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Ä1WyrtX<h��B�6QKRqp][kZ@e@l+�HWspkX+Wd¶+h\rkQf�s��Z\R<��WHV6p]rªZ\�$S;U*V<WdSYX+WHZ\[]UF¶*U�W�¬6h�noV6�BW\?ª·�h�pkW�[��;W&�sQB�B�+¶�W
noZ\[]W�V+[kW���QfrtWm?)SYX6W/S&U*V�W�SYX6W�Z\[]UMl+rtW�e:X+WH[]WFQfr_pkX6W�pkX+WHZ\[]UMQKnoV6�BWHnoW�Rmp]W�eÇQKRÇpkX+WZ��·)�
rkU*rtpkW�n h�R<ejh\�K��p]X6W^W�¬6h\n�V+�KW�r �;W�[kW^e@W��\WH�BZ\V�W�ez�sQKpkXjpkX6W)rkU@rzp]WHnM?

����� ������� �"!#�%$&�('*) j,+�-�.0n/+10&n-k324-
Ä1W_�*QBW%��S&U*V�W_SYX6W�Z\[]Uih\rYhF�´l6R+�Op]QKZmR+h��$V+[kZmg\[{h�nonoQKR6gF�Bh\R6g\l+h\g\W��sQ¨p]XMh�V�Z��;W�[t�´l6��pzU*V�W
rkU*rtpkW�nM?4,�R+W_QBnoV<Zm[tp{h�Rqpse@QA@�WH[]WHR<��W_pkZ��Bh\R6g\l<h�g\W�r&�BQ[ \W^§@Å'·1Z\[sbyhmro mWH�B��QBr;pkX<h3p��;W_Z\R+�KU
h��B�BZ�� p]Z�p]h\�a"�Q¿? W\?Yp]WH[]noQKR+h�pkQBR6giV6[]Z\gm[]h\n/r'#�?YSYX+QBryQBr�QKnoV�Z\[kp]h\Rmp�Q¨�4�¢W
�Yh�RqpdpkZ�l+rtW�S&U*V�W
SYX6W�Z\[]U�h\rYhoV6[]Z\gm[]h\n�noQBR6gF�BZ\gmQB�\?

� ¶+h\rkQB�FpzU*V<WoQfr_pkX6W�pzU*V�W�Z\�¢rkW�p]r�5 %q� ?�S�ZjWH�\W�[kU7698:5 %q� �;Woh\r]rkZ*�HQBh�pkW�WH�BWHnoWHRqp]r
; 8�6)?�BdW��-rkW�pª��ZmR+rzp{h�Rqp]r�Z\[=<{J�FMF�E>< <UH@? E 7 h\[kW;QKRqpk[]Z@e@l+�HW�e)¶*U^gmQK�*QBR6gdp]X6WHQB[ª��Z\R<rzp][kl+��pkZm[]r�?
bdW�[kW&QBr¸pkX6W¢e@W��+R+Q¨p]QKZmR)Z��*pkX+W&Z��6R<h3pkl+[]h\��R*l6nF¶�WH[{r)B�h3p�h\R+e_pkX+W;��ZmR6R6W��OpkQB�\W��´Zm[��BQBrtp]r�·¸QfrtpBAP*
Nat ∈ Set

0 ∈ Nat
s ∈ (Nat) Nat

List ∈ (A ∈ Set) Set
nil ∈ (↓A ∈ Set) List(A)
cons ∈ (↓A ∈ Set; a ∈ A; l ∈ List(A)) List(A)
SYX6WiW��KW�noWHRqp]rFZ��&Byh�p�h�[]W��¢WH�B���́ Z\l+R+e@W�e1p][kW�W�r¹�sX6QB�{X8��h�R½¶�Wi¶6l6QB�KpF�́ []Z\n pkX6Wj��Z\R6}

rtpk[]l+�Op]Z\[{r%(�Q~? W\?-�C8]B�h3pED]r�"¿�2#�8 Byh�pEDGFEFGFB?�SYX+Wj�HZ\R6R6W��Op]QK�mWj·�QBrtp/QBroQKp]rkWH�K�_h:�́ l6R+��pkQBZ\R-(
Q~? Wm?'g\QB�\W�R8h'rtWHpH6¹(�·̧ Qfrzp;"(6�#)QBrFpkX+W rkW�pFZ\�d�KQfrzp{r
�sX6Qf�{X7��h�R½¶�W ��ZmR+rtpk[]l+�Op]W�e l+rkQKR+g'pkX+W
��ZmR+rtpk[]l+�Op]Z\[{r¢�HZ\R+rsh\R+e R6QK�U*ªR6QB��"(6�#IDk�HZ\R+r�"(6
D ; DtR6QB�y"(6�#E#JD]��Z\R<r�"K6�D ; D]��Z\R<r�"K6�DBLMDtR6QB�U"K6�#E#JDGFEFGF
�sX6W�[kW ; DBLNDEFGFEF48�6F?
Ä1WiX+h��\Wih\�K[]W�hme@U'l+rkW�e7O / FP< <UH J�F <U9'K E 7 QBR pkX+WiW�¬6h�noV6�BW�h\¶<Z3�mWR(�Q~? W\?jpkX6WipzUqV�WiZ\�sr

Qfrz"�Byh3p:#NB�h3p?�sX+QB�{X8Qfr�e@WHR6Z\pkW�e8h\r?Byh3pRQ B�h3p�QKR-n�Zm[kW ��Z\R*�mWHRqpkQBZ\R+h\��R6Z\p]h3p]QKZmR "�h\R+e
QBR-Z\pkX6W�[�QBnoV6�BWHnoWHRqp]h�pkQBZ\R+r�Z\�_S;UqV�WMSYX6WHZm[kUi#O?-¡;U "K6
wBS?#�T�W�p{��?d�;WMe@WHR+Z�pkWT�Hl6[k[]QBW�e
�́ l6R+��pkQBZ\R pzU*V<W�r%(*Q~? Wm?��s[kQKptp]WHR hmrU6�Q "(SVQWT0#;QBRj�HZ\R*�\W�RqpkQBZ\R+h\�+R6Z\p]h3p]QKZmŖ ?ªSYX6W�pzUqV�W_Z��
R6QB��(�"K6X8Y5 %q� #t·̧ Qfrzp�"(6V#:(�Qfryh�R:W�¬6h�noV6�BW)Z���h1P\E K E%F�PmEGF < O / FZ< <�H JPF <U9'K EG(�QKRÇ��Z\R*�mWHRqpkQBZ\R+h\�
R6Z\p]h3p]QKZmR�p]X6Qfrd�Hh\R ¶�W0�s[kQKptp]WHRTh\rs¤[6/8\5 %q� F ·̧ Qfrtp�"(6V#O?
��R'��ZmR*�\WHRqp]QKZmR+h���pzU*V�W�eM�́ l6R<�OpkQBZ\R<h���V+[kZmg\[{h�nonoQKR6go�fh�R6gml+h�gmW�r¢p]X6W��HZ\R+rtp]h\Rmp{rsR6QB��h\R+e

��ZmR+rFh\[kW�V<Zm�KU*noZ\[]V6X6Qf�P(�Q¿? W\?:pkX6W�UÇX<h��\WiQBR@�+R6QKpkW��KU n/h�R*UÇpzU*V<W�rH?:byWH[]Wip]X6QBr�Qfr)R6Z\pFpkX+W
�HhmrtW2(*Q¿? W\?�pkX+WHU�h\[kW?=oJPF�J�=/J3N K L H <H?;SYX6Qfr¢QBrYhm�{X6QKW��\W�e/¶*Ui��Z\R<rtQfe@WH[]QBR6ĝ pkX+WZ"�R+h�noW_Z��̧ p]X6W�#
rkW�p]6 h\r�h�R�W�¬@V6�BQf��QKp�V+h�[{h�noW�p]WH[�?�SYX6Qfr�QBrªpkX6W¢�+[{rzpªl+rkWYZ��ªP\E K E%F�PmEGF <�<U9'K E 7 �¢WYWHR+�HZ\l6Rqp]WH[�?
Ä1WV�Yh�RqpsR6Z�� pkZ/e@W��<R6Ŵ R6W%� �́ l6R+��pkQBZ\R+rsZ3�mWH[¢pkX+W)rtWHp]r �¢W_X<h��\W_QKRqpk[]Z@e@l+�HW�e$?&§*QBnoV6�BW

W�¬6h\n�V+�KW�rsh�[]W_hme6e@QKpkQBZ\RMZ���R+h3p]l6[]h\�$R*l6nF¶�WH[{rsh\e6e-(+h�R+e�pkX+W)rtW���Z\R<e�Zm[]e@W�[¢�́ l6R+�Op]QKZmRMnoh\V
�sX6Qf�{X7h�V+V6�KQBW�r�hM�́ l6R+��pkQBZ\R½p]Z:W��\WH[]U:W��KW�noWHRqp�Z\�yhT�KQfrtp�?'Ä1W�QBRqpk[]Z*e6l+��WiR+W%� ��ZmR+rtp]h�Rqp{r
h\e+ê Dtn/h�VMh�R<eje6W��+R6W_p]X6WHn­¶*U K I <�< EHN:F�=ZI < <!L H F̀ _P*
add ∈ (Nat; Nat) Nat

add(0, h1) ≡ h1

add(s(h2), h1) ≡ s(add(h2, h1))
map ∈ (↓A, ↓B ∈ Set; (A) B; List(A)) List(B)

map(A, B, h, nil(_)) ≡ nil(B)
map(A, B, h, cons(_, a, l)) ≡ cons(B, h(a), map(A, B, h, l))
n/h�V^D ;baba h\[kW^�Hh\�K�BW�e_F�JPF%c�<!I�F�J�F H <'I�G*Z\[ H = K G H < H¥< �HZ\R+rtp]h\Rmp{rH?ªSYX6W�U e@ZoR6Z\psQKRqpk[]Z@e@l+�HW

R6W���W��KW�noWHRqp]rsQBRMpkX+W)rtWHp]rye6W��+R6W�eTrtZ���h\[d¶<W��Hh\l+rtW)h\R*U h�V+V6�KQf�Hh�pkQBZ\RMZ��ªh\e+eMZ\[sn/h�VT�Hh\R
¶�W^[kW�e@l+��W�eip]Zih�RjW�¬@V6[]W�r]rtQBZ\Rj��ZmR+rzp][kl<�OpkW�ei�´[]Z\n­�Hh\R6Z\R6Qf�Hh\�$��Z\R<rzp{h�Rqp]r�?

BdZ\pyWH�mWH[]U e@WH�+R6QKpkQBZ\RT�´[]Z\n �´l6R+��pkQBZ\R+h\��V6[]Z\gm[]h\non�QBR6g/Qfrd�BWHgqh��¸QBR:S;UqV�WFSYX6W�Z\[]U+*��¢W
[]W��ql6QB[kW�pkX+h�p�p]X6WjV+h3pkpkWH[]R+roh�[]WM��Z\noV6�BW�p]WEdjh�R+e8pkX+h�popkX6Wj[kW���l6[{rkQKZmR8QBrortpk[]l+�Op]l6[{h��U(�Q¿? W\?
hT[]W��Hl6[]rkQB�\W/�Hh\�K��X<h\r^p]Z'l+rkWih'rkl6¶<WH¬@V6[kW�rkrkQBZ\R Z��YpkX+WiV+h3pkpkW�[kR¸?TSYX6W�rtW/[]W�rtpk[]Qf�OpkQBZ\R<r)h�[]W
QBn�V�Z\[kp]h\RqpdpkZ�hm�{X6QBWH�\W2p]X6WFgmZmh\�Br¢p]X+h3p_R6Z\R@}��Hh\R6Z\R+QB��h����HZ\R+rtp]h\Rmp{rde@ZiR+Z�pyQBRqpk[]Z*e6l+��W)R+W%�

e ¿?~�¬��:���:�U~�¨��;~gf ­[�:�+¨��;~4ª��:ª�~N�%¨o°
hG±��^�X�!���ji��!��¸:~o���2�:¬ �G~lk-�!�U��¬��;�:�)­��:� ¬��;¯N�:ª��;��~�¨�~����'¨�¨�~N�U�;�o°

`



WH�BWHnoW�Rmp{r&QBR_"´�+[{rzpYZ\[{e@WH[:#ªrkW�p{r;h\R+eopkX<h3p¢pkX6W_[kW�e@l+��pkQBZ\R/p]Z��Hh\R6Z\R+QB��h���W�¬@V6[]W�r]rtQBZ\R+rªpkWH[]noQ¨}
R+h�pkW�r�?

�dR+Z�pkX+WH[ª�´Zm[kn Z��$��Z\R<rzp{h�Rqp]r�h\[kW)E'D K G H < H¥< <{J�F 7:< I�F <�7 �sX+QB�{Xi��h�Ro¶<Wy�qQBW%�¢W�eohmr�QKnoV6�BQB�HQ¨p
��ZmR+rtp]h�Rqp{r&e@WH�+R6W�e�¶*Uoh^pk[]QK�*Qfh���V+h3pkpkWH[]R¸?��dR�W�¬6h�noV6�BWyQfr�p]X6W��´Z\�B�KZ��sQBR6gFe@WH�+R6QKpkQBZ\R Z��$pkX+W
e@Zml6¶6�BQKR6g��´l6R<�OpkQBZ\R)*
dbl ∈ (Nat) Nat

dbl ≡ [h]add(h, h)bdW�[kW�� �i�bFGFEF�e@W�R6Z�p]W�r��6}�h�¶+rtpk[{h\��pkQBZ\Ŗ ?��@}�h�¶<rzp][]hm�OpkQBZ\R<rdh�[]W)h��frtZol+rkW��́ l+���sX6W�R'e@W��<R6QKR+g
GKJ <!I3G*�́ l6R+��pkQBZ\R+ryh\rYQBR n/h�V�"o� �i�Ir�"¿r�"��$#o#E#����sX6QB�{XjQBR+��[]W�hmrtW�r;W��\W�[kU/W��KW�n�W�RqpdZ�����¶*U/pN�¢Z+?
§*Zmn�WÇQKnoV6�BWHnoW�Rmp{h3p]QKZmR+rjZ��FS;UqV�W SYX6WHZm[kU "́ Wm? g<? ·���S
,?(d ;Z@��#�[]W��ql6QB[kWTp]Z�h\R6R6Z\}

p]h�pkW��@}�h�¶+rtpk[{h\��pkQBZ\R+r)¶qUÇpkX+WipzU*V<W�Z��spkX+W e@Zmnoh\QKR)(�Q~? W\?Q�¢W��;Zml6�fe½X+h��\Wop]Z��s[]Q̈ p]W_� � 8
Byh�po�Ih\e6e)"	� D
�$#�?�bdZ��¢WH�\W�[�(�p]X6QfrªQBr�R6Z�p�R6W���W�rkr]h�[]U)rtQBR+�HW��;Ws[]W��ql6QB[kW¢p]X+h3p�W��\WH[]UFe@WH�+R6QKpkQBZ\R+r
QfrypzU*V�W�eÇh�R+e8�;W�W�¬@V<W��Op_pkX+h�p)e@W��+R+Q̈ p]QKZmR+r2e@Z�R6Z\p2�HZ\Rqp]h\QKR��$}~[]W�e6QB�HW�rX"́ Q~? Wm?Frtl+¶@pkW�[kn/r�Z��
pkX+W2�́ Z\[]n "o� �i�	
]#G"��8#o#�?

