. This sometimesresultsin coherentstruc-
tures,but in mostdatasetsit doesnot give the expected
features.

� In thesamearticle,RothandPeikertsuggestthat,in linear
�elds, the vortex coreline is locatedwherethe Jacobian
hasone real-valuedeigenvector, and this eigenvector is
parallelto the�o w 107. However, in their own application
of turbomachinery�o ws, theassumptionof a linear �o w
is too simple.Thesamealgorithmis presentedby Sujudi
andHaimes136.

� Recently, Jiangetal.presentedanew algorithmfor vortex
coreregion detection42, which is basedon ideasderived
from combinatorialtopology. The algorithm determines
for eachcell if it belongsto thevortex core,by examining
its neighbouringvectors.

A few of thesealgorithmswill bereviewedin detail,next.

Banksand Singerdevelopeda predictor-correctoralgo-
rithm for �nding vortex cores3. After initialisation, vortex
coresare tracked by predictingin the directionof the vor-
ticity vectorandcorrectingto thepressureminimum in the
planeperpendicularto thatvorticity vector. Next, they create
vortex tubes,by computingcrosssectionsof thevortices,in
a planeperpendicularto thevortex core.They usea thresh-
old of the pressureasa selectioncriterion, in combination
with therestrictionthattheanglebetweenthevorticity vec-
tor at any point on thecrosssectionandthevorticity vector
at thevortex coreis nomorethanninetydegrees.

Sujudi and Haimesdevelopedan algorithm for �nding
the centreof swirling �o w in 3D vector �elds and imple-
mentedthis algorithm in pV3 136. Although pV3 can use
many typesof grids, the algorithm hasbeenimplemented
for tetrahedralcells.Whenusingdatasetswith othertypes
of cells, these�rst have to be decomposedinto tetrahedral
cells.This is donefor ef�ciency, becauselinearinterpolation
for thevelocity canbeusedin thecaseof tetrahedralcells.
Thealgorithmis basedon critical-point theoryandusesthe
eigenvaluesandeigenvectorsof thevelocity gradienttensor
or rate-of-deformationtensor. Thealgorithmworkson each
point in the datasetseparately, makingit very suitablefor
parallelprocessing.Thealgorithmsearchesfor pointswhere
the velocity gradienttensorhasonereal andtwo complex-
conjugateeigenvaluesandthevelocity is in thedirectionof
the eigenvector, correspondingto the real eigenvalue. The
algorithmresultsin largecoherentstructureswhena strong
swirling �o w is present,andthegrid cellsarenot too large.
Thealgorithmis sensitiveto thestrengthof theswirling �o w,
resultingin incoherentstructuresor evenno structuresat all
in weakswirling �o ws. Also, if the grid cells are large, or
irregularly sized,the algorithm hasdif�culties �nding co-
herentstructuresor any structuresatall.
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Kenwright and Haimes also studied the eigenvector
methodandconcludedthat it hasproven to be effective in
many applications53. The drawbacksof the algorithm are
thatit doesnot producecontiguouslines.Line segmentsare
drawn for eachtetrahedralelement,but they arenot neces-
sarily continuousacrosselementboundaries.Furthermore,
when the elementsare not tetrahedra,they have to be de-
composedinto tetrahedra�rst, introducinga piecewise lin-
earapproximationfor a nonlinearfunction. Anotherprob-
lem is that �o w featuresarefound thatarenot vortices.In-
stead,swirling �o w is detected,of which vorticesareanex-
ample.However, swirling �o w alsooccursin the formation
of boundarylayers.Finally, the eigenvectormethodis sen-
sitive to othernonlocalvectorfeatures.For example,if two
axesof swirl exist, thealgorithmwill indicatearotationthat
is acombinationof thetwo swirl directions.Theeigenvector
methodhassuccessfullybeenintegratedinto a�nite element
solverfor guidingmeshre�nementaroundthevortex core16.

Roth and Peikert have developeda methodfor �nding
corelinesusinghigher-orderderivatives,makingit possible
to �nd stronglycurvedor bentvortices108. They observethat
theeigenvectormethodis equivalentto �nding pointswhere
theaccelerationa is parallelto thevelocityv, or equivalently,
to �nding pointsof zerocurvature.Theaccelerationa is de-
�ned as:

a =
Dv
Dt

; (6)

wherethenotationD f
Dt is usedfor thederivativefollowing a

particle, which is de�ned, in asteady�o w, asr f � v. There-
fore:

a =
Dv
Dt

= r v � v = J � v; (7)

with J theJacobianof v, thatis thematrix of its �rst deriva-
tives.

RothandPeikertimprovethealgorithmby de�ning vortex
coresaspointswhere

b =
Da
Dt

=
D2v
Dt2 (8)

is parallel to v, that is, pointsof zerotorsion.The method
involves computinga higher-order derivative, introducing
problemswith accuracy, but it performsvery well. In com-
parisonwith the eigenvector method,this algorithm �nds
strongly curved vorticesmuch more accurately. Roth and
Peikert also introducetwo attributesfor the core lines: the
strengthof rotation and the quality of the solution. This
makesit possiblefor the userto imposea thresholdon the
vortices, to eliminate weak or short vortices.Peikert and
Rothhave alsointroduceda new operator, the“parallel vec-
tors” operator93, with whichthey areableto mathematically
describea numberof previously developedmethodsunder
onecommondenominator. Using this operatorthey cande-
scribemethodsbasedon zero curvature, ridge and valley
lines,extremumlinesandmore.

Jianget al. recentlypresenteda new approachfor detect-
ing vortex coreregions42. Thealgorithmis basedonanidea
which hasbeenderived from Sperner's lemmain combina-
torial topology, which statesthatit is possibleto deducethe
propertiesof a triangulation,basedon theinformationgiven
attheboundaryvertices.Thealgorithmusesthisfactto clas-
sify pointsasbelongingto avortex core,basedonthevector
orientationat theneighbouringpoints.In 2D, thealgorithm
is verysimpleandstraightforward,andhasonly linearcom-
plexity. In 3D, thealgorithmis somewhatmoredif�cult, be-
causeit �rst involvescomputingthe vortex coredirection,
andnext, the2D algorithmis appliedto thevelocity vectors
projectedontotheplaneperpendicularto thevortex coredi-
rection.Still, alsothe3D algorithmhasonly linearcomplex-
ity.

Theabove describedmethodsall usea local criterion for
determiningon a point-to-pointbasiswherethevorticesare
located.The next algorithmsuseglobal, geometriccriteria
for determiningthelocationof thevortices.This is a conse-
quenceof usinganothervortex de�nition.

Sadarjoenand Post presenttwo geometricmethodsfor
extracting vorticesin 2D �elds 112. The �rst is the curva-
ture centremethod.For eachsamplepoint, the algorithm
computesthe curvaturecentre.In the caseof vortices,this
would result in a high density of centrepoints near the
centreof the vortex. The methodworks but hasthe same
limitations as traditional point-basedmethods,with some
falseandsomemissingcentres.The secondmethodis the
winding-anglemethod,whichhasbeeninspiredby thework
of Portela94. The methoddetectsvorticesby selectingand
clusteringlooping streamlines.The winding angleaw of a
streamlineis de�ned as the sumof the anglesbetweenthe
differentstreamlinesegments.Streamlinesareselectedthat
havemadeatleastonecompleterotation,thatis,aw � 2p. A
secondcriterionchecksthatthedistancebetweenthestarting
andendingpoints is relatively small. The selectedstream-
linesareusedfor vortex attributecalculation.Thegeometric
meanis computedof all pointsof all streamlinesbelonging
to the samevortex. An ellipse�tting is computedfor each
vortex, resultingin an approximatesizeandorientationfor
eachvortex. Furthermore,theangularvelocityandrotational
directioncanbecomputed.All theseattributescanbeused
for visualisingthevortices.(SeeFigure13.)

6.2. Shockwave extraction

Shockwavesarealso importantfeaturesin �o w datasets,
andcan occur, for example,in �o ws aroundaircraft. (See
Figure 14.) Shock waves could increasedrag and cause
structuralfailure, and therefore,are importantphenomena
to study. Shockwaves are characterisedby discontinuities
in physical�o w quantitiessuchaspressure,densityandve-
locity. Therefore,shockdetectionis comparableto edgede-
tection, and similar principlescould be usedas in image
processing.However, in numericalsimulations,the discon-
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Figure 13: Flow in the Atlantic Ocean,with streamlines
and ellipsesindicating vortices.Blue and red ellipsesindi-
cate vorticesrotating clockwiseand counterclockwise, re-
spectively113.

Figure14: Shock wavesarounda modelof a X-15in a wind
tunnelwith an air�ow at Mach 3.5. Image from the NASA
website.

tinuities areoften smearedover several grid points,due to
the limited resolutionof the grid. Ma et al. have investi-
gateda numberof techniquesfor detectingandfor visual-
ising shockwaves 79. Detectingshocksin two dimensions
hasbeenextensively investigated64; 86; 105. However, these
techniquesare in generalnot applicableto shocksin three
dimensions.They alsodescribea numberof approachesfor
visualisingshockwaves.Theapproachof HaimesandDar-
mofal 28 is to createisosurfacesof theMachnumbernormal
to theshock,usinga combineddensitygradient/Machnum-
bercomputation.VanRosendalepresentsatwo-dimensional
shock-�tting algorithmfor unstructuredgrids 105. The idea
relieson the comparisonof densitygradientsbetweengrid
nodes.

Ma et al. comparea numberof algorithmsfor shockex-
tractionandalsopresenttheirown technique79:

� The�rst ideais to createanisosurfaceof thepointswhere
theMachnumberis one.However, thisresultsin thesonic
surface,which, in general,doesnot representa shock.

� Theoretically, abetterideais to createanisosurfaceof the
points wherethe normal Mach numberis equalto one.
However, if the surface is unknown, it is impossibleto
computetheMachnumber, normalto thesurface.

� This problem can be resolved, by approximatingthe
shocknormalwith the densitygradient,sincea shockis
alsoassociatedwith alargegradientof thedensity. There-
fore, r r is (roughly)normalto theshocksurface.Thus,
the algorithm computesthe Mach numberin the direc-
tion of, or projectedonto,thedensitygradient.Theshock
surface is constructedfrom the points wherethis Mach
numberequalsone.Thisalgorithmis alsousedby Lovely
andHaimes78, but they de�ne theshockregion asthere-
gion within the isosurfaceof Machnumberone,anduse
�ltering techniquesto reconstructa sharpsurface.

� Pagendarmpresentedanalgorithmthatsearchesfor max-
imain thedensitygradient91. The�rst andsecondderiva-
tives of the density in the direction of the velocity are
computed.Next, zero-level isosurfacesareconstructedof
the secondderivative, to �nd the extremain the density
gradient.Finally, the�rst derivative is usedto selectonly
the maxima,which correspondto shockwaves,anddis-
cardtheminima,which representexpansionwaves.This
canbe doneby selectingonly positive valuesof the �rst
derivative. However, the secondderivative can also be
zeroin smoothregionswith few disturbances.In thesere-
gionsthe�rst derivative will besmall,therefore,thesere-
gionscanbeexcludedby discardingall pointswherethe
�rst derivative is below a certainthresholde. Of course,
this posestheproblemof �nding thecorrecte. Whenthe
valueis too small,erroneousshockswill be found,but if
thevalueis too large,partsof theshockscoulddisappear.
This algorithm can also be usedfor �nding discontinu-
ities in other typesof scalar�elds, and thus for �nding
othertypesof features.