���K� ��) p ) j&q���j�p��l2iq���r n�j�t>u�-&j�t 0&n)u ) u
SYX6W/rkUqRqp{h3¬��¢W�X+h��mW�QBRqpk[]Z@e@l+��W�e:rkWHW�nor_�mWH[]U'���Bl6n/rtU'h\R+e:WH¬@V6�KQf��QKp�(�W\? g+?��HZ\R+rkQfe@WH[_pkX+W
W�¬@V6[]W�r]rkQKZmR8*

n/h�V-"�Byh3pNDEB�h3p DkrEDk��ZmR+r%"�Byh�pEDk�%DtR6QB��"�Byh�p:#E#
SYX6W�W�¬@V6�BQB�HQ̈ p2rtWHp�V+h\[]h\n�WHpkW�[6Byh�p_���Bl@pkpkWH[{r�l6VTpkX+WFW�¬@V6[]W�r]rkQKZmRQ�sQ̈ p]X6Z\l@p_g\QB�*QKR6g h�R*U R+W%�
QBR@�́ Z\[]n/h3pkQBZ\R)(@¶<W��Hh�l<rtŴ �¢W2��h�RMQBR@�́ WH[Yp]X6WHn �́ [kZmn pkX+W2pzUqV�W�rYZ\��rsh\R+eM�6?
��R+e@W�W�e (c�¢W)�Hh\Rz�s[]QKpkW

noh\V)"�� D���D]rGD]��ZmR+r�"�� Dk� DkR6QB�U"���#E#

h�R<e�h\�K�*p]X6W��mÃ r��Hh\R�¶�WsQKR6�́ WH[][kW�e$?�SYX+QBrªnoW��{X+h�R6Qfrkn Qfrªh\�Op]l+h��B�BUFQBn�V+�KW�n�W�RqpkW�e�QBR�pkX6W6��·)�
rkU*rtpkW�nM?
SYX6WdWH¬@V6[kW�rkrkQBZ\R/rzp]QK�B���KZ*ZR @r�pkZ*ZF��ZmnoV6�KQf�Hh�pkW�e (\p]X6W��mÃ r&e@ZmŖ Ã p¢��ZmR*�\WHU�h�R*U�QKR@�́ Zm[kn/h�pkQBZ\R

WHQKpkX+WH[�?ÀBdZ�� �;W/��ZmnoW/¶+h\�! Tp]ZMpkX6W��<Ã r̂ �¢W/X+h��mW�QBg\R6Zm[kW�eÇrkZj��h�[�*)SYX6WHUÇQKR<e@QB��h3p]WopkX+h�p
pkX+W/noh\[E mW�eÇh�[]g\l6noWHRqp{r���h�R1¶<W/X6Qfe6e@W�R-(�Q~? W\?oR6Z�p̂ V6[]QBRmp]W�e$?owyrkQBR6gjpkX6Qfr2pkX+W/W�¬@V6[]W�r]rtQBZ\R
¶�W���ZmnoW�r�*

noh\V)"�rEDk�HZ\R+r�"��%DtR6QB�¡#E#
�sX6Qf�{XMQBrYV6[]W�pkpzU����BZmrkW_pkZop]X6Ŵ V6[]W�rkWHRqp]h�pkQBZ\R�QBRTh�V<Zm�KU*noZ\[]V6X6Qf���́ l6R+�Op]QKZmR+h����Bh\R6g\l+h\g\Wm?
SYX6W QKnoV�Z\[kp]h�Rqp�V<ZmQKRqpoQBrFpkX+h�pX�¢W e6Z\Ŗ Ã p�X+h��mWip]Z:n/hP mW�Z\l+[F¶+hmrtQf�i�fh�R6gml+h�gmWinoZ\[]W

��ZmnoV6�KQf�Hh�pkW�e "́ Wm? g<?:¶*U QKRqpk[]Z@e@l+�HQKR6gÇV<Zm�KU*noZ\[]V6X6Qfrkn\#2pkZ:n/hR \Wip]X6W rkU*Rqp]h3¬ �BWHg\QB¶6�BW h\R+e
W�hmrtUop]Z?�s[]QKpkW\?�Ä1Ŵ e@Z\Ŗ Ã psR6WHW�eipzU*V�W2QKR@�́ W�[kW�R+��W_Z\[¢p]X6Ŵ e@W��HQBe6h\¶6QB�KQKpzU/Z���pzUqV�W_QKR@�́ W�[kW�R+��Ŵ hmr
h)¶<h\rkQB��V6[]Z\V�WH[kpzU�Z\��Z\l6[¢�fh�R6gml+h�gmW\?��dR+eipkX6W2��ZmR+��W�V@p¢Z\��h�[]g\l+n�W�Rqp;rtU*RqpkX+W�rkQBr&pkl6[]R+r¢Z\l6p
pkZ/¶�W)noZ\[]W2g\W�R6WH[{h���p]X6WHRMpzU*V�Ŵ QKR@�́ W�[kW�R+��Ŵ ¶�W���h�l+rkW0�¢W)�Hh�RTh\�BrkZoQKR@�́ W�[dZ�p]X6WH[yV+h�[{h�noW�p]WH[{r
h�R<e)R6Z\p$Ozl<rzp�pkX+W¢ZmR6Wa�sX6QB�{X�X+h��mW�pzU*V<W 5 %q��� p]X6QBr�Qfr�Z��Ip]WHR�pkX6Ws�HhmrtW;�́ Z\[�p]X6WYV+h�[{h�noW�p]WH[{r
pkZoV6[]Z*Z���r�?
bdQfe@QBR6g2QBr�QBnoV<Zm[tp{h�Rqp�pkZ2n/hP \WY��ZmnoV6�KQf�Hh�pkW�eFWH¬*V+[kW�rkrkQKZmR+r�[kW�h\e6h\¶6�KWm?�byZ��;W��\WH[�(;�;WY�Hh\R

h��frkẐ X6QBe6WspkZ*Z)n�l+�{X-(*rtZmn�WsQBnoV<Zm[tp{h�Rqp&QBR@�́ Z\[]n/h3p]QKZmRo��h�R/¶�Wy�BZmrtp�?�bdW�R+��W2(mQKp&Qfr�QBn�V�Z\[kp]h\Rqp
�́ Z\[¢h�R/QBnoV6�KW�noWHRqp]h�pkQBZ\RopkZFnohR \WdX+QBe6e6WHR�h\[kgml6noWHRqp]r�hm�H�HW�r]rtQB¶6�BWsQ̈ �$p]X6Wdl+rkWH[��¢h\Rmp{r�pkZ�rtW�W
pkX+WHnM?

�����  u ) j6qsp6n .0n)j�p&n)j�t>t&-=.0n)u ) j .[2ik4q]2!��rWr ) j6q
��R �́ l6R+�Op]QKZmR+h��$V+[kZmg\[{h�nonoQKR6g¹�;Ŵ �sQB�K�$Z\�IpkWHRjQBRmp][kZ@e@l<��W_V+h�[kpkQfh����́ l6R+��pkQBZ\R+rY�BQ[ \W_X+e�8{"K6/8
5 %m� wk·�QBrtp�"K6�#o#�6 �sX6Qf�{X½QfrFe@WH�+R6W�e8¶qU1X+e-"K6�D#"%$'&)(¼"(6�D ; D ; (;#o#+* ; ?TSYX6QBrFQBrFR6Z�p�hT�KW�gmh\�
e@WH�+R6QKpkQBZ\RoQKR/S;U*V<WdSYX6W�Z\[]Û ¶<W��Hh\l+rtWYp]X6WsV+h�ptpkW�[kR�QfrªR6Z�p&�HZ\noV6�BW�p]WR(\QKp&e@Z*W�r�R+Z�p&��Z3�mWH[�pkX+W
�HhmrtW�Z��&h\R:WHnoV@pzUM�BQBrtp�?2��R1h/�́ l6R+��pkQBZ\R+h\��V6[kZmg\[{h�nonoQKR+g/WH�3h��Bl+h3p]QKR+g�X+e-"�R6QB�¥#6�sQB�K��pk[]QBg\g\W�[
h�RjW�¬6�HWHV@p]QKZmR-(6Q~? Wm?�h�[]l6R@}~pkQBnoW2WH[][kZm[�?

v



wyrkQBR6gÇe@W�V<W�R+e@W�Rmp�pzU*V<W�rX�;Wj�Hh�R7[kW�V6�Bhm��W V+h�[kpkQfh��;�´l6R+��pkQBZ\R+r��BQ� mW�X+e7¶qU1p]Z�p]h\�YZ\R6W�r
h�R<e½h��\Z\QfeÇpkX6W R6WHW�e1�´Z\[�W�¬6��W�V@pkQBZ\R+r�h�R+e []l6R p]QKnoW�W�[k[]Z\[{r�?jÅTZm[kW�Z3�\W�[�(�rkQBR+��W��¢WiX+h��mW
QBRq�mW�rtpkW�e�noZm[kWYWG@�Z\[kp&h3p&�HZ\noV6QB�KWYp]QKnoW2(qrkZ\noWsV6[]Z\gm[]h\nor���h�Ro¶<W2(\QBR/V6[]QKR+�HQKV+�KW��R(m�HZ\noV6QB�KW�e
pkZTnoZm[kW/W��/�HQKW�Rqp���Z@e@Wm? SYX6Qfr^Qfr)[]WHnoQKR+QBr]��W�Rmp^p]ZMpkX6W�gmh�QBR1QKR½W��/�HQKW�R+��U_�sX6WHR½noZ3�*QBR6g
�´[]Z\n­l6RqpzUqV�W�e'V6[kZmg\[{h�n/r
"��KQ[ \W�·¸�t§@�a#¢pkZ�pzUqV�W�e'V6[kZmg\[{h�n/r0"´�BQ[ \W�§6Å'·�#�?$ByZ�pkWFpkX+h�p_h\�BrkZ
QBR p]X6Qfrd�HhmrtW_[kl+Rmp]QKnoW^W�[k[]Z\[{r;h\[kW^h��mZ\Qfe@W�e h3pspkX+W)rkh\n�W_p]QKnoW\?
Ä1WÇ[]WHV6�fh\�HWÇ·�QBrtp�"K6�# 8 5 %q� ¶qU h7[kWH�+R6W�n�W�RqpY�sX6Qf�{X �¢W �Hh��B�_�\W���pkZm[]rÀ�ªW��¼"(6�# 8

"�B�h3p:# 5 %m� ?Z�ªW��2"(6�#_Qfr^h ��h�noQB�KU'Z\�YrkW�p{r2QKR<e@W�¬@W�eÇ¶*U'R+h�pkl6[{h��ªR*l6n�¶<W�[]r2h�R<e:p]X6WoQBe6W�hjQBr
pkX<h3p&�ªW��2"(6
D &)#¢QfrYpkX6W)rkW�psZ\���BQBrtp]rYZ\���BWHR+g�pkX�&ª?
Vec ∈ (A ∈ Set; n ∈ Nat) Set

nilVec ∈ (↓A ∈ Set) Vec(A, 0)
consVec ∈ (↓A ∈ Set; ↓n ∈ Nat; A; Vec(A, n)) Vec(A, s(n))�ªW��2"(6
D &)#�h�[]WsrtWHp]rªZ\�<WH¬*V+[kW�rkrkQKZmR+r��sX6Qf�{Xo��h�Ro¶�Ws¶6l6QB�¨pª�´[]Z\n R6QK�����	�&h�R<e��HZ\R+r
���	�4�sQ¨p]X

pkX+W)h�V6V6[]Z\V+[kQfh3p]WypzU*V�W�r�(@Q¿? W\? �

�ªW��R"K6�Dk�¼#
� ��R6QB� ���	���
�ªW��2"(6
Dkr�"��2#E#
� ����ZmR+r ���	� " ; DtR6QB� ���	� #�� ; 8�6 �

�ªW��R"K6�D]r�"¿r�"¿�2#o#E#
� ����ZmR+r	���	�;" ; � D]��Z\R<r	���	��" ; A DkR6QK�����	��� ; � D ; A 8�6 � #
FGFEF FEFGF

BdZ�� Q¨pdQfrsrtpk[{h�QBg\Xqpt�´Zm[E�Yh�[{eopkZ/e@WH�+R6W)h�pkZ\p]h\����Zml6RqpkWH[]V+h\[tp¢pkZoX+e *
hdVec ∈ (A ∈ Set; n ∈ Nat; Vec(A, s(n))) A

hdVec(A, n, consVec(h1, h2)) ≡ h1SYX6WsV+h�ptp]WH[]R�Qfr��HZ\noV6�BW�pkWy¶<W��Hh�l<rtWsR6QB� ���	� QBrªR+WH�\W�[�Z���pzU*V<W6�ªW��R"K6�D�(2"�&)#o#�?�SYX6WsQKnoV6�BW�}
noWHRqp]h�pkQBZ\R'Z\���y·�� rtl6V+V<Zm[tp{rdp]X6W�h\l@pkZmn/h3pkQf�)gmWHR6W�[]h�pkQBZ\RTZ\�;��Zmn�V+�KWHpkW�rkW�p{ryZ\�&V+h�ptpkW�[kR<r
�BQ� mW�p]X6QfrH?
SYX6WY�´l6R<�OpkQBZ\Ron/h�V/��h�Ro¶<Ws[]W��<R6W�e�pkZ)h��´l6R<�OpkQBZ\R/n/h\V ���	� �sX6ZmrkW¢pzU*V<WsQBR+e@Qf�Hh�pkW�rªpkX+h�p