� Ma et al. presentan adaptedversion of this algorithm,
which usesthe normalMach numberto do the selection
in the third step79. Again, in the �rst and secondstep,
thezero-level isosurfacesof theseconddirectionalderiva-
tive of the densityare constructed.But for discriminat-
ing shockwaves from expansionwaves and smoothre-
gions,thenormalMachnumberis used.More precisely,
thosepointsareselectedwherethenormalMachnumber
is closeto one.Herealso,asuitableneighbourhoodof one
hasto bechosen.

6.3. Separationand attachment line extraction

Other featuresin �o w datasetsare separationandattach-
mentlinesontheboundariesof bodiesin the�o w. Theseare
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thelineswherethe�o w abruptlymovesawayfromor returns
to the surfaceof the body. Theseare importantfeaturesin
aerodynamicdesignbecausethey cancauseincreaseddrag
andreducedlift 106, andtherefore,theiroccurrenceshouldbe
preventedor at leastminimised.HelmanandHesselinkuse

Figure15: Vector�eld topology: a topological skeletonof a
�ow arounda cylinder32.

vector�eld topologyto visualise�o w �elds 31; 32. In addition
to the critical points,the attachmentanddetachmentnodes
on thesurfaceof a bodydeterminethetopologyof the�o w.
(SeeFigure15.) Theattachmentanddetachmentnodesare
notcharacterisedby azerovelocity, becausethey only occur
in �o ws with a no-slip condition,that is, all pointson the
boundariesof objectsareconstrainedto have zerovelocity.
Instead,they arecharacterisedby a zerotangentialvelocity.
Therefore,streamlinesimpinging on the surfaceterminate
at the attachmentor detachmentnode,insteadof beingde-
�ected alongthesurface.

Globus et al. designedand implementeda systemfor
analysingandvisualisingthe topologyof a �o w �eld with
iconsfor thecritical pointsandintegralcurvesstartingclose
to thecritical points25. Thesystemis alsoableto visualise
attachmentanddetachmentsurfacesandvortex cores.

PagendarmandWalter92 andDeLeeuwetal. 66 usedskin-
friction linesfor visualisingattachmentanddetachmentlines
in theblunt �n dataset.For visualisingtheselines,thewall
shearvector t w is computed,which is the gradientof the
velocity magnitudejvj, projectedalongthenormalonto the
wall:

t w = rj vj � (rj vj � n)n; (9)

where n is the unit vector normal to the wall. Next, a
standardstreamlinealgorithmis usedto integratethe skin-
friction linesfrom theshearvector�eld. Theseskin-friction
linesshow the locationof separationandattachmentof the
�o w at thewall. (SeeFigure16.)

Kenwright gives an overview of existing techniquesfor
visualisingseparationand attachmentlines and presentsa
new automaticfeaturedetectiontechniquefor locatingthese
lines, basedon conceptsfrom 2D phaseplaneanalysis52.
Somecommonapproachesare:

� Particleseedingandcomputationof integral curves,such
asstreamlinesandstreaklines,which areconstrainedto

Figure16: Skin-frictionona blunt�n froma �ow simulation
at Mach 5, visualisedwith spotnoise66.

thesurfaceof thebody. Thesecurvesmergealongsepara-
tion lines.

� Skin-friction lines canbe used,analogousto surfaceoil
�o w techniquesfrom wind tunnel experiments92. (See
above.)

� Texturesynthesistechniquescanbeusedto createcontin-
uous�o w patternsratherthandiscretelines66.

� HelmanandHesselinkcanautomaticallygeneratesepa-
ration andattachmentlines from their vector�eld topol-
ogy 31. Theselines are generatedby integrating curves
from thesaddleandnodetypecritical pointsin thedirec-
tion of therealeigenvector. However, only closedsepara-
tionsarefound,thatis, thecurvesstartandendat critical
points.

Openseparationdoesnot requireseparationlines to start
or end at critical points, and is thereforenot detectedby
�o w topology. Openseparationhasbeenobserved in exper-
iments,but hadnot previously beenstudiedin �o w simula-
tions.However, thealgorithmpresentedby Kenwrightdoes
detectbothclosedandopenseparationlines.Thetheoryfor
this algorithmis basedon conceptsfrom linearphaseplane
analysis.It is assumedthatthecomputationaldomainonthe
surfacecanbesubdividedinto trianglesandthevectorcom-
ponentsaregivenat thevertices.Thealgorithmis executed
for eachtriangle,makingit suitablefor parallelisation.For
eachtriangle,a linear vector �eld is constructedsatisfying
the vectorsat the vertices.If the determinantof the Jaco-
bianmatrix is nonzero,thealgorithmcontinuesby calculat-
ing theeigenvaluesandeigenvectorsof theJacobian.Every
triangle hasa critical point somewhere in its vector �eld.
Thelinearvector�eld is translatedto this critical point and
the coordinatesystemis changedso that the eigenvectors
are orthogonal.This (x;y) planeis also referredto as the
Poincaréphaseplane.By computingtangentcurves in the
phaseplane,we obtainthephaseportraitof thesystem.For
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a saddle,the tangentcurvesor streamlinesconverge along
thex andy axes.For a repellingnode,they converge along
thex axisandfor anattractingnode,they convergealongthe
y axis.If thephaseportraitis asaddleor arepellingnode,the
intersectionof thex axiswith the triangleis computed.If it
intersects,the line segmentwill form partof anattachment
line. If the phaseportrait is a saddleor an attractingnode,
the intersectionof the y axiswith the triangleis computed,
andif it doesintersect,the line segmentwill form partof a
separationline.