QKpye@Z*W�rYR6Z\py�{X+h�R6gmWyp]X6W^�BWHR6g\pkXMZ���pkX6W^�BQfrzp�?
mapVec ∈ (↓A, ↓B ∈ Set; ↓n ∈ Nat; (A) B; Vec(A, n)) Vec(B, n)

mapVec(A, B, _, h, nilVec(_)) ≡ nilVec(B)
mapVec(A, B, _, h, consVec(_, n1, h2, h3)) ≡

consVec(B, n1, h(h2), mapVec(A, B, n1, h, h3))�dR+Z�pkX+WH[¢W�¬6h�noV6�BW�Qfr;pkX6W��´l6R+��pkQBZ\R��HQBVÀ�sX6Qf�{X h\V6V6�BQKW�r;hF�´l6R+��pkQBZ\Rj��Z\noV�Z\R6W�RqpN�sQBrkWdp]Z
pN�¢Z)�KQfrtp]r¢��Z\R<rzp][kl+��pkQBR6g�h)R6W%� �BQBrtp0"´X6W�R+��WypkX6W�R+h�noW�#�?4� R+h�pkl6[{h��<[kW��ql6QK[]WHnoW�Rmp&�´Z\[��HQBViQBr
pkX<h3p�¶�Z�pkXo�BQBrtp]r�X+h��\W¢pkX+Wdrkh\n�WY�BWHR6g\pkX-(2�sX6Qf�{Xo��h�R�¶<WsW�h\rkQK�BU)WH¬*V+[kW�rkrkW�e�l+rkQKR6g^e@W�V<W�R+e@W�Rmp
pzU*V<W�rdh�R<e��mW��Op]Z\[{rH?
zip ∈ (f ∈ (A; B) C; Vec(A, n); Vec(B, n)) Vec(C, n)

zip(f, nilVec, nilVec) ≡ nilVec

zip(f, consVec(h2, h3), consVec(h, h4)) ≡ consVec(f(h2, h), zip(f, h3, h4))�dR QBRqpkW�[kW�rzp]QKR6g-��Z\R<rtW��ml+WHR+�HW'Z��2pkX+WÇe@WH�+R6QKpkQBZ\R Z\����QKV QBripkX+h�pz�¢W'R6WH�mWH[ X+h��\WMp]Z
h�R<h��BU*rkW_pkX6W)rkW��HZ\R+eMh\[kgml6noWHRqp¢¶�W���h�l+rkW^QKpdQBrde6W�pkW�[knoQBR6W�eM¶*U/p]X6W^�´Zm[kn Z\��p]X6W^�+[{rtpYZmR6W\?
SYX6QfrsQBR+rtQBg\Xqpd�Hh\R ¶�W^W�¬@V6�BZ\QKpkW�e pkZog\W�R6WH[{h3p]W�noZ\[]W2W��i��QBWHRqpd¶6l6pyrzp]QK�B��r]h3�´W^��Z@e@Wm? �
Ä1W n/h�U½�*QKW�� �ªW��2"(6
D &)#�h\r�pkX+W�pzU*V�WjZ\��h�[][{h�U*rFZ���h1��W�[tp{h�QBR-rkQ���W\?7byZ�� �Hh\Rx�¢W

e@WH�+R6W2pkX+W)h\�H�HW�r]r;�´l6R+�Op]QKZmRj�´Z\[dh�[][{h�U*r��sQKpkX6Zml@pdQKRqp][kZ@e@l+�HQKR+g�V<h�[kpkQfh��BQ¨pzU �
Ä1W)QKRqp][kZ@e@l+�HW2pkX6W)��h�noQK�BU	��QBR\8 "�Byh�p!# 5 %q� �sX6Qf�{XTQBryhi�Hh\R6Z\R6Qf�Hh\�$[kW�V6[]W�rkWHRqp]h�pkQBZ\RjZ��

�+R6QKpkW2rkW�p]r¢Z\��rtQ��HW�&'h�R+e�X6WHR<��W_QBrkZ\noZ\[]V6X6Qf�Yp]ZFp]X6W_rkW�p¢Z���R<h3pkl+[]h\�<R*l6n�¶<W�[]r;�KW�rkr&pkX<h�R &ª?
Fin ∈ (Nat) Set

0Fin ∈ Fin(s(n))
sFin ∈ (Fin(n)) Fin(s(n))
�!®c� ª��&¸%�;� k)��~N�;�:~�¨��;¬��-¬��;~o�a���!�)�;�!¨��G~�¨)�P~N~o�V�;�U~N�V¬��&¨��;~4¬�ª��;��~Nª�~o�G¨U�'¨U¬��:�6�!­v�a¯N�:ª��;¬���~N�E°
� ¿?~��:ª�¬ ¨-��¬��;�;~N�^�!���:�;ª�~N�%¨�����~o��~:°
� ®)��¬�� �G�!¬�����~o~Nª��$¨��a�P~�ª��:��~)¨��;~N�V¯N�:ª��P~N�;�y�'¨�~N���G��¨��;~��!�;�;¬ ¨�¬��:���!�¼�!�U�:�;ª�~N�G¨-�!­�¨¥���P~����'¨'°%i)� k��

~��G~N�Eµ4k ~����;�:�;���X�P~&�!�;��~�¨U�^¨�~N���M¨��;~&¯o�:ª���¬���~o��¨����'¨�¨U��¬����!���:�;ª�~N�%¨�¬��4�;~��G~N����~o~N�;~N�\�'¨����;�%¨�¬�ª�~ �;��¨
�:�;� �&­��:�-¨¥���P~4¯y�;~N¯y¸%¬��;�&�'¨)¯o�:ª���¬���~�¨U¬�ª�~:°
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��QKR�"	&)#F[kW�V6[kW�rtW�Rqp]r�V6[kW���QfrtW��KU1p]X6W ImP\P�NkE 7!7Y7UK I <]E�Z\�6�ªW��2"(6
D &)#�h�R+e7QKR<e@WHW�ex�¢W �Hh\R
QBn�V+�KW�n�W�RqpyhFp]Z�p{h��¸�mWH[{rtQBZ\R Z���Rqp]XMhmr¢�´Z\�B�KZ��dr�*
nth ∈ (Fin(n); Vec(A, n)) A

nth(0Fin, consVec(h, h2)) ≡ h
nth(sFin(h2), consVec(h, h3)) ≡ nth(h2, h3)µ�l6WFp]Zip]X6W�l<rtW�Z��;h\[kgml6noWHRqp�rkUqRqp]X6W�rkQBr_h�R<e'X6Qfe@QBR6gip]X6WF�́ l+R+�Op]QKZmRÇe@WH�+R6QKpkQBZ\RÇh\¶<Z3�mW

[]W�rkWHnF¶+�KW�r&p]X6W)e@WH�+R6QKpkQBZ\RMZ���pkX6Ŵ V<h�[kpkQfh����́ l6R+��pkQBZ\RMRqpkXj�́ Z\[s�BQfrzp{rH?
Ä1W¢rkl6non/h�[]QBrkW&p]X+h3pªe@W�V<W�R+e@WHRqp�pzU*V<W�rª�Hh\RF¶�W¢l<rtW�ê pkZ2h��\ZmQBe)l6R+r]h3�́ WYh\�H�HW�r]ŗ p]Ẑ h�[][]h�U@r

�sQKpkX6Zml@pdX+h��*QKR+g�p]ZoQKRqpk[]Z@e@l+�HW2h�[]l6RqpkQBnoŴ Z3�\WH[]X6W�h\e$?
»�¼̧ %m�3�m��.�% 
 L N H¥< E?IiG H�� NEI3N 9 J�O ? E>< < J�NJc K NkJ <{E 7!7:H Fb_ O / FP< <UH J�F 7�����H¥< LjO / FP< <UH J�F 7 G H�� E	�
h�V6V�WHR<e ���	� 8 "K6/8\5 %q� w�
 D
& 8	Byh�p�wE�ªW��R"K6�D�
	#Gwo�ªW��¼"(6
D &)#E#��ªW��¼"(6
Dkhme6e-"�
1D &)#E#
QBR+rtW�[tp ���	� 8 "K6/8\5 %q� w
& 8	Byh�p�wE�ªW��R"K6�D
&)#:w�
U8Q��QBR)"¿r�"�&)#o#:wB6�#N�ªW���"(6
Dkr�"	&)#o#
e6WH�BW�pkW ���	� 8 "K6/8\5 %q� w
& 8	Byh�p�wE�ªW��R"K6�D�(2"�&)#o#Gw�
 8Y��QBR�"�r�"	&)#E#o#N�ªW��¼"(6�D
&)#
� L6EHNkEYh\V6V<W�R+e H¡76< L6Ê J �G?�H J /�7 _mE%F�EHNEI3G H¡7 I <�H JPF:J O ;	����� & a O�J�N�G H¡7:<�7 I�F�P�QKR+rkWH[kp H F 7 EHN <�7

I�F E�GBEG=/EGF < I < I 7�K E>< H � E{P K J 7:H¥<UH J�F I�F�PFe@WH�BW�p]WjPmE�GKE < E 7 J�F�E��
»�¼̧ %m�3�m��.�%:��� E � F�EsV�Z��¹"	&)# � >�� �%9 NkE K E!I < E{PÀI\PmP H¥<UH J�FxI�F�P�PmE � F�EXI O / FZ< <UH J�F

�3h�� 8{"�& 8QByh�p�w
�78z�ªW��2"�&gD S $ $ �U#o#o��QBR�"�V<Z��?"	&)#o#
� L H <!L <!I3G < / G�I < E 7¹< L6E ? I3G / E/J O �GH F+I3N 9 F / = � EHN)NkE K N]E 7 E%F < E]P	I 7 I�� NkE ? EHN 7 E{P�� G H¡7:< J O �%H¥<�7
��� ¡¢Z*Z\� ���

����! ��) q306n 2#"�k32vp&n 2 u¼n tiu
�d�B�mpkX6W¢rtWHp]r-�¢W�X+h��mW�e@W��<R6W�e)rkZs��h\[�h�[]Wª�+[{rzpk}~Zm[]e6WH[�(HQ~? Wm?̧ pkX+W;e@Zmnoh\QKR<ŗ Z��*p]X6W;�HZ\R+rtpk[]l+�Op]Z\[{r
e@Z)R+Z�p�QBR+���Bl+e@Wy�́ l6R+�Op]QKZmRopzU*V<W�rH?ªbdZ��¢WH�mWH[�(��;WyX+h��\Wsh��B[]W�h\e6U�e@WH�+R6W�e/rkZ\noWdrkW��HZ\R+e�Z\[{e@W�[
�́ l6R+��pkQBZ\R+r�(6Q~? Wm?ªn/h�VMh�R+ejn/h�V ���	� ? $
��R pkX+WY��·)�¢Ã r�S&U*V�W SYX6W�Z\[]U1h\�K�;QKR+X+h�¶6QKp]h\Rqp]r�Z��YpkX6W�pzU*V<W75 %q� h\[kW e@W��+R+W�e½¶*U1QKR@}

e@l+��pkQB�\Woe@W��<R6Q̈ p]QKZmR+r�?_��RÇV+h�[kpkQf��l+�Bh\[_rkW�p{r�h\[kW�R6Z�p̂ h�l@p]Z\n/h3p]QB��h��B�KUT�H�KZqrtW�eTl6R+e@W�[_�́ l6R+�Op]QKZmR
pzU*V<W�r%(+Q̈ pdQfrYR6Z�psp]X6W)�HhmrtW_p]X+h3p¹"K6�# S 875 %q� WH�\W�R QK�g6�D S 875 %q� ?&"(6V# S QfrsrkUqRqp{h\�Op]QB��h��B�KU
h�pzU*V<W)h\R+e�R+WH�\W�[dhortWHp�?
��R+e@W�W�e (�QKR1p]X6W/noZ\noWHRqp0�;W/h\[kWoR6Z\pFh�¶6�BW�pkZTe@W��<R6WopkX6WopzU*V�W/Z��Y�KQfrtp]r2Z��¢�́ l6R+��pkQBZ\R+r

·̧ Qfrtp�"o"K6�#�S?#Y¶�W���h�l+rkŴ �;W)��h�RMh�V6V6�BU�·�QBrtpdZ\R6�BU/p]Zoh/rkW�psR6Z\pspkZ/h�pzU*V<Wm?
bdZ��¢WH�mWH[�(6p]X6WoV6[kZm¶6�BWHn®QBr_R6Z\p2rkZ rkWH[]QBZ\l+r�(�¶<W��Hh�l<rtW?�;Wo�Hh\R'[kW�V6[]W�rkWHRqpyp]X6W��́ l6R+�Op]QKZmR

rkW�p6�6l+R)"(6
D S?#dh\r¢�́ Z\�B�BZ��dr�*
Fun ∈ (A, B ∈ Set) Set

fun ∈ ((A) B) Fun(A, B)�dR/QBnoV<Zm[tp{h�Rqp&ZmV<W�[]h�pkQBZ\RoZ\Ro�́ l6R<�OpkQBZ\R rtWHp]r�Qfr¢h�V6V6�BQf�Hh3p]QKZmR-(R�sX+QB�{Xi��h�R/¶�W�e@WH�+R6W�eo¶*U
V+h�ptpkW�[kRjn/h3p{�{X6QKR+gY*
app ∈ (Fun(A, B); A) B

app(fun(h2), h1) ≡ h2(h1),�R6WTn/h�U-hmro d�sX*Ud�¢W'e@Z½p]X6QKR+gmr/QBR rtl<�{X h½��Z\noV6�BQf�Hh3p]W�e �Yh�U7h�R<e e@Z8R6Z\p0Ozl+rzp
��ZmR+rkQBe@W�[̂ rtWHp]r̂ ���BZmrkW�e:l6R+e@W�[�"(6V# Si?/SYX6Qfr2Qfr̂ h�V�Zmr]rtQB¶6�BW/�{X6Z\Qf��W�¶6l@p)QKp̂ X+h\r2rkZ\noW/e@QBr]h\e@}
�3h�Rqp]h\g\W�r%*
Am?sÄÇW)�BZmrkŴ p]X6WFV6[]Z\V�WH[kpzU pkX+h�p�h��B��rkW�p{ryh\[kWFe6W��+R6W�eMQKR<e@l+�Op]QK�mWH�BU "�h�R<eTX6WHR<��W
�¢WF�Hh\R
h��[�¢h�U@r¢e@Z/V+h3pkpkW�[kRjn/h3p]�{X+QKR6goZ3�mWH[shortWHp!#O?

>6?s��RTZ\l6[yrkU@rzp]WHn WH�\W�[kUj��ZmR+rzp{h�RqpdX+hmrdho�6¬@W�eTh\[kQKpzUR(+Q¿? W\?¢pkX+W)R*l6nF¶�WH[�Z��ªh�[]g\l6noWHRqp{r
Q̈ po�Hh�R7¶<Wjh�V6V6�BQBW�e p]Z+?1� �&�;Wj���BZmrkW�rtWHp]r�l6R+e@W�[F�́ l+R+�Op]QKZmR½pzU*V<W�r%(�hÇ��Z\R<rzp{h�RqpF�BQ� mW
� 6
D �i� �\8 "(6/8\5 %m� w �\8�6�#�6ÀX+h\ryh�RMh�[]¶6Q̈ p][]h\[kUoR*l6n�¶<W�[dZ���h�[]g\l6noWHRqp{rH?

% ®)��~6�:���;~N���!­���­��;�;¯�¨�¬��:�X¨¥���R~6�:�U�2���'&���(4��¬����;~*)��;~N���!��¨��;~&ª&��+-,E�:�U�¼�'&��/.10�2��:�U�¼�3(4�54%°
i)~o��¯o~
§E¢����*6:�����a�'&879(4�;:_~�¨�¯:°$�;�%~N�����!¨�¬��;¯N��~E�!��~�¨U��~��:���;~N�E°
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`+?sÄÇW_n/h�U\�¢h\Rmp;pkZo��ZmR+rtQfe@W�[¢h�rtl+¶+rtU@rtpkW�n �sX6WH[]W�h\�K�$rkW�p]rYh\[kWy�+[]rtpYZ\[{e@WH[�?�SYX+QBrY�Hh\R
¶<W2W�hmrtQB�BUohm�{X6QBWH�\W�ei¶*U/[]W�rtpk[]QB��pkQBR6g�Zml6[{rtW��K�mW�rªp]Z/rtWHp]ra�sX6ZmrkW2��Z\R<rzp][kl+��pkZm[]r¢h�[]Wd�+[{rtp
Z\[{e@WH[�?

SYX6W/��ZmR6R6W��OpkQB�\W\�+l6R QKRqpk[]Z@e@l+�HW�r^R6ZmR@}�e@WHV�WHR+e6WHRqp2�´l6R+�Op]QKZmR8rtWHp]r�?o��R hMrkQKnoQB�Bh\[0�¢h�U
�¢W2��h�RMe@W��<R6W)e@WHV�WHR<e@WHRqpd�´l6R<�OpkQBZ\RTrkV+h\�HW�r¢Z\[d¤d} rkW�p{r^*
Π ∈ (A ∈ Set; B ∈ (A) Set) Set

λ ∈ (f ∈ (a ∈ A) B(a)) Π(A, B)
app’ ∈ (Π(A, B); a ∈ A) B(a)

app’(λ(f), a) ≡ f(a)wyrkQBR6gsX6QBg\X6W�[�Z\[{e@W�[̧ ��Z\R<rzp][kl+��pkZm[]r+�¢W&�Hh\R2QKRqpk[]Z@e@l+�HW&rtWHp]r)�sX6ZmrkWªWH�BWHnoWHRqp{r���Zm[k[]W�rkV�Z\R+e
pkZTQBR@�+R+Q̈ p{h�[]U'¶6[{h�R+�{X6QBR6gjpk[]WHW�rH?z�dR QKRqp]WH[]W�rtpkQBR6gTh�V6V6�BQf�Hh3p]QKZmR QBr_p]X6W/�́ Z\�B�BZ��sQKR6gMR6Z\p]h�pkQBZ\R
rkU*rtpkW�n �́ Z\[d�HZ\l6Rqp{h�¶6�BW2Z\[{e@QKR<h��fr̂ *
Ord ∈ Set

0’ ∈ Ord
s’ ∈ (Ord) Ord
lim ∈ ((Nat) Ord) Ord,�[{e@QKR<h��\R+Z�p]h�pkQBZ\R+r�h�[]W&gmWHR6W�[]h�pkW�e2QKR+e6l+�Op]QK�mWH�BU2�́ [kZmnÀ���(D]r��qh�R<e)�BQKnM?�SYX6W&�fh3pkpkWH[�h��B�BZ��dr

l+ripkZ7�HZ\R+rtpk[]l+�Op �KQBnoW�riZm[]e6QKR+h\�BriZ3�\WH[i�HZ\l6Rqp{h�¶6�BU7QBR@�+R6QKpkW1rtWHp]r�Z��̂ Z\[{e@QBR+h��fr\�sX6Qf�{X h�[]W
[]WHV6[]W�rkWHRqpkW�e'h\r_h��́ l6R+�Op]QKZmRÇZ\��pzU*V<W	"�B�h3pG#E,�[{e�?FSYX6W�[kW�QBr2h�RÇZ\¶*�*QKZml+r�WHnF¶�W�e+e@QKR+g��́ []Z\n
R+h�pkl6[{h��$R*l6n�¶<W�[]r¢p]Z�Zm[]e6QKR+h\�Br
nat2ord ∈ (Nat) Ord

nat2ord(0) ≡ 0’
nat2ord(s(h1)) ≡ s’(nat2ord(h1))�sX6Qf�{Xz�¢W^�Hh\Rjl<rtW_pkZ/e@WH�+R6W)h�[]WHV6[]W�rkWHRqp]h�pkQBZ\R��´Z\[YpkX+W)rtn/h��B�BW�rtpdQKR@�<R6Q¨p]W^Z\[{e@QBR+h���� *

ω ∈ Ord
ω ≡ lim(nat2ord)
wyrkQBR6goV+h3pkpkWH[]Rjnoh�p]�{X6QBR6gZ�¢W)�Hh�RjQBn�V+�KW�n�W�RqpdZ\[{e@QKR<h��̧ h\e+e@Q̈ p]QKZmR-*

addOrd ∈ (Ord; Ord) Ord
addOrd(h, 0’) ≡ h
addOrd(h, s’(h2)) ≡ s’(addOrd(h, h2))
addOrd(h, lim(h2)) ≡ lim([h1]addOrd(h, h2(h1)))

»�¼¸%m�3�m��.�%'=�� = K GKE%=oE%F < = / G <�H K G H <!I <UH J�F�I�F�PFE'D K JPF�E%F <UH I <UH J�F O�J3N�J�NkP H F+I3G$F�J < I <UH J�F 7 I�F�P
P\E � F�E < L+E)J3N]P H F$I�G���	 � < L6E2G H =/E 7 J O
� < J � EHN 7 ��� � = K GBEG=/EGF <4< L6E 7 GKJ � _\NkJ ��H F`_¹L H EHNEI3NB<'L 9
� 8 "y,�[]e+w'Byh�p!#NB�h3p � L H <!L H¡7 PmE � F�E{PÀI 7 O�J�GIGKJ ��7 �

� "
�3D
&)#
� �
� "���� A�D
&)# � � "
�3D
&)#�� A
� "��KQBn�"��$#JD
&)#
� � "��)"�&)#JD &)#

J+L H¡707 L6J ��7
< LvI < � E <!I�F P\E � F�E � "
��	�# ��� L H <'L H¡7 F�J < PmE � F$I � GKE H F 1 E!IPF�JYI3N H¥< L�=/E <UH <��

SYX6WTQBR6X+h\¶6Q¨p{h�Rqp]riZ��^X6QBg\X6W�[/Z\[{e@WH[irkW�p{ri�BQ� mW_,�[]e��Hh\R rzp]QK�B�d¶�W:��ZmR+rtQfe@W�[kW�e�hmrZ�;W��K�
�´Z\l+R+e@W�e "�¶6l@pFV�Zmr]rtQB¶6�BU:QBR@�+R6QKpkW��KUÇ¶6[{h�R+�{X6QBR6g�#dp][kW�W�r�?�SYX6Qfr^�*QKW�� Qfr^R6ZT�BZ\R6gmWH[2V�Zmr]rtQB¶6�BW
�sX6W�RY�¢W2l+rkW�p]X6W)rkW�p&�¢W2h\[kW^e@WH�+R6QBR6g/QBRjhoR6W�gmh�pkQB�\W_V<ZqrtQKpkQBZ\R-(6hmrYQKR *
D ∈ Set

lam ∈ ((D) D) D
wyrkQBR6g�� �¢W/�Hh�R1WHR<��Z@e@Wol6RqpzU*V<W�e �6}~pkWH[]n/r^�sX6Qf�{X1e@W�rzp][kZ3U@r_QBn�V�Z\[kp]h\Rqp2V+[kZmV<W�[tp]QKW�r

Z���pkX+W)rtU@rtpkWHn �KQ[ \W^e@W���Qfe6h�¶6QB�BQ¨pzUiZ\��W��ql+h��BQ¨pzU h�R+e�pzU*V<W)�{X6W��! *QKR6g<?
µ�Z\l6¶6�BW2R6WHgqh3p]QK�mW2e6W��+R6QKpkQBZ\R<rs�KQ[ \W

R ∈ (Set) Set
r ∈ (A ∈ Set; ((R(A))A) A) R(A)
rkWHWHn pkZ ¶<W�X+h�[]no�KW�rkr�h\rd��h�[�hmrsp]X6W�W�rkrkWHRqp]QBh\��V6[]Z\V�WH[kpkQBW�r�h�[]W)��Z\R<��WH[]R6W�e$?ybdZ��¢WH�mWH[�(

pkX+WHU h\[kW_QBR+��Zmn�V<h3pkQB¶6�BW0�sQ¨p]XMZ\l6[s�*QBW%� p]X+h3pdW��KW�noWHRqp]rsZ\��rkW�p{rdh�[]W��¢WH�B�K}¿�´Zml6R+e@W�eip][kW�W�r�?
Ä1W)��Z\R<���Bl+e@W_pkX+h�p&�;W^�sQB�K��Z\R6�BU�h��B�BZ�� rzp][kQf�Op]�KU V<ZqrtQKpkQB�\W^e@WH�+R6QKpkQBZ\R+rdZ���rkW�p{rH?

«
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§*Z:��h�[¹�¢W�X<h��\W0Ozl+rtpoQKRqpk[]Z@e@l+�HW�e½V6[]Z\gm[]h\non�QBR6gT�fh�R6gml+h�gmWi��ZmR+rzp][kl<�Op]r�?:� portW�WHn/rFpkX+h�p
�¢W�X+h��mWdp]Z�WH¬qp]WHR+eipkX6W_�fh�R6gml+h�gmWdpkZ�¶�W_h\¶6�KW�pkZ�W�¬@V6[]W�r]r¢rtV�W��HQ¨�<��h3p]QKZmR+r;h\R+e��HZ\[][kW��Op]R6W�r]r
V6[]Z*Z���r�?ª§@l6[kV+[kQfrtQBR6gm�KU2(*pkX6QfrsQfrYR6Z�psp]X6W)�HhmrtW2(mp]X6W^�BZ\g\Qf�_QBryh��B[kW�h\e@Uop]X6WH[]W��

����� � 2vk].0k�u ) t ) k�j ��m¹mok4q ) f
SYX6W)�HZ\R6R6W��Op]QK�mW�r¢Z��ª���fh\r]rtQf�Hh\���KZmg\Qf�_h\[kW2e@WH�+R6W�eMhmr¢pk[]l@pkXj�´l6R+��pkQBZ\R+r�?ª�O? W\?�pkZirkWHW_p]X+h3p

"E"(6���S?#
	�T0#]Q "o"K6�	�T0#��8"KS�	�T0#o# "zA;#
Qfr;h)p]h�l6pkZ\�BZ\gmUR(2�;W�Ozl+rzpYX+h��mWspkZ��{X6W��! �pkX+h�pYh\�K�+pk[]l@pkXjh\r]rtQBg\R+n�W�Rqp]rªp]Z)p]X6W�V+[kZmV<ZqrtQKpkQBZ\R+h\�
�3h�[]QBh\¶6�BW�r�6�DBSRDBT WH�3h\�Kl+h�pkW2p]Z�p][kl+W\?�SYX6QfrYQBrspkX6W0�¢WH�B�  *R6Z��sR Qfe@W�h�Z\��p][kl6pkXjp]h\¶6�KW�rH?
��R QKRqp]l6Q¨p]QKZmR6Qfrzp]QB���KZmg\Qf�?�¢W���h�R½e@W��<R6W/pk[]l@p]X½¶qU1V6[]Z3�3h�¶6QB�KQKpzU\? �O? Wm?z�¢W/W�¬@V6�fh�QBR½X6Z��

pkZ8�HZ\R+rtpk[]l+��poV+[kZ*Z���roZ\�2�HZ\noV�Z\l6R+e�V6[]Z\V�ZmrkQKpkQBZ\R+r��´[]Z\n V6[kZ*Z\��roZ��^��Z\noV�Z\R6W�Rqp]r�? SYX6QBr
��Zm[k[]W�rkV�Z\R+e6r�pkZ�pkX+WY¡¢[]Z\l��¢WH[k} byWHUqpkQBR6g�}�b2[]WHQfrtW��v"�¡Yb6b
#�rkWHn/h�RqpkQf�Hr�Z\�<QBRmp]l6QKpkQBZ\R6Qfrzp]QB�¢�BZ\gmQB�R*
�\��
�
���
������¿�<
 �ÀV+[kZ*Z���Z��l6���S QBrsh�V+h\QK[sZ\��V6[]Z*Z���r¢�´Zm[ 6 h�R+e�Si?
����.�
���
������¿�<
 �ÀV6[]Z*Z��l6�	 S Qfrdh�¶6QKp[Lyh\R+e

� h�V6[]ZqZ\���´Zm[ 6ÀQ¨�3L � �v(
� h�V6[]ZqZ\���´Zm[ S Q¨�]L�� Am?

��58#�±¿���\,6������
 ��V6[kZ*Z\���´Zm[[6�Q S Qfrdh/V+[kZ@��W�e@l6[]W0�sX6Qf�{X'��Z\noV6l6pkW�rdV6[kZ*Z\��rsZ��]S �´[]Z\n
V6[kZ*Z\��r;Z\�l6F?