A problemwith this algorithmis thatdisjointedline seg-
mentsarecomputedinsteadof continuousattachmentand
separationlines.Otherproblemsoccurwhenthe�o w sepa-
rationor attachmentis relatively weak,or whentheassump-
tion of locally linear�o w is notcorrect.

Kenwrightetal. presenttwo algorithmsfor detectingsep-
arationand attachmentlines 54. The �rst is the algorithm
discussedabove, thesecondis theparallelvectoralgorithm.
Bothalgorithmsuseeigenvectoranalysisof thevelocitygra-
dient tensor. However, the �rst is element-basedandresults
in disjointedline segments,while thesecondis point-based
andwill resultin continuouslines.

In theparallelvectoralgorithm,pointsarelocatedwhere
oneof theeigenvectorsei of thegradientr v is parallelto the
vector�eld v, that is, pointswherethestreamlinecurvature
is zero,or in formula:

ei � v = 0: (10)

Thevelocityvectorsandtheeigenvectorscanbedetermined
at the verticesof the grid and interpolatedwithin the ele-
ments.At the vertices,ei � v is calculatedfor both eigen-
vectors,but only if both eigenvectorsare real, that is, the
classi�cationof r v at thevertex is eitherasaddleor anode.
If thecrossproductei � v changessignacrossanedge,that
meansan attachmentor separationline intersectsthe edge.
The intersectionpoint can then be found by interpolation
alongtheedge.Theattachmentandseparationlinescanbe
constructedby connectingtheintersectionpointsin eachel-
ement.The distinction betweenattachmentand separation
canbemadeeasily, becauseattachmentwill occurwherev
is parallelto thesmallestei andseparationwherev is paral-
lel to thelargestei . Anothersetof linesis detectedwith this
algorithm,the in�ection lines. Thesecaneasilybe �ltered
outby checkingif:

r (ei � v) � v = 0: (11)

This will not betruefor in�ection lines.

Both algorithmsdiscussedby Kenwrightet al. correctly
identify many separationandattachmentlines,but mayfail
in identifying curvedseparationlines54. Theparallelvector
algorithmwill resultin continuouslines,whereasthephase
planealgorithmresultsin discontinuousline segments.Both
algorithmsdo detectopen separationlines, which do not
startor endatcritical points.

6.4. Other typesof features

Thereareothertypesof features,suchasrecirculationzones
andboundarylayers.Work hasbeendonein extractingthese
features,for exampleby Haimes27 and by Sadarjoenand
Post110. Hunt et al. give quantitative criteria for dividing a
�o w into threeareas,with speci�c characteristics:eddies,
streams,andconvergencezones37.

7. Feature tracking and event detection

In time-dependentdatasets,featuresareobjectsthatevolve
in time. Determiningthe correspondencebetweenfeatures
in successive timesteps,thatactuallyrepresentthesameob-
ject at different times, is called the correspondenceprob-
lem. Featuretracking is involved with solving this corre-
spondenceproblem.Thegoalof featuretrackingis to beable
to describethe evolution of featuresthroughtime. During
theevolution, certaineventscanoccur, suchasthe interac-
tion of two or more features,or signi�cant shapechanges
of features.Eventdetectionis theprocessof detectingsuch
events,in orderto describetheevolutionof thefeatureseven
moreaccurately.

Therearetwo basicapproachesto solvingthecorrespon-
denceproblem.The�rst is basedonregioncorrespondence,
thesecondonattributecorrespondence.

7.1. Regioncorrespondence

Region correspondenceinvolves comparingthe regions of
interestobtainedby featureextraction.Basically, thebinary
imagesfrom successive time steps,containingthe features
found in thesetime steps,are comparedon a cell-to-cell
basis.Correspondencecanbe found usinga minimum dis-
tanceor amaximumcross-correlationcriterion26 or by min-
imising an af�ne transformationmatrix 50. It is alsopossi-
ble to extract isosurfacesfrom the four-dimensionaltime-
dependentdataset159, wheretime is the fourth dimension.
Thecorrespondenceis thenimplicitly determinedby spatial
overlapbetweensuccessive timesteps.Thiscriterionis sim-
ple, but not always correct,as objectscan overlap but not
correspond,or correspondbut not overlap.Silver andWang
explicitly usethecriterionof spatialoverlapinsteadof cre-
atingisosurfacesin four dimensions130; 131; 132. They prevent
correspondenceby accidentaloverlap,by checkingthevol-
umeof thecorrespondingfeaturesandtakingthebestmatch.
This is also the ideaof attribute correspondence,which is
discussednext. By usingspatialoverlap,certaineventsare
implicitly detected,suchasa bifurcation whena featurein
one time stepoverlapswith two featuresin the next time
step.Eventdetectionis alsodiscussedmoreelaboratelylater,
in Section7.3.