� ,6±�.�% SYX6W�[kW2QfrsR6ZoV6[]ZqZ\��Z\���+h\�BrkW\?
��RÇS;U*V<WoSYX6W�Z\[]UY�¢W�g\Z�ZmR6Worzp]WHV'�´l+[tp]X6WH[^h�R<e H P\E%F <UH O 9 I K N]J K J 7:H¥<�H JPF ��H¥< L < L+E 7 E <

J O H¥<�7?K NkJ�J O 7 ? SYX6WT¶+hmrtQf�jV6[]Z\V�ZmrkQ¨p]QKZmR+h��s��ZmR6R6W��OpkQB�\W�r/h�[]W R+Z�� rkQKnoV6�BU½pkX+WÇ ¢h�[kpkW�rkQfh�R
V6[]Z@e@l+�Op=6��RS �´Z\[s�HZ\R�Ozl6R<�OpkQBZ\R)(*e6QBr�OzZ\QBRqp¢l6R+QKZmR 6 ��S �´Z\[se@Qfr�Ozl6R+�Op]QKZmR-(*pkX+W�W�n�V6pzUirtWHp
� �´Z\[Y��h\�Brkl6n h\R+e��´l6R+�Op]QKZmR'rtV<h\��W��´Z\[sQBnoV6�BQB��h3pkQBZ\R�?
bdW�[kW�h�[]W)pkX+W�e@WH�+R6QKpkQBZ\R:Z\�ªpkX6W�V6[]Z\V�ZmrkQ¨p]QKZmR+h�����ZmR6R6W���pkQB�\W�rdQBR_�y·��]" �¢WF[]WHV�W�h�pypkX+W

�´l6R+��pkQBZ\RTrkW�p]rdX6WH[]W�#&pkZmg\WHpkX6W�[��sQ¨p]XMrkZ\noW2l+rkW��´l6��QKnoV6�BQB�HQ¨py�HZ\R+rtp]h\Rqp]r���*
And ∈ (A, B ∈ Set) Set

and ∈ (A; B) And(A, B)
fst ∈ (And(A, B)) A

fst(and(h1, h2)) ≡ h1

snd ∈ (And(A, B)) B
snd(and(h1, h2)) ≡ h2

Or ∈ (A, B ∈ Set) Set
in1 ∈ (A) Or(A, B)
in2 ∈ (B) Or(A, B)

or_case ∈ ((A) C; (B) C; Or(A, B)) C
or_case(h, h1, in1(h3)) ≡ h(h3)
or_case(h, h1, in2(h3)) ≡ h1(h3)

Fun ∈ (A, B ∈ Set) Set
fun ∈ ((A) B) Fun(A, B)

app ∈ (Fun(A, B); A) B
app(fun(h2), h1) ≡ h2(h1)

False ∈ Set
bot ∈ (False) A

� �<��,@������
 
 � F < L6E < EED < � E 7 LvI3GIG /�7 E < L+E�J�NkP H F+I3N 9z7:9 = � J3G 7 � D�	 DJQ < JjP\E%F�J < E^�dR<e �
,�[ � �6l6R ����G < E�N:F+I <UH@? EHG 9 � E ��H GIG$I�G 7 J /�7 E�� I�F�P �:O�J3N��yR+e8IPF�P^,�[	����G[I 7�< L+E H F < EHN OGI�<{E
< J < L6E�� 5
� E{P H¥< J3N H¡7 F�J <�9 E <�7 J��sEED H�� GKE ��E	� _ � H¥< P\J�E 7 F�� < I3GIGKJ � H F � D�F�J < I <UH J�F����
 :���!¨�~�¨����'¨=k ~V�;�o�G~N�¼½ ¨&��~�­�¨a�:��¨�¨��;~V�;~*)���¬ ¨U¬��:�À�!­�»P�!����~V�;��¨ »P�!���U~V¬��a�;~*)��;~N�À�!�&�¹��~N¨ k�¬ ¨����;�
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¡Yh\rkW�e/ZmR�p]X6Qfr �;W2�Hh\R�R6Z�� �HZ\R+rtpk[]l+��pYh�V6[]Z*Z���Z\��"zA;#&l<rtQBR6g�V+h3pkpkWH[]Rjnoh�p]�{X6QBR6g	"�h\R+e
h�RMh�l6¬*QB�BQBh\[kUo�´l6R<�OpkQBZ\RMp{h�l@p�A�#�*

taut1 ∈ (A, B, C ∈ Set; Or(And(A, B), C)) And(Or(A, C), Or(B, C))
taut1(A, B, C, in1(and(h, h2))) ≡ and(in1(h), in1(h2))
taut1(A, B, C, in2(h1)) ≡ and(in2(h1), in2(h1))

taut ∈ (A, B, C ∈ Set) Fun(Or(And(A, B), C), And(Or(A, C), Or(B, C)))
taut ≡ [A, B, C]fun(taut1(A, B, C))BdZ\pkW&pkX+h�p�pkX+W&Qfe@W�hyZ��@pkX+W;���fh\r]rkQB��h��mh\R+e2p]X6W�pzU*V�W&p]X6WHZm[kWHpkQf�ªV6[]ZqZ\�+h�[]W&�ql6QKpkW;e6QA@�WH[]WHRqp�?

Ä1W)e@ZoR6Z�pd��ZmR+rkQBe@W�[sV<ZqrkrkQB¶6�KW_p][kl@p]XTh\r]rtQBg\R6noW�Rmp{r¢¶6l@p&�¢W2�HZ\R+rtpk[]l+��psho�HZ\R+�H[kWHpkW_Z\¶cOzW��Op�(
QBR ��hm�Opyh�V6[]Z\gm[]h\nY(¼�sX6Qf�{XMg\QB�\W�rYe@QB[]W��OpdW��*QBe@W�R+��W_�´Zm[YpkX6W2p][kl@p]XMZ���pkX6W^V6[]Z\V�ZmrkQKpkQBZ\R¸?

5 ±���4<,6
-¾ SYX6W�Z\[]WHn�V+[kZ3�*QBR6g�QBR/S&U*V�WsSYX6WHZm[kU)Qfr�pkX+Wdrkh\n�Wshmr��s[kQKpkQBR6g^hZ"I�´l6R+��pkQBZ\R+h\�¡#
V6[]Z\gm[]h\nj?

�yr&QKR/QBRqpkl6QKpkQBZ\R+QBrtpkQf�d�BZ\gmQB�¢p]X6WyV6[]QBR+��QBV6�BWdZ��$W�¬6�H�Kl+e6W�eonoQBe+e@�KW 6 	 � 6 Qfr�R6Z\p&V6[]Z3�3h�¶6�BW
QBR S&U*V�WÇSYX6W�Z\[]U\? SYX+W:[]W�h\rkZ\R Qfr/p]X+h3p	�¢W:�Hh\R6R6Z�pY�s[kQKpkW1h½V6[]Z\gm[]h\n Z��^pzU*V�Wd"K6 8
5 %m� #E,�[�"(6�D'�6l6R�"(6
DE�+h\�BrkW�#E#O?Ç§@l+�{X8hTV6[]Z\gm[]h\n �;Zml6�fe½e@W��HQBe@Wi�´Z\[FW��\W�[kU1rtWHp¹�sX6W�p]X6WH[�QKp
QfryW�n�V6pzUjZm[yR6Z\p�?�§@QKR+�HW¹�¢W���h�RTWHR<��Z@e@W�h\[k¶+Q¨p][]h\[kUiV+[kZmV<ZqrtQKpkQBZ\R+ryQKRÇS&U*V�W�SYX6W�Z\[]U rkl+�{X
hÇV6[kZmg\[{h�n �¢Z\l6�fe8n/h�gmQB��h��B�KU½e@W���Qfe@WjpkX6Wjp][kl@p]X-Z\��h�R*U "�l6R6V6[]Z3�\W�RM#)V+[kZmV<ZqrtQKpkQBZ\R+r��BQ� mW
S_Z\�fe@¶+hm�{X¸Ã r;X*U*V�Z�pkX+W�rkQBr¢p]X+h3pYpkX+WH[]W_WH¬@QBrtp]rsh\R QBR@�+R6QKpkW^R*l6n�¶<W�[sZ���pN�sQKRjV6[]QKnoW^R*l6nF¶�WH[{r�?

�dR+Z�pkX+WH[�V6[kQBR+�HQKV6�BWa�sX6QB�{XFQBr�l6R6V+[kZ3�3h�¶+�KW�QBRFQBRqpkl6QKpkQBZ\R+QBrtpkQf�&�BZ\gmQB�&QBr ��� 6 QW6)?���R+e@WHW�e
pkX+QBr�Qfr�W��ql6QB��h\�KW�Rqp�p]Zyp]X6WYW�¬6���Bl+e@W�e)noQfe6e@�BW\?��yr�[]l6�KWYZ\�6pkX*l6n�¶?�¢W¢��h�R�rkh�U2p]X+h3p�V6[]ZqZ\��r�Z��
R6W�gmh3p]W�eM�´Zm[kn�l6�fh\r_�Hh�[][]Uj�BW�r]r�QKR@�´Zm[kn/h�pkQBZ\RTp]X+h�RÇV<ZqrtQKpkQB�\W	"´l6R+R6WHgqh3pkW�eT�´Zm[kn�l6�Bhmr'#�?^SYX6QBr
h��frkZ�h�@�W���p]r�p]X6W2PmE��:J�NK_2IPF 5 I ��7 *�" � 6 � � S?#�Q � "(6 	=S?#�Qfr�V6[]Z3�3h�¶6�BW&¶6l6p � "K6 	 S?#UQ
" � 6 � � S?#�QBr�R6Z\p�?x��r�hÇ��ZmR+rtW��ql6WHR+�HW�QBRqpkl6QKpkQBZ\R6QfrtpkQf� �BZ\gmQB� e@Q�@�W�[]r��´[]Z\n Q¨p{r/���fh\r]rtQf�Hh\�
��Zml6RqpkW�[kV+h\[tp2p]X+h3p
�¢Wi�Hh\R6R6Z�pFe6W��+R6Wop]X6Wi��ZmR6R6W��OpkQB�\W�r^QBRÇp]WH[]n/r^Z��YW�hm�{XÇZ\pkX6W�[À"´Q~? Wm?�QBR
���fh\r]rkQB��h����KZmg\Qf�2h��B�¸��Z\R+R6W���pkQB�\W�rs��h�Rj¶<W)e6W��+R6W�e �´[kZmn 	 D � #�?
»�¼¸%m�3�m��.�%T��� FZ<{J�P\EXI�F�P K NkJ ? E < L6EUO�J3GIGKJ ��H Fb_ K NkJ K J 7:H¥<UH J�F H F J 9'K E	J+L6E{J3N 9 �
���?"o"(6 � SX#]QWT0#	��
 "K6 Q "KSVQWT0#o#
� �?"o"(6 	 SX#]QWT0#	��
 "E"(6 Q T0#��{"(SXQWT0#E#

 �?" � 6�� � S?#UQ � "(6�	�SX#
� IPF < L6E 7 E � E _mE%F�EHNEI3G H¡7 E{P < J���
 �

��� � "(6���
 � 6V#
»�¼¸%m�3�m��.�%:°�� L6J � O�J3N:=\I3GIG 9
< LiI <)< L6E K N H FZ< H K GKE 7 ��� 6 Q 6 I�F�P 6 	 � 6WI3NkE�E�� /cH@? I3GKE%F < �

���K� � 2vn)p ) f ��tcn mNk4q ) f
bdZ���e@ZQ�¢W�QBRqpkW�[kV6[]W�p^V6[]W�e6QB��h3pkW�r2�KQ[ \W 1 N H =/E#� �6Zm[^WH�mWH[]U'R+h3p]l6[{h��ªR*l6nF¶�WH[0�¢WoZ\¶@p{h�QBR
hTV6[]Z\V�ZmrkQKpkQBZ\R½��[]QKnoWR"�&)#0�sX6Qf�{X �¢W���ZmR+rtQfe@W�[Fh\r�h'rtWHpFZ��sV6[]Z*Z���r�?'bdW�R+��W2(�h'V6[kW�e@Qf�Hh3p]W
Qfr)h ��h�noQK�BU:Z\�YrkW�p{r)��[]QBn�W�8 "�Byh�p!#B5 %q� Q~? Wm?iQ¨p�X+h\r_p]X6W�r]h�noW�pzUqV�Wih\r^�ªW��2"K6�#_Zm[¹��QKR¸?
bdZ��¢WH�mWH[�(qpkX6W^�fh3pkpkWH[dh\[kW2l6R+QKRqpkW�[kW�rzp]QKR+g��´[]Z\n h��BZ\gmQB��h���V�Z\QBRmpdZ\���*QBW%���\?
��RMe@W��+R+QKR6g�p]X6W^¶+h\rkQf���HZ\R6R6W��Op]QK�mW�r �¢Wy�´Zm�K�BZ�� p]X6W)rtW�n/h�RqpkQf�yQBRqpkl6QKpkQBZ\RMQBRqpk[]Z*e6l+��W�e�QBR

pkX+W^�BhmrzpdrkW��Op]QKZmR_*
� 
���²<%q�3.�,6±��$��,6
�����³��m,@���¿�<
 S_QK�mWHR½hMV6[]W�e@Qf�Hh�pkWRS 8 "(6�#�� ��� Z3�\WH[j6,8 5 %q� (��¢Wirkh�U

pkX+h�p[S Qfrdl6R+QK�mWH[{rkh\�K�BUip][kl6W2(+QK�4�;W��Hh�R'e6W��+R6W�ho�´l6R+��pkQBZ\R��sX6Qf�{X'h\r]rkQKgmR+rYpkZ�WH�\W�[kU
; 876�h�V6[]Z*Z���QKR\Sz" ; #O?¢SYX6QBrdV6[kW���QfrtW��KUj��Zm[k[]W�rkV<ZmR+e6r;pkZop]X6WFe@W�V<W�R+e@W�Rmpy�´l6R+�Op]QKZmR
rtV+hm��WV�;W^X<h��\W_QKRqpk[]Z@e@l+�HW�e W�h�[]�BQKW�[�?

Π ∈ (A ∈ Set; B ∈ (A) Set) Set
λ ∈ (f ∈ (a ∈ A) B(a)) Π(A, B)

app’ ∈ (Π(A, B); a ∈ A) B(a)
app’(λ(f), a) ≡ f(a)
�� $~N¯G�3&��-¬��)�!� k-�N���)¨U���;~:µ��P~o¯o�!�;��~�¬ ¨��!� k-�N�������!���a�;�U�%�!­v�;¬��"!$#&%��!�;�^»i¬��V¬��-¨U���;~�­��:�('*),+��R~N¯o�!�;��~

¬ ¨��!� k-�o���-���!���a�;�U�%�!­-+/.�0 1R°
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»�¼¸��.���%*
����¿,6± �$��,6
����´³��\,@������
 S_QK�mWHR76/8�5 %m� D S 8 "K6�# 5 %q� h\rsh\¶<Z3�mWR(c�¢W)rkh�UipkX+h�p S
QBr�W�¬@Qfrzp]WHRqpkQfh��B�KUMp][kl+W�QK���¢W�X+h��mW�h\R ; 8 6�h�R+eÇh�V+[kZ*Z��UL 8 SÀ" ; #O?FSYX6Qfr�pzU*V<W�QBr
�Hh��B�BW�ejh � }~pzU*V<W^h\R+eM�Hh�Rj¶�W)e@W��+R+W�eMh\r¢�´Zm�K�BZ��dr%*

Σ ∈ (A ∈ Set; B ∈ (A) Set) Set
pair ∈ (a ∈ A; b ∈ B(a)) Σ(A, B)

π1 ∈ (Σ(A, B)) A
π1(pair(a, b1)) ≡ a

π2 ∈ (p ∈ Σ(A, B)) B(π1(p))
π2(pair(a, b1)) ≡ b1

� �<��,@������
 � LTE ��H GIG /�7 E�¤ ��8�6
F S D � �7876�F S J3N�I�G < E�N:F+I <UH@? EHG 9�� �78�6�F SRD�� �\876�F S
< J�P\E%F�J < E�¤¹"K6�D�� �v� SX#JD � "K6�D�� �v� SX# �

� }~pzUqV�W�rYh\[kW2�Hh\�K�BW�eipkX6W_pzU*V<W2Z\��e@W�V<W�R+e@WHRqpsV+h\QK[{r¢¶<W��Hh�l<rtW_pkX+WHUigmWHR6W�[]h\�KQfrtWypkX6W_pzU*V�W
Z��YV+h\QK[{r0�dR+e QBR½h	�¢h�UÇrtQBnoQK�fh�[2p]ZMpkX6W��Yh�U:e@W�V<W�R+e@W�Rmp^�´l+R+�Op]QKZmR8rtV+hm��Wi¤ gmWHR6W�[]h\�KQfrtW�r
�6l+R�?
SYX6W�[kWsh�[]WYh��frtZ^��ZmnoV6l@p]h�pkQBZ\R+h\�6h�V6V+�KQf�Hh�pkQBZ\R+r��´Zm[ � }¿pzU*V�W�r�?��ml+rtp�p]Z^noWHRqpkQBZ\R/h2rtQBnoV6�BW

Z\R+WR*Y�;WM�Hh\R-[]W��HZ3�\WH[FpkX6WjpzU*V�WjZ\���BQBrtp]r��´[]Z\n¥�mW���pkZ\[{r�¶qU8e6W��+R6QBR6g½·¸Qfrtp � "(6�# * � &"8
Byh�pEF �ªW��2"(6�D
&)#:(<Q¿? W\?�p]X6W^QKR6�+R6QKpkWR(<e@QBr�OzZ\QBRqpdl6R6QBZ\RjZ����ªW��2"(6�D
&)#¢Z3�\W�[Yh\�K� &18QByh�p�?

�dgqh�QBR	�;W)��h�R6R6Z\pye@W��<R6W^pkX+W���ZmR6R6W��OpkQB�\W�rYQKRMp]WH[]n Z\�ªW�h\�{XMZ\pkX6W�[�(6Q~? W\?Yh��KpkX6Zml6g\X	�¢W
�Hh\R:V6[]Z3�\Wz"�� ; 8 6�F � SÀ" ; #E# Q � " � ; 8*6
F Sz" ; #o#��¢W���h�R6R6Z\p2rkX6Z��Àp]X6W/��Z\Rqp][]h\V<ZqrtQKpkQBZ\R
� " � ; 8�6�F � "(Sz" ; #o# Q "�� ; 876�F SÀ" ; #E#O?
¡¢U^pkX+Wyh3¬@QBZ\n�Z\���{X6ZmQB�HW��;WYnoW�h\RoX6WH[]WYpkX+h�p��´Z\[ªW��\W�[kU)[]WH�fh3p]QKZmR��V8{"K6
wBS?# 5 %q� rkl+�{X

pkX<h3p6�¢WF�Hh\R'rtX+Z�� � ��8�6
F �
	�8�S F �Z" ; D>LG# �¢WF�Hh\RTh\�Op]l+h��B�BUj�HZ\R+rtpk[]l+�Opyh/�´l6R+�Op]QKZmR��18
"(6V# S rtl+�{Xjp]X+h3p � ��8\6
F �Z" ; D
��" ; #o#�?¢��R'�H�BhmrkrkQf�Hh���rtWHpspkX6W�Z\[]UipkX+QBr�h3¬@QKZmn Qfry�HZ\R+rkQBe6WH[]W�e
h\rFh�R½h\e6e6Q¨p]QKZmR+h��¢h\r]rtl6noV@p]QKZmR �sX6QB�{X X+hmrFhMR*l6n�¶<W�[)Z��
"�rkZ\noWHpkQBn�W�rF�HZ\l6RqpkW�[kQBRqpkl6QKpkQB�\W;#
��ZmR+rkW��ql6WHR<��W�r�?�SYX6W^rkQ¨p]l+h3p]QKZmRjQBRMQKRqp]l6Q¨p]QKZmR6Qfrzp]QB�^�BZ\gmQB�2h\R+e�QBR'S;UqV�W^SYX6WHZm[kU�QBrde6QA@�WH[]WHRqp�(
¶�W��Hh\l+rkW)pkX+W�V6[]Z*Z���Z\��pkX6W�V6[]WHnoQfrtW�h��B[kW�h\e@UM��ZmRmp{h�QBR+r_rtl+�{XÇh <!L6J H <{E[O / FZ< <�H JPF+?2��R+e@W�W�e (
�¢W2��h�RjV6[]Z3�\W�pkX6W)h�¬*QBZ\n Z��ª�{X6Z\Qf��W_¶*U�V+h�ptpkW�[kRjn/h3p{�{X6QKR+gv*
ac ∈ (A, B ∈ Set;

R ∈ (A; B) Set;
Π(A, [h]Σ(B, [h1]R(h, h1)))

) Σ(Fun(A, B), [h]Π(A, [h1]R(h1, app(h, h1))))
ac(A, B, R, λ(f)) ≡ pair(fun([h]π1(f(h))), λ([a]π2(f(a))))

»�¼¸%m�3�m��.�%'º 1 NkJ ? E < L+E3O�J�GIGKJ ��H F`_ K NkJ K J 7!H¥<UH J�F 7¹H F J 9'K EYJ+L6E{J�N 9 �
���?"o"�� �\8���F 6?"	�$#E#UQ SX# ��
 " � ��8��\F 6?"	�+#3Q S?#
� �?"�� �Q*��\F 6?"	�+#o#3Q " � " � �\8���F � 6?"	�$#E#o#

����� ��� � ��m ) t&-
§*Zj��h�[^�¢WoX+h��\W�R6Z�p^QBRqpk[]Z*e6l+��W�eÇh\RqUx"�QKRqp]WH[]W�rtpkQBR6g¼#�¶+hmrtQf��V6[kW�e@Qf�Hh3p]W�r_Z\[2[]WH�fh3p]QKZmR+rH?�Ä1W
�sQB�K��l+rkWFp]X6WonoW��{X+h\R6QBrkn­�´Z\[^e@WH�+R6QBR6g R+W%� rkW�p{ryp]Zje6W��+R6W�R6W�� V6[]W�e@Qf�Hh�pkW�r � Z\l+[y�+[{rtp
W�¬6h\n�V+�KW2QfrsW��ql+h\�KQKpzU\?
�&�ql+h\�KQKpzU1�´Z\[/h1rtWHp 6 Qfr/h:V6[]W�e6QB��h3pkWjZ3�\W�[FV+h\QK[{r�Z��[6­Q~? Wm?7QKp\�sQK�B�sX+h��\W�pkX6WjpzU*V�W

"(6¹w 6V# 5 %m� ?���r$¶�W��´Z\[]W��¢W��sQK�B�\[]WHV6[]W�rkWHRqp¸hYV�Z\�BUqnoZm[kV6X+QB��ZmV<W�[]h�pkQBZ\R_¶qU�W�¬@V6�BQB�HQ¨p�V+h�[{h�noW�p][kQK}
r]h3pkQBZ\R)(@X6WHR+�HW^W��ql+h\�KQKpzU�rkX6Z\l6�fe X+h��\W�pkX6W2pzU*V�W�"(6/8\5 %m� w 6¹w 6�#B5 %q� ?
SYX6W�e@W��+R+Q¨p]QKZmR:Z��;W��ql+h��BQKpzU QBRÇS;U*V<WoSYX6WHZm[kUjQfr��mWH[]UjrkQBn�V+�KW2*spkX6W�Z\R+�KUMV6[]Z*Z���Z��&h\R

W��ql+h\�KQKpzUiQfrY[kW��+W�¬@QB�*Q¨pzU2(c�sX6QB�{XM¶�W��HZ\noW�r¢p]X6W)��ZmR+rzp][kl<�OpkZm[YQBe �´Z\[sW��ql+h��BQ¨pzU�V6[kZ*Z\��rH?
Id ∈ (↓A ∈ Set; a, b ∈ A) Set

id ∈ (↓A ∈ Set; ↓x ∈ A) Id(A, x, x)
·̧ WHp;l+r¢V6[]Z3�\WdpkX+h�p¢�ze/QfrYh�RiW��ql6QK�3h\�KW�R+��W�[kW��Bh�pkQBZ\Ŗ ?ª§*QBR+��W_[kW��+W�¬@QB�*Q̈ pzUoQfr�p]X6W_�HZ\R+rtpk[]l+��}

pkZm[�(�QKpF[kW�n/h�QBR+r2pkZÇrtX6Z�� rkUqnonoW�p][kU1h�R+e1p][]h\R+rkQ̈ p]QK�*QKpzU\?j� p)pkl6[]R+rFZ\l@p̂ p]X+h3p)p]X6QfrFQfr̂ �\W�[kU
W�hmrtU�l+rtQBR6g�pkX+Ŵ QBe@W�h�Z���V+h3pkpkWH[]Rjnoh�p]�{X6QBR6goQBR	��·)�a*

A��



symId ∈ (↓A ∈ Set; ↓a, ↓b ∈ A; Id(A, a, b)) Id(A, b, a)
symId(A, _, b, id(_, _)) ≡ id(A, b)

transId ∈ (↓A ∈ Set; ↓a, ↓b, ↓c ∈ A; Id(A, a, b); Id(A, b, c)) Id(A, a, c)
transId(A, _, _, c, id(_, _), id(_, _)) ≡ id(A, c)bdZ�� �Hh\R\�;Wyl6R+e@W�[]rtp]h\R+e�pkX6W�V6[]ZqZ\��Z\��rtU*nonoW�p][kU�rtU*no�ze!�T§*QBR+��WypkX6WyZ\R6�BU��HZ\R+rtpk[]l+��}

pkZm[�Z\�&�ze-"K6�D ; D>LG#dQfr�QBe-" ; #:($X6W�R+��W�pkX6W�V+h�ptpkW�[kR:QBr2��ZmnoV6�KWHpkWm?2Å'Z\[]WHZ3�\W�[yrkQKR+�HWFQfe-" ; #�X+hmr
pkX+W�pzU*V�W��ze-"K6�D ; D ; #¹�¢WÀ *R6Z�� pkX<h3p ; * L%� 	 ?{�yV6V6�BU*QKR6gÇpkX+QBr���ZmR+rzp][]h\QKRqp)p]Z:p]X6W�gmZmh\�
�ze-"K6�DBLMD ; #?�;WMrtW�W�p]X+h3p\�¢W ZmR6�BU½X+h��\W pkZ1V6[]Z3�\W��ze)"(6�D>LNDBL%#¹�sX+QB�{X-QBroW�h\rkUzOzl<rzp/l+rkQKR+g
Qfe-"KLG#�?�SYX6Ŵ V6[]Z*Z���Z\��p][]h\R+rkQ̈ p]QK�*QKpzU��Hh\R ¶�Ŵ l6R+e@W�[]rtpkZ*Z@e QKRTh�RMh�R<h��BZ\g\Zml+r��¢h�Um?

� ¶<h\rkQB��V6[]Z\V�WH[kpzU?�¢W6�¢Z\l6�fe/WH¬*V�W���p;�́ []Z\n W��ql+h��BQ̈ pzUoQfr�p]X+h3pYW��ql+h\��h\[kgml6noWHRqp]r;�Hh\R�¶�W
rkl6¶+rtpkQKpkl@p]W�e1QKR<rtQfe@W/V6[]W�e@Qf�Hh�pkW�r̂ h�R+e:pkX+h�p)W��ql+h\�KQKpzU'Qfr̂ hj�HZ\R6gm[kl+WHR+�HWF�́ Zm[̂ WH�\W�[kU'�́ l6R+�Op]QKZmR
e@WH�+R+h�¶+�KW)QBRMpkX+W�rkU*rtpkW�nM? ���Op]l+h��B�KU2(+p]X6WFrkW��HZ\R+eMV6[]Z\V�WH[kpzU�QfrdW�h\rkQK�BU e6WH[]QK�3h�¶+�KŴ �́ []Z\n pkX+W
�+[{rzps¶6l6psrkQBR+��W_¶<Z\pkXMX+h��mWy�\W�[kUirkQBn�V+�KW2V6[]Z*Z���r¢l+rkQKR6g�V+h�ptpkW�[kRjn/h3p{�{X6QKR+g?�¢W�V+[kZ3�mWyp]X6WHn
QBR+e@WHV�WHR<e@WHRqpk�BU8*
respId ∈ (↓A, ↓B ∈ Set;

↓a, ↓a’ ∈ A;
f ∈ (A) B;
Id(A, a, a’)