7.2. Attrib ute correspondence

With attribute correspondence,the comparisonof features
from successive framesis performedon thebasisof theat-
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tributesof the features,suchas the position,size,volume,
andorientation.Theseattributescanbecomputedin thefea-
tureextractionphase,(seeSection5.3,) andcanbeusedfor
descriptionandfor visualisationof thefeatures,andalsofor
featuretracking,asdescribedhere.Theoriginal grid datais
notneededanymore.Samtaney etal. usetheattributevalues
togetherwith user-provided tolerancesto createcorrespon-
dencecriteria 115. For example,for position the following
couldbeused:

dist( pos(Oi+ 1); pos(Oi)) � Tdist ; (12)

where pos(Oi ) and pos(Oi+ 1) are the positionsof the ob-
jects in time stepsi andi + 1, respectively, andTdist is the
user-providedtolerance.For scalarattributes,thedifference
or therelative differencecouldbeused.For example,to test
therelative differenceof thevolume,thefollowing formula
canbeused:

vol(Oi+ 1) � vol(Oi)
max(vol(Oi+ 1); vol(Oi))

� Tvol; (13)

wherevol(Oi ) andvol(Oi+ 1) arethevolumesof thefeatures
in the two time steps,andTvol is the tolerancegivenby the
user. Eventssuchas a bifurcation can also be tested.If a
featurein time stepi splits into two featuresin time step
i + 1, thetotalvolumeaftertheeventhasto beapproximately
thesameasbeforetheevent.Thesameformulacanbeused
asfor thenormalvolumetest,exceptthatvol(Oi+ 1) in this
caseequalsthesumof thevolumesof theseparatefeatures.
The position criterion in caseof a bifurcation event could
involvetheweightedaverageof theindividualpositionsafter
theevent,wherethepositionsareweightedwith thevolume:

dist( pos(Oi );
å (vol(Oi+ 1) � pos(Oi+ 1))

å (vol(Oi+ 1))
) � Tdist ; (14)

whereOi+ 1 now representsall objectsin timestepi + 1 that
areinvolvedin theevent.

Sethietal.presentamethodfor image-basedmotionanal-
ysis, with the useof markersor tokens123. The basiccon-
cept is smoothnessof motion of featurepoint trajectories
in property space. Propertiesor attributes of featuresare
representedby pointsin propertyspace.Thesepointsmove
throughthepropertyspaceover time,andthealgorithmtries
to �nd the smoothestpathsor trajectoriesin this property
space.Thenotionof propertycoherenceis used,that is, the
propertiesaresupposedto changegradually. Two algorithms
are describedto �nd the smoothesttrajectories:Modi�ed
GreedyExchangeand SimulatedAnnealing.We will de-
scribethe formerhere.Thebasicideaof bothalgorithmsis
to createinitial trajectoriesby connectingtheclosestpoints
in propertyspace,andthento iteratively re�ne thetrajecto-
ries to maximisethe total smoothnessof all trajectories.In
theGreedyExchangealgorithm,thisoptimisationis doneby
exchangingtokensbetweentrajectoriesandcomputingthe
gainin smoothness.Theexchangewith themaximumgainis
chosen.Theprocessis repeated,bothforwardandbackward

in time,until nomoreexchangesaremade.Thepropertyco-
herenceis ameasurefor threeconsecutive pointsin property
space.When we call thesepoints, from threeconsecutive
timesteps,a, b andc, thepropertycoherenceis de�ned as:

F(a;b;c) = w1

�
1�

~ab�~bc
k ~abkk ~bck

�
+

w2

 

1� 2

q
k ~abkk ~bck

k ~abk+ k~bck

!

(15)

The �rst term on the right handside gives a measurefor
thechangein directionbetweenthe vectors~ab and ~bc, and
thesecondtermgivesa measurefor thechangein lengthof
thesevectors.Both thesemeasuresarecombinedwith user-
provided weightsw1 and w2. Becausedifferent properties
can have different characteristics,the axes in the property
spacecanbescaledusingsuitablescalingfactors.Thenor-
malformulasfor computingtheinnerproductof two vectors
andthelengthof a vectorarethereforeadaptedasfollows:

~ab� ~bc =
k

å
i= 1

si (bi � ai)(ci � bi) (16)

k~abk =

vu
u
t

k

å
i= 1

si(bi � ai)2;

wheresi is thescalingfactorfor the ith axis,with å si = 1,
andai is the ith componentof the k-dimensionalproperty
vectora.

Reinderset al. describeanalgorithmfor featuretracking,
thatis basedon predictionandveri�cation 99; 100. This algo-
rithm is basedon the assumptionthat featuresevolve pre-
dictably. That means,if a part of the evolution of a feature
(path) hasbeenfound, a predictioncan be madeinto the
next time step(frame). Then,in that next time step,a fea-
ture is sought,that correspondsto the prediction.If a fea-
tureis foundthatmatchesthepredictionwithin certainuser-
providedtolerances,thefeatureis addedto theevolutionand
thesearchis continuedto thenext time step.Whenno more
featurescanbe addedto the path,a new pathis started.In
thismanner, all framesaresearchedfor startingpoints,both
in forwardandbackwardtimedirection,until nomorepaths
canbecreated.

A path is startedby trying all possiblecombinationsof
featuresfrom two consecutive framesand computingthe
predictionto the next frame.Then, the predictionis com-
paredto the candidatefeaturesin that frame. If thereis a
matchbetweenthe predictionand the candidate,a path is
started.To avoidany erroneousorcoincidentalpaths,thereis
aparameterfor theminimalpathlength,whichis usuallyset
to 4 or 5 frames.A candidatefeaturecanbede�ned in two
ways.All featuresin theframecanbeusedascandidates,or
only unmatchedfeaturescanbeused,that is, thosefeatures
thathave not yet beenassignedto any path.The�rst de�ni-
tion ensuresthatall possiblecombinationsaretestedandthat
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the bestcorrespondenceis chosen.However, it could also
result in featuresbeingaddedto more thanonepath.This
hasto beresolvedafterwards.Usingthesecondde�nition is
muchmoreef�cient, becausethemorepathsarefound,the
lessunmatchedfeatureshave to be tested.However, in this
case,the resultsdependon the order in which the features
aretested.This problemcanbesolvedby startingthetrack-
ing processwith strict tolerancesandrelaxingthetolerances
in subsequentpasses.