) Id(B, f(a), f(a’))
respId(A, B, _, a’, f, id(_, _)) ≡ id(B, f(a’))

substId ∈ (↓A ∈ Set; ↓a, ↓b ∈ A; Id(A, a, b); C ∈ (A) Set; C(a)) C(b)
substId(A, _, b, id(_, _), C, h1) ≡ h1§*QBR+��WV�¢W_X<h��\W�h\�K[]W�hme@U/e@W��<R6W�e�pkX6Ŵ rkW�psZ���R+h3p]l6[]h\��Rql+nF¶�WH[{raB�h3p��¢W��Yh�Rqp¢pkZoV6[]Z3�\W

pkX+W h3¬@QBZ\n/r̂ Z\�sh\[kQKpkX+n�WHpkQf��e@W�h��BQKR+gQ�sQ̈ p]X8W��ql+h\�KQKpzUR(�Q~? Wm?MpkX+h�p�R6Z:rkl+����W�r]rkZ\[̂ Qfr)W��ql+h\��p]Z
�:h\R+e1pkX<h3poQ̈ �sp]X6Wjrkl+����W�r]rkZ\[{r̂ Z��spN�¢Z'R*l6nF¶�WH[{r�h�[]WiW��ql+h\��pkX+WHR-h\�K[]W�hme@U'p]X6WjRql+nF¶�WH[{r
�¢WMrtp]h\[tp]W�e>�sQKpkX h�[]WMW��ql+h��U(¢Q¿? W\? p]X+h3p�r/Qfrih\R-QBR�OzW���pkQBZ\Ŗ ? �dgmh\QKR)(��¢W'h�V6V+�KU8V<h3ptp]WH[]R
n/h3p{�{X6QKR+gY*
injS ∈ (↓m, ↓n ∈ Nat; Id(Nat, s(m), s(n))) Id(Nat, m, n)

injS(_, n, id(_, _)) ≡ id(Nat, n)
notId_0_S ∈ (↓i ∈ Nat; Id(Nat, 0, s(i))) False
SYX6WYV6[]Z*Z���Z��<QBR�OzW��OpkQB�*Q¨pzU�l+rkW�r�p]X6WY��h\��pªpkX+h�pª�´[kZmn�pkX+Wd��Z\R<rzp][]h\QKRqp�r�"��$#�* r�" 	i#��;Ws�Hh\R

e@W�[kQB�\W2p]X6WF��ZmR+rtpk[{h�QBRmp � * 	�?YSYX+QBrd�´Z\�B�KZ��drY�´[]Z\n pkX6WFV6[kQBR+�HQKV6�BW^p]X+h3p�h\�K��W�¬@V6[]W�r]rtQBZ\R<rYZ��
pzU*V<W0B�h3py�Hh\R ¶�W2¶6l6QB�¨ps�´[]Z\n pkX6W)�HZ\R+rtpk[]l+�Op]Z\[{rH?ª§*QBnoQK�fh�[]�KU2(c�;W^ *R6Z�� p]X+h3py� �* r�"��$#Yh\R+e
X6W�R+��Wa�;WY�Hh\RFgmWHR6W�[]h�pkW;h\R)WHnoV@pzUFV+h3pkpkWH[]RFQBR)p]X6WYV6[]ZqZ\�6Z��6p]X6WYR6Z�}���ZmR@�´l+rkQKZmR)V6[]Z\V�WH[kpzUv�E��?

� �<��,@������
 = LTE:PmEGF�J < Ei�ze)"(6�D
� D 	c# �G9 � ��� 	ÀJ�N H O < L+E 7 E < � H¡7 <HGKE!I3N�O{NkJP= < L6E
<{J�F < E'D <��:/�7:< � � 	 �

�zeT�Hh\R'h��frtZ/¶�W�h\V6V6�BQKW�ejpkZiX+QKgmX6WH[k}~Zm[]e6WH[drkW�p]ry�KQ[ \W?�6l6R Dk¤ Zm[^,�[{e+(�byZ��;W��\WH[�(@p]X6QBryQBr
R6Z\pd�\WH[]U/l+rkW��´l6��rtQBR+��W_p]X6W K N H FP< H K GKE/J OFE'D < E%F 7:H JPF$I3G H¥<�9

"(6
D S 8\5 %m� w��ZD�� 8�6 Q S�w�" ; 8�6�# ��" ; # ���+" ; #o# ���	�

QfrYR6Z�pdV6[]Z3�3h�¶6�BW\?ªSYX6QfrYQfrdhortX6Zm[tp{��Zmn�QBR6g�Z�� H F < EGF 7:H J�F$I�GaJ 9'K EQJ+L6E{J3N 9 hmr �;W2l+rkW2Q¨pG� Am?

����! 
 j�p���f$t ) k�j
SYX6WiV+[kQBR+��QBV6�BWiZ��dQBR+e@l<�OpkQBZ\R½Qfr)WH¬@V6[kW�rkrkQB¶6�KW�QKR8S;U*V<W�SYX+WHZ\[]UÇrkQBR+��W��¢W�h\�K�BZ���rkW�p{rFh\R+e
h��frkZi��h�noQB�KQBW�r_Z\�¢rkW�p]rZ"��sX6QB�{XÇ[kW�V6[]W�rkWHRqp�V6[]W�e6QB��h3pkW�r'#�h\r_V+h\[]h\noW�pkW�[]r�?2��R'��hm�Op^QKR<e@l+�Op]QKZmR
�Hh\R ¶�W^V6[]Z3�\W�R�l+rkQKR+g/V+h3pkpkWH[]Rjnoh�p]�{X6QBR6gM*
|��!�U~o�!��
�¬��-�;~*)��;¬ ¨�¬��:���!��� �6~������!�2¨U���)�U~N~4�U~N¯�¨U¬��:��´a­[�:� ¨��;~��;~*)��;¬ ¨�¬��:�¼°
|�|N®)��~o��~_¬��Y� �;�;� ¬��>¨U��~{¯N�;�U��~N�%¨Q¬�ª�����~oª�~N�G¨y�'¨�¬��:� �!­?º���» k)�;¬�¯y�gª&�!¸:~N�Y¬ ¨Y¬�ª��P�:�U�U¬�����~	¨U�

�;~*)��;~g~Nª���¨¥� ���'¨�¨�~N�U�;�d�'¨ ¨��:� ��~��G~N�¡° ®-�;¬�� ¯o�!���P~g�o�G�:¬��;~N� �%� �;��¬��;� � ¯o�!�U~	�¥~*+��;�U~N�U��¬��:���
notId_0_S ∈ (↓i ∈ Nat; Id(Nat, 0, s(i))) False

notId_0_S(i, h) ≡ case h ∈ Id(Nat, 0, s(i))  of
end|Ke �0�!��̈�¬�� i)�!­[ª&�!�;�2½ ���$��}�̈U�;~N��¬���² i)�!­¡³:¶:�'·¼¬��%�G~N��̈�¬��G�'̈�~o�)̈U��¬����;���:�;��~Nª>�!���̂ �P�:�U�U¬�����~��U�:����̈�¬��:�;�o°
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indNat ∈ (P ∈ (Nat) Set;
P(0);
(n ∈ Nat; P(n)) P(s(n));
n ∈ Nat

) P(n)
indNat(P, h, h1, 0) ≡ h
indNat(P, h, h1, s(h2)) ≡ h1(h2, indNat(P, h, h1, h2)) ;Z\noV6l6p]h3p]QKZmR+h��B�BUR(3p]X6WsQKR<e@l+�Op]QKZmR/V6[]QKR+�HQKV+�KWd�HZ\[][kW�rtV�Z\R+e+r�p]Z2pkX6W�rk�{X6W�noW¢Z\��V+[kQBnoQ¨p]QK�mW

[]W���l+[]rkQKZmRT�´Z\[2e@W�V<W�R+e@WHRqp2pzU*V<W�rH?^��R ��ZmR*�\WHRqp]QKZmR+h���V6[kW�rtW�Rqp]h3p]QKZmR+r�Z��;S;U*V<WoSYX6WHZm[kUjp]X6QBr
QBR+e@l+��pkQBZ\R/V6[]QKR<��QBV6�KWyQBr�pkX6W�Z\R6�BU¹�Yh�U)p]ZFe@W��<R6Ws�´l6R+��pkQBZ\R+rV"´Zm[�V6[]Z*Z���r!#��sQ¨p]Xie@Z\n/h\QKR�B�h3p�?
�ªh3pkpkW�[kR noh�p]�{X6QBR6gih\[kZqrtW_h\rshog\W�R6WH[{h��BQfrkh�pkQBZ\RiZ\��p]X6QBrsr]�{X6W�n�Wm?
��R�pkX6WÇ��Z\R*�mWHRqpkQBZ\R+h\�sh�V6V6[]Zmhm�{Xd�¢WTX+h��mW p]Z½g\W�R6WH[{h3p]WMh\R QKR+e6l+�Op]QKZmR V6[kQBR+�HQKV6�BWT�´Zm[

WH�mWH[]UopzU*V<W0�¢W2QKRqpk[]Z@e@l+�HWR(6Wm? g<?��´Zm[d·¸Qfrzpyh\R+eY��QBR
indList ∈ (A ∈ Set;

P ∈ (List(A)) Set;
P(nil(A));
(a ∈ A; l ∈ List(A); P(l)) P(cons(A, a, l));
l ∈ List(A)

) P(l)
indList(A, P, h, h1, nil(_)) ≡ h
indList(A, P, h, h1, cons(_, a, l1)) ≡ h1(a, l1, indList(A, P, h, h1, l1))

indFin ∈ (P ∈ (n ∈ Nat; Fin(n)) Set;
(n ∈ Nat) P(s(n), 0Fin(n));
(n ∈ Nat; i ∈ Fin(n); P(n, i)) P(s(n), sFin(n, i));
n ∈ Nat;
i ∈ Fin(n)

) P(n, i)
indFin(P, h, h1, _, 0Fin(n1)) ≡ h(n1)
indFin(P, h, h1, _, sFin(n1, h2)) ≡ h1(n1, h2, indFin(P, h, h1, n1, h2))wyrkl+h\�K�BUR(ªV6[]Z*Z���rF¶qU½V<h3ptp]WH[]R8n/h3p{�{X6QKR+gÇ�Hh\R8¶�W�p][]h\R+rt�fh3p]W�e QBRqpkZ1V6[kZ*Z\��r)l+rkQKR+g:Z\R+�KU

pkX+W�QBR+e@l<�OpkQBZ\R1��ZmR+rzp{h�Rqp]r�?)bdZ��¢WH�mWH[�(<QBR:n/h\RqUTWH¬6h�noV6�BW�rypkX6W�rtW�V6[]ZqZ\��r2h�[]WFnFl<�{X:noZ\[]W
��ZmnoV6�KQf�Hh�pkW�e8p]X+h�R-pkX6WTZm[kQBg\QBR+h\�;V6[]Z*Z���r�?>�yR6Z�p]X6WH[irkX6Zm[tp{��Z\noQBR6g1QBr�p]X+h3popkX+WHU8�BW�hme8p]Z
�\W�[kUoh�[kpkQK�<�HQBh\�<V6[]Z\gm[]h\n/rªl+rkQKR6g�Z\R+�KUoV6[]QKnoQKpkQB�\W�[kW���l6[{rtQBZ\R�?���r¢h\RiW�¬6h\n�V+�KW_��Z\R<rtQfe@WH[;pkX+W
e@WH�+R6QKpkQBZ\RMZ���n/h3¬�l+rkQBR6goV+h3pkpkWH[]Rjnoh�p]�{X6QBR6g
max ∈ (Nat; Nat) Nat

max(0, h1) ≡ h1

max(s(h2), 0) ≡ s(h2)
max(s(h2), s(h)) ≡ s(max(h2, h))SYX6Qfr/�Hh\R-¶�WMpk[{h�R+rk�fh3pkW�e7QBRqpkZ½h1V6[]Z\g\[{h�n ZmR6�KU7l+rtQBR6g½QBR+eiB�h3pil+rkQKR+g1X+QKgmX6WH[oZ\[{e@W�[

�´l6R+��pkQBZ\R+r�*
max’ ∈ (Nat; Nat) Nat

max’ ≡
[h, h1]

app(indNat(
[h2]Fun(Nat, Nat),
fun([h2]h2),
[n, h2]fun(indNat([h3]Nat, s(n), [n’, h3]s(app(h2, n’)))),
h),

h1),�¶*�*QKZml+rt�BUR(�p]X6WirtW���ZmR+e'�mWH[{rtQBZ\R'Qfr2nFl<�{XÇX+h\[]e6WH[_pkZj[kW�h\e1h�R+e:Q̈ p)l<rtW�r�X+QKgmX6WH[2Z\[{e@W�[
�́ l6R+��pkQBZ\R+r�?
bdZ��¢WH�mWH[�(&V+h�ptp]WH[]R noh�p]�{X6QBR6g½Qfr/QBR g\WHR+WH[{h��dR6Z\p���ZmR+rtW�[k�3h�pkQB�\WMZ3�\W�[/QKR+e6l+�Op]QKZmŖ ?]�

��Zml6RqpkW�[kWH¬@h\noV6�KWo�Hh\R:¶�Wie@WH[]QB�\W�e'�́ Z\[2p]X6W/�Hh\rkW�Z��;�zȩ ?obyWH[]WFp]X6W/QBR+e@l+��pkQBZ\R1V6[kQBR+�HQKV6�BWoQBr
pkX+W2�́ Z\�B�KZ��sQBR6gv*¾��d
|(h ®)��~�¯o�:����¨U�!�%¨�¬��;���¥�V�;�!���!�����a�P~N~o�V¯E�!����~N�V� �:�)¬����R~N~N�

A�>



indId ∈ (A ∈ Set;
a, b ∈ A;
P ∈ (a1, b1 ∈ A; Id(A, a1, b1)) Set;
(a1 ∈ A) P(a1, a1, id(A, a1));
p ∈ Id(A, a, b)

) P(a, b, p)
indId(A, _, b, P, h, id(_, _)) ≡ h(b)
wyrkQBR6gÇV<h3ptp]WH[]R7n/h3p{�{X6QBR6g8�¢Wj��h�R�e@WH[]QK�mWip]X6WMV6[kQBR+�HQKV6�BWjZ��yl6R+QB�ql6W�R6W�r]r�Z��yQfe@WHRqp]Q¨pzU

V6[]Z*Z���r �sX6Qf�{X Qfr�Ozl+rtpspkX+W^QKRqpkl+Q¨p]QK�mW_V+[kZmV<W�[tpzU/p]X+h3pyh\R*UopN�;ZoV6[]Z*Z���rYZ���h�RMQfe@WHRqpkQKpzU8"��sQ¨p]X
pkX+W)rkh\n�W_pzU*V�W�#¢X+h��mWyp]Z/¶<W^W��ml<h��4"´¶�W���h�l+rkW2pkX+WH[]W_QfrYZ\R+�KU Z\R6W2*�Qfe$?�#
idUnique ∈ (A ∈ Set; a, b ∈ A; p, q ∈ Id(A, a, b)) Id(Id(A, a, b), p, q)

idUnique(A, _, b, id(_, _), id(_, _)) ≡ id(Id(A, b, b), id(A, b))
� p�Qfryh�¶6QKp_rkl6[kV+[kQfrtQBR6gop]X+h3p^h�R*UMh3ptp]WHnoV@p�pkZ e6WH[]QK�mW^pkX6Qfr�V6[kQBR+�HQKV6�BW^�´[]Z\n®QBR+e@�zeM��h\QK�frH?