The predictionof a featureis constructedby linear ex-
trapolationof theattributesof thefeaturesfrom thelast two
frames.Otherpredictionschemescouldalsobeused,for ex-
ample,if a-priori knowledgeof the�o w is available.

Thepredictionis matchedagainstreal featuresusingcor-
respondencecriteria,similarto theonesusedby Samtaney et
al.asdiscussedabove 115. For eachattributeof thefeatures,a
correspondencefunctioncanbecreated,whichreturnsapos-
itive valuefor a correspondencewithin thegiven tolerance,
with a valueof 1 for an exact match,anda negative value
for no correspondence.Eachcorrespondencefunctionis as-
signeda weight, besidesthe tolerance.Using this weight,
aweightedaverageis calculatedof all correspondencefunc-
tions,resultingin thecorrespondencefactorbetweenthetwo
features.For this correspondencefactor, thesameappliesas
for theseparatecorrespondencefunctions,that is, a positive
valueindicatesacorrespondence,with 1 indicatingaperfect
match.A negative correspondencefactormeansno match.

7.3. Event detection

After featuretrackinghasbeenperformed,eventdetectionis
thenext step.Eventsarethetemporalcounterpartsof spatial
featuresin theevolutionof features.For example,if thepath
or evolution of a featureends,it canbe interestingto deter-
mine why thathappens.It couldbe that the featureshrinks
andvanishes,or that the featuremoves to the boundaryof
the datasetanddisappears,or that the featuremergeswith
anotherfeatureand the two continueas one.Samtaney et
al. introducedthe following events:continuation,creation,
dissipation,bifurcation,amalgamation115. (SeeFigure17.)
Reinderset al. developeda featuretrackingsystemthat is
able to detecttheseand other events 100. The terminology
they useis birth anddeathinsteadof creationanddissipa-
tion, andsplit andmerge for bifurcationandamalgamation.
Furthermore,they candetectentryandexit events,wherea
featuremovesbeyondtheboundaryof thedataset.Finally,
for a speci�c, graph-typefeature,the systemis able to de-
tectchangesin topology. It discriminatesloop andjunction
events.(SeeFigure18.) Many othertypesof eventscanbe
envisioned,but for eachtypespeci�c detectioncriteriahave
to beprovided.

For event detection,just asfor featuretracking,only the
featureattributesareused.Analogousto thecorrespondence
functions,for eventdetection,eventfunctionsarecomputed.

1

2
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1
2
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amalgamation

bi furcation
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2

1

5

3

4

dissipation creation
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Figure 17: The different typesof eventsas introducedby
Samtaney et al. 115.

For example,to detecta deathevent, two conditionsmust
hold. First, the volume of the featuremust decrease.And
second,thevolumeof thepredictionmustbevery small or
negative. The event function for this event returnsa posi-
tive valueif thevolumeof thepredictionis within theuser-
provided tolerance,and1 if thevolumeof thepredictionis
negative. If the volume is not within the tolerance,the re-
turnedvalue will be negative. The event functionsfor the
separateattributesarecombinedinto a singlefactor, which
determinesif the event is a deathevent. A birth event can
be detectedby doing the sametestsin the backward time
direction.

Similarly, thetestsfor split andmergeevents,andfor en-
try andexit eventsareeachother's reversein time.

8. Visualisationof featuresand events

The�nal stepin thefeatureextractionprocessis, of course,
thevisualisationof thefeatures.A numberof techniqueswill
becoveredin this section.Themoststraightforwardvisual-
isationis to show the nodesin the dataset,that have been
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Figure 18: A loop eventhasoccurred.In thetop �gure, the
feature containsa loop, in thebottom�gure, thenext frame,
theloop hasdisappeared97.

selectedin the �rst stepof the featureextraction pipeline,
theselection.Thisstepresultsin abinarydataset,with each
value indicatingwhetherthe correspondingnodehasbeen
selectedor not. This binary dataset canbe visualised,for
example,with crossesat the selectednodes.In Figure 19,

Figure 19: Visualisation of the selectedpoints in the
backward-facing-stepdataset114.

sucha visualisationis shown. Thevisualisationis of a sim-
ulationof the�o w behinda backward-facingstep.Thefea-
turethatis visualisedhereis arecirculationzone,behindthe
step.Thepointswereselectedwith thecriterion:normalised
helicity H > 0:6.

Anothersimple visualisationtechniqueis to useisosur-
faces.Thiscanbedoneonthebinarydataset,resultingfrom
theselectionstep,or, if theselectionexpressionis a simple

threshold,directly on the original dataset. This resultsin
isosurfacesenclosingtheselectedregions.

Also, otherstandardvisualisationtechniquescanbeused
in combinationwith thebooleandatasetresultingfrom the
selectionstep.For example,in a 3D �o w dataset,usingthe
standardmethodsfor seedingstreamlinesor streamtubes,
will not provide much information about the featuresand
will possiblyresultin visualclutter. However, if theselected
pointsareusedto seedstreamlines,bothbackwardandfor-
ward in time, this canprovide usefulinformationaboutthe
featuresandtheirorigination.SeeFigure20, for anexample,

Figure 20: Visualisationwith streamtubesof the recircula-
tion in thebackward-facing-stepdataset153.

wheretwo streamtubesareshown in the backward-facing-
stepdataset. The radiusof the tubesis inverselypropor-
tional to thesquarerootof thelocalvelocitymagnitude,and
thecolourof thetubescorrespondsto thepressure.

If, insteadof the separateselectedpoints, the attributes
areused,thathave beencomputedin the featureextraction
process,then parametricicons can be usedfor visualising
thefeatures.

If an ellipsoid �tting of the selectedclustershas been
computed,thereare threeattribute vectors:the centrepo-
sition, theaxis lengths,andtheaxisorientations,which can
bemappedonto theparametersof anellipsoid icon. This is
a simpleicon,but very ef�cient andaccurate.It canberep-
resentedwith 9 �oating-point values,andis thereforespace-
ef�cient. Furthermore,it canbeveryquickly visualised,and
althoughit is simple,it givesan accurateindicationof the
positionandvolumeof a feature.In Figure21, anellipsoid
�tting is computedfrom theselectedpointsin Figure19. In
Figure22, vorticesareshown from a CFD simulationwith
turbulentvortex structures.Thefeatureshave beenselected
by a thresholdon vorticity magnitude.They are being vi-
sualisedwith isosurfacesandellipsoids.It is clearlyvisible
that, in this application,with the stronglycurved features,
theellipsoidsdo not give a goodindicationof theshapeof
thefeatures.But, asmentionedabove, thepositionandvol-
umeattributesof theellipsoidswill beaccurate,andcanbe
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Figure 21: An ellipsoid �tting computedfrom the selected
pointsin thebackward-facing-stepdataset114.

Figure22: Vorticesin a datasetwith turbulentvortex struc-
tures,visualisedusingisosurfacesandellipsoids97.

usedfor featuretracking. In Figure 23, the �o w pasta ta-
peredcylinder is shown. Streamlinesindicatethe �o w di-
rection,androtatingstreamlinesindicatevortices.Thevor-
ticesareselectedby locatingtheserotatingstreamlines,us-
ing thewinding-anglemethod112. Ellipsoidsareusedto vi-
sualisethevortices,with thecolourindicatingtherotational
direction.Greenmeansclockwiserotation,redmeanscoun-
terclockwiserotation.The slice is colouredwith l 2, which
is thesecond-largesteigenvalueof the tensorS2 + W2. (See
Section6.1.)

Thetaperedcylinderdatasetconsistsof anumberof hor-
izontal slices,such as the one in Figure 23, but the vor-
tices are naturally three-dimensionalstructures.Reinders

Figure23: Vorticesbehinda taperedcylinder. Thecolourof
theellipsoidsrepresentstherotationaldirection112.

et al. createdthesevortex structuresby performing fea-
ture tracking in a spatialdimensioninsteadof tracking in
time 101. First, featureextractionwasperformedin the two-
dimensionalslices.This resultedin two-dimensionalvor-
tices, which were representedby a specialtype of ellipse
icon.Next, these2D featuresweretrackedin thez-direction,
forming 3D vortex structures.Figure24 shows an imageof
theresultingfeatures.The2D iconsareellipseswith anum-
berof curvedspokes.Thecurvatureof thespokesindicates
the rotationaldirection of the vortices,and the numberof
spokesrepresentstherotationalspeed.The3D iconsarecon-
structedby connectingthecentrepointsof the2D ellipses.

For the3D vorticesin Figure22, anothertypeof iconhas
to beused,if we wantto visualisethestronglycurvedshape
of the features.Reinderset al. presentthe useof skeleton
graphdescriptionsfor features,with which they cancreate
iconsthat accuratelydescribethe topologyof the features,
and approximatelydescribethe shapeof the features98.
Comparetheuseof ellipsoid iconswith theuseof skeleton
iconsin Figure25.

For visualising the resultsof feature tracking, it is of
courseessentialto visualisethe time dimension.The most
obviousway is to animatethe features,andto give theuser
theopportunityto browsethroughthetimesteps,bothback-
wardandforward in time. Figure26 shows theplayerfrom
thefeaturetrackingprogram,developedby Reinders100. On
theleft of the�gure, thegraphviewer is shown, whichgives
an abstractoverview of the entire dataset, with the time
stepson thehorizontalaxis,andthefeaturesrepresentedby
nodes,on the vertical axis. The correspondencesbetween
featuresfrom consecutive framesarerepresentedby edges
in thegraph,andtherefore,theevolutionof afeaturein time,
is representedby apathin thegraph.On theright of the�g-
ure,the featureviewer is shown, in which the featureicons
from thecurrentframearedisplayed.Also, a control panel
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Figure25: Turbulentvortex structuresrepresentedbyellipsoidicons(left) andskeletonicons(right) 97.

is visible, with which theanimationcanbestarted,paused,
andplayedforwardandbackward.

The graph viewer can also be used for visualising
events97. For eachevent, a speci�c icon hasbeencreated,
which is mappedonto the nodesof the graph,so that the
usercanquickly seewhicheventsoccurwhere,andhow of-
tenthey occur. In Figure27, thegraphviewer is shown, with
a part of the graph,containinga numberof events.Each
event is clearly recognisableby its icon. In Figure28, two
framesareshown, betweenwhichasplit eventhasoccurred.
In both frames,the featuresareshown with both ellipsoid
and skeleton icons. The advantageof the use of skeleton
iconsin thisapplicationis obvious.Becausetheshapeof the
featuresis muchmoreaccuratelyrepresentedby theskeleton
icons,changesin shapeandeventssuchasthesearemuch
moreeasilydetected.

9. Conclusionsand futur eprospects

A state-of-the-artreportmustendwith anassessment:what
hasbeenachieved in �o w visualisationduring the last 15
years?Have the problemsbeensolved?Are the resultsap-
plied in practice?Whataretheremainingchallenges?

A large numberof techniqueshas beendevelopedand
re�ned. In general,which techniquesarethe best,depends
strongly on the purposeof the visualisation:the research
problemsaddressed,themethodsandapproachesused,and
thepersonalinterestof theresearcheror engineer. Usersmay
also have different purposes,suchas exploration,detailed
analysis,or presentation.Therefore,we believe thata large
varietyof techniquesmustbeavailableto allow researchers
to choosethe mostsuitabletechniquefor their purpose.In
this sense,goodprogresshasbeenmade.