� pdX+hmrY¶<W�WHR'rkX6Z��sR ¶*U�byZ��´n/h�R+RMh\R+eT§qpk[]WHQf�{X6W�[
� b_§@��v���pkX+h�pdQBe6wyR6Qf�ml+W^QBrsQBR+e@W�W�ejQBR+e@W�}
V�WHR+e@W�Rqp^�´[kZmnupkX6W/�HZ\R*�\W�Rmp]QKZmR+h����´Z\[]nFl+�Bh�pkQBZ\R:Z\�YS;U*V<W/SYX6W�Z\[]Uv�	��?�� p)Qfr2QKRqpkW�[kW�rzp]QKR+g�p]Z
R6Z\pkW�pkX+h�pF��ZmR+��[]W�p]W�QBR+rtp]h�R<��W�r2Z\�;Qfe6wdR+QB�ql6Wo�BQ� mW�Qfe6wyR6QB�ql6W�"�B�h3p:#2h�[]W�e@W�[kQB�3h�¶6�BW\?�� p)X+hmr
¶�WHWHRT�HZ\R�OzW��Opkl+[kW�eip]X+h3pdQfe6wdR+QB�ql6W�"��+l6R�"�Byh3p DEB�h3p!#E#¢QBrdR6Z�pde@W�[kQB�3h�¶6�BW\?
bdZ��¢WH�mWH[�(�p]X6QBr rtX+Z\[kp]��ZmnoQKR6g½��h�R ¶<W:W�h\rkQB�KU7�6¬@W�e ¶*U-hme6e@QBR6g8h8rkW���ZmR+e�QKR<e@l+�Op]QKZmR

V6[]QKR<��QBV6�KW2p]Z�pkX6W2p]X6WHZm[kU+*
indId’ ∈ (A ∈ Set;

a ∈ A;
P ∈ (a1 ∈ A; Id(A, a1, a1)) Set;
(a1 ∈ A) P(a1, id(A, a1));
p ∈ Id(A, a, a)

) P(a, p)
indId’(A, a, P, h, id(_, _)) ≡ h(a)
Ä1W)��Z\RPOzW��Op]l6[]W2pkX+h�pdV+h3pkpkWH[]RMn/h3p]�{X+QKR6goQfrd��ZmR+rkWH[]��h�pkQB�\W_Z3�\W�[YpkX6W2p]X6WHZm[kU��sQKpkXT¶�Z�p]X

QBR+e@l+��pkQBZ\RT��ZmR+rzp{h�Rqp]r�?

»�¼¸%m�3�m��.�% Á � EHN H@? EXI�F H F�P / < <UH J�F K N H FZ< H K GBE�O�J3N��ªW��#�

»�¼¸%m�3�m��.�%'� � EHN H@? E < LiI < h\e+e 8 "�B�h3p�wEByh�p!#oByh3p H¡7 <]JP=?= /c< I <UH@? E0IPF�P\I 7!7 J < H I <�H@? E /�7:H Fb_
E H¥< L+E�NoQBR+eiByh�pÇJ3N K I <U< EHN:F =ZI < <!L H F`_ � � E � F�E�n�l6�¨p\8 "�Byh3p�wEB�h3p!#oByh�p_I�F�P 7 L+J �W< LiI <
"�hme6e^D]� Dtn�l6�KpEDHA;# H¡7 I/N H F`_ �

»�¼¸%m�3�m��.�%�� � L6J �g< LvI < QKR<e@�ze � "�Byh�p:# <!I�F � E�P\EHN H@? E{P O{NkJ�=�QBR+e@�ze IPF�P^QBR+eiB�h3p��

����� 
 j�p���f$t )�� n)m - p&n��^j&n)p 2vn)m���t ) k�j�u
,y�IpkW�R []WH�fh3p]QKZmR+r¢h�[]W�e@WH�+R6W�e QBR+e@l+��pkQB�\WH�BUR(@Q~? W\?�h\r;p]X6W��BW�hmrzpY[]WH�fh3pkQBZ\Rjrkh�pkQfrz�´U*QBR6goh��HWH[kp]h�QBR
V6[]Z\V�WH[kpzU\?���RMn/h�R*Uj�Hh\rkW�r0"��sX6WH[]W2pkX+W)V6[]Z\V�WH[kpzUiQBrdg\QB�\WHRj¶*U�gmWHR6W�[]h\�KQfrtW�e byZ\[]RT���fh�l+rkW�r!#
�¢W:�Hh\R pk[{h�R+rk�fh3pkW'pkX6Qfr�QBRqpkZ7h\R QBR+e@l+��pkQB�\WH�BU e@W��<R6W�e ��h\noQK�BU\? byWH[]W'p]X6WÇ�HZ\R+rtpk[]l+�Op]Z\[{r
h�[]W)p]X6Wo¶+h\rkQf�F[]l6�BW�r_e@W��+R+QKR6gjp]X6WFpzU*V�W/h�R+e'pkX6W�W�¬@V6[]W�r]rtQBZ\R<r��HZ\[][kW�rtV�Z\R+eTpkZMe@WH[]QK�3h�pkQBZ\R
pk[]WHW�rH?oSYX6W/V6[]Z*Z���rV�sX6Qf�{XÇQBnoV6�BQB�HQ¨p]�KUÇl+rtWoQBR+e@l+��pkQBZ\R Z3�\W�[yp]X6Wirtpk[]l+�Op]l6[kWoZ\�¢e@W�[kQB�3h3pkQBZ\R<r
h�[]W)�mWH[]UjZ\�IpkW�R'nFl+�{X1rtQBnoV6�BWH[2h�R+e'rkX6Zm[tp]WH[dp]X+h�R1��ZmRq�mWHRqpkQBZ\R<h��¸V6[]Z*Z���r�l+rkQKR6g QKR<e@l+�Op]QKZmR
Z3�\W�[YR+h3p]l6[]h\�$R*l6nF¶�WH[{rH?

�yr/h\R7WH¬@h\noV6�KWT�HZ\R+rkQBe6WH[�pkX6Wj�´Zm�K�BZ��sQKR+g1e@WH�+R6QKpkQBZ\R Z���pkX6WM[]WH�fh3p]QKZmR	� ZmR-R<h3pkl+[]h\�
R*l6nF¶�WH[{r�*
Le ∈ (Nat; Nat) Set

le0 ∈ (n ∈ Nat) Le(0, n)
les ∈ (m, n ∈ Nat; Le(m, n)) Le(s(m), s(n))
Ä1WV�Yh�RqpYpkZ/rkX6Z�� p]X+h3pd·�W_Qfrdh�V6[]WHZm[]e@W�[�(qQ~? Wm?ª[kW��+W�¬@QB�\W2h�R+e pk[{h�R<rtQKpkQB�\Wm?�CsW��+W�¬@QB�*Q¨pzU

�Hh\R/¶<W_rtX+Z��sR/¶qUoh^V+h�ptp]WH[]R/noh�p]�{X6QBR6g)V+[kZ*Z��$[]W��Hl6[k[]QBR6g^Z3�\W�[�Byh�p��sX6Qf�{X���Zm[k[]W�rkV<ZmR+e6r�p]Z
h/R6Zm[kn/h\�¸QKR<e@l+�Op]QKZmR¸?dbdZ��¢WH�mWH[�(@pk[{h�R<rtQKpkQB�*Q¨pzUjQBry¶<W�rzp2rtX+Z��sRj¶*UjV+h3pkpkW�[kRTn/h3p{�{X6QBR6giZ3�\W�[
pkX+W^V6[kZ*Z\��h�[]g\l+n�W�Rqp]r�(¼�sX+QB�{XT��Zm[k[]W�rkV�Z\R+e6r;p]Zoh\R QBR+e@l<�OpkQBZ\RMZ3�mWH[se@WH[]QB��h�pkQBZ\R+r�*
| � ®)��~��;�����!­R�;��~N� ��ª�����~o���!­¼®$���P~�®-�;~N�:��� k)�;~N�U~-�U~�¨�� �!�U~-¬��G¨U~N���;�U~�¨�~o�&�!�+�G���:¢'���:��
:£yµ�¬¡° ~G°i¯o�'¨�~N�:�:�U¬�~N�

k)�;~N�U~4�!���¼�!�U�U��k)���!��~�¬��U�:ª��:���;�;¬��Uª��o°

A�`



transLe ∈ (i, j, k ∈ Nat; Le(i, j); Le(j, k)) Le(i, k)
transLe(_, j, k, le0(_), h2) ≡ le0(k)
transLe(_, _, _, les(m, n, h3), les(_, n1, h)) ≡

les(m, n1, transLe(m, n, n1, h3, h))� p)Qfr^QKRqp]WH[]W�rtpkQBR6gMpkX+h�p^pN�;Z'��h\rkW�r^h\[kW/rkl��i��QBWHRqp�? ÄÇW�rkWHW�p]X6QBr�h\r2�´Zm�K�BZ��dr�*2pkX6Wo�+[{rtp
V6[]Z*Z���h�[]g\l+n�W�Rqp&QBrY�HZ3�\WH[]W�e�¶*U�pkX6W�pN�¢ZFV�Zmr]rtQB¶6�BW��HhmrtW�r��BW 	 Dt�BW���?���Rip]X6W2rtW���Z\R<e/�Hh\rkW�r&pkX+W
V+h\[]h\n�WHpkW�[��jQfr_W��ql+h���pkZMhjrtl+����W�rkrkZ\[_h�R+e:X6WHR+�HWFp]X6WortW���Z\R<e'V6[]Z*Z���V+h\[]h\n�WHpkW�[_��h�R6R6Z\p
V�Zmr]rtQB¶6�BUi¶<W^�BW 	 ?�bdW�R+��W2p]X6W^V+h3pkpkW�[kRMQfrs��Z\noV6�BW�p]W\?

»�¼¸%m�3�m��.�% 
���� E � F�E < L6E <U9'K E�J O �%H F$I�N 9�< NkE{E 7 ¡YSWI 7 O�J3GIGKJ ��7 �
BT ∈ Set

leaf ∈ BT
span ∈ (BT; BT) BT� E � F�E
IoN]E�G�I <�H JPF�·̧ W�¡YS 8 "�¡YS0w]¡¢S�#B5 %q� 7:/ <!L < LvI < ·̧ W�¡YŜ "KLMDBL � # H¡7�K NkJ ? I � GKE H � L H¡7

I 7://�%< N]E]E�J O L � � � L+J � < LiI < ·̧ W�¡YS H¡7 I K NkE{J�NkP\EHN � H �IE���NkE �sEED H@? E?IPF�P < NEIPF 7:H¥<UH@? E����

� � �
	��z	 ��� � � ��� �d�¹� �

��R pkX6W2�fh\rtp¢pN�¢ZortW��OpkQBZ\R<r¢S;U*V<Ŵ SYX6W�Z\[]U\�¢hmr¢QKRqpk[]Z@e@l+�HW�e QKR@�́ Zm[kn/h\�K�BU\?���R pkX6QfrsrtW��Op]QKZmRÀ�¢W
rkX+h��B�$X+h��\Ŵ ho���BZmrkWH[Y�BZ*ZR �h�p¢p]X6W)rkU*rtpkW�nM?

! ��� 
 �6p&q�n)rsn)j�tcu k�� +�-=.0n/+ 06n-k]24-
,�l6[sV6[]W�rkWHRqp{h3pkQBZ\R Z��ªS&U*V�Ŵ SYX6WHZm[kUiQfrY¶+hmrtW�e�ZmR �́ Zml6[s¶+hmrtQf��Ozl+e@g\W�noWHRqp]r0*

Am?�� �¿.�,Ç�{"$#&% ?

>6?�
 8��

 Qfrsh�RMW�¬@V6[]W�r]rtQBZ\R Z���pzUqV�W���?

+̀?���*��
SYX6W_pzUqV�W�r��Çh\R+e��Th\[kW2e@W��<R6Q̈ p]QKZmR+h��B�BU�W��ql+h\�¿?

v<?�
 * � 8��
SYX6W2W�¬@V6[]W�r]rtQBZ\R+r�
�D#��Z\��pzU*V�W��Çh\[kW2e@W��<R6Q̈ p]QKZmR+h��B�BU�W��ql+h\�¿?

Ä1W2h\[kW_g\ZmQKR+gFp]Z�QBRqpk[]Z@e@l+��Ŵ horkUqRqp{h3¬/�́ Z\[YWH¬*V+[kW�rkrkQKZmR+rYh�R+e�pzU*V<W�r¢pkZmg\W�p]X6WH[ �sQKpkXjpkX+W
e@WH�+R6QKpkQBZ\RMZ���pkX6W Ozl<e@g\W�n�W�Rqp]r�?

! �K� � k�j � n�j�t ) k�j6u
SYX6W¢�́ Z\�B�BZ��sQKR6g2��ZmR*�\WHRqp]QKZmR+r�h\[kW¢l+rkW��́ l6�*p]Z_e6W�h��c�sQKpkX�¶�Z\l6R+e��3h�[]Qfh�¶6�BW�r�h�R+e�rkl6¶+rtpkQKpkl@p]QKZmR+rH?
Ä1W�l+rkW)p]X6WHn�QKR@�́ Zm[kn/h\�K�BUR(�Q̈ ���;WX�¢h\RqpdpkZj¶<W��́ l6�B�KUTV+[kW���QfrtW�Q̈ p̂ �;Zml6�feT¶<WohigmZ*Z*e'QBe@W�h/p]Z
l+rkWZF$I�=/EHGKE 7!7 P / =?= H E 7 h\rYQBRqpk[]Z*e6l+��W�e�¶*U�e@W)¡¢[]l6Q OzR � e6¡d«�>;�~?

5 ����.H���́ ����������
 ¡¢U 
W� �{* � �	��Zm[���� �x* � �	���;W�e@WHR+Z�pkW�pkX+W�rkl6¶+rtpkQKpkl@p]QKZmR:Z��&pkX6WF�́ [kW�W
��h\[kQfh�¶+�KW �Ç¶*U��8?�Ä1WFZmR6�KUTh\�K�BZ���pkX6QfryZmV<W�[]h�pkQBZ\RTQK�;h��B��pkX6W�V+h�[{h�noW�p]WH[{ryh\R+eMpkX+W
[kW�rtl6�Kp;h\[kW&�¢WH�B�<pzUqV�W�ȩ ?�¡;U��́ []WHWy�3h\[kQfh�¶6�BW&�¢