A very successfulgroup is the texture-basedtechniques
(seeSection3), mainly usedfor 2D �o ws andsurface�o w
�elds. They arevery suitablefor animation,bothof station-
aryandtime-dependent�o ws.Performancelimitationsseem
to beovercome165, andinteractive usewith unsteady�o ws

is now feasible.However, generalisationto 3D �o w �elds is
still problematic.Techniquesbasedon integrationfor gener-
atinggeometriesandparticleanimation(seeSection4) are
alsoverysuccessful,andgeneralisebetterto 3D �elds.

Oneof theoriginalkey problemsin �o w visualisationwas
thedirectvisualisationof directionalstructuresin a3D �eld,
possiblyvaryingin time.Despitesomeheroicattempts,this
problemhasnotbeensolved,asperceiving threespatialand
threedatadimensionsdirectlyseemsaverytoughjob for the
humaneye andbrain.At thesametime, thescaleof numer-
ical �o w simulations,andthusthesizeof theresultingdata
sets,continuesto grow rapidly. For thesereasons,simpli�ca-
tion strategieshaveto beconceived,suchasspatialselection
(slicing, regionsof interest),datadimensionreduction,ge-
ometrysimpli�cation, andfeatureextraction.

Slicing in a 3D �eld reducestheproblemto 2D, allowing
useof good2D techniques,but caremustbetakenwith in-
terpretation,asthe lossof the third dimensionmay leadto
physically irrelevant resultsandwrong interpretation.Tak-
ing a single3D time slice from a 3D time-dependentdata
sethassimilar dangers.Otherspatialselectionssuchas3D
region-of-interestselectionare lessrisky, but may lead to
loss of context. Reductionof datadimension,suchas re-
ducingvectorquantitiesto scalarswill give more freedom
of choicein visualisationtechniques(suchasusingvolume
rendering),but will not leadto muchdatareduction.Geom-
etry simpli�cation techniquessuchas polygon meshdeci-
mation, levels-of-detail,or multiresolutiontechniqueswill
beeffective in managingvery largedatasetsandinteractive
exploration,enablingusersto tradeaccuracy with response
time.

Featureextraction(Section5) is selectionandsimpli�ca-
tion basedon content:extractingimportanthigh-level infor-
mationfrom a dataset,visualisingthedatafrom a problem-
orientedpoint of view. This leadsto a largereductionof the
datasize,andto fully or semiautomaticgenerationof sim-
pleandclearimages.Thetechniquesaregenerallyveryspe-
ci�c for acertaintypeof problem(suchasvortex detection),
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Figure28: A split event,before (left) andafter (right). Thefeaturesarevisualisedwith bothanellipsoidanda skeletonicon 97.

and the relationwith the original raw datais indirect, and
the reductionis achieved at the costof lossof other infor-
mation,which is consideredirrelevant for the purpose.But
thetechniquesgeneralisewell to analysisof time-dependent
datasets,leadingto condensedepisodicvisualsummaries.

A goodpossibility is combiningfeatureextractiontech-
niqueswith director geometrictechniques.For example,se-
lective visualisationhasbeenusedeffectively with stream-
line generation,to placeseedpoints in selectedareas,and
show important structureswith only a small number of
streamlines.Combiningsimpleadvection-basedtechniques
with iconic featurevisualisationcanalsoclarify therelation
betweenthe raw dataand the derived informationusedin
featuredetection.Thework of visualisationandsimulation
expertswill in the future becomeinseparable:the distinc-
tion betweensimulationand visualisationwill be increas-
ingly blurred.A goodexampleis thetrackingof phasefronts
(separationbetweentwo different�uids in multi�uid �o ws)
usinglevel setmethods124, wherethefeatureextractionis a
partof bothsimulationandvisualisation.

How aboutpracticalapplication?Many techniqueshave
beenincorporatedin commercialvisualisationsystems,in-
cluding feature-basedtechniquesy. The practical use of
�o w visualisationis most effective when visualisationex-
pertscloselycooperatewith �uid dynamicsexperts.This is
especiallytrue in feature-basedvisualisation,wheredevel-
oping detectioncriteria is closely connectedto the physi-
cal phenomenastudied.But alsootherdisciplinescancon-
tributeto thiscomputationalscienceeffort: mathematicians,
artists and designers,experimentalscientists,image pro-
cessingspecialists,andalsoperceptualandcognitive scien-
tists96.

Someareasthatneedadditionalwork are:

y http://www.ensight.com/products/flow-
feature.html

� comparative visualisationand multisourcecomparative
dataanalysis

� visualisationof multivariate�o w �elds with scalar, vector,
andtensordata

� handling and exploring huge time-dependent�o w data
sets

� detectionand tracking of new types of features,such
as surfacefeatures(shockwaves,phasefronts) in time-
dependentdatasets

� theuseof virtual environmentsfor visualdataexploration
andcomputationalsteering:problemsof performanceand
3D interaction

� userstudiesfor evaluation,validation,and�eld testingof
�o w visualisationtechniques

� visualisationof inaccuracy anduncertainty.

Overlooking the whole landscapeof �o w visualisation
techniques,we can say that visualisationof 2D �o ws has
reacheda high level of perfection,andfor 3D a rich setof
techniquesis available.In thefuture,we will concentrateon
techniquesthatscalewell with ever increasingdatasetsizes,
andthereforeselectionandsimpli�cation techniqueswill get
moreattention.
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Figure 24: 3D Vortex structures behind a tapered cylin-
der 97.
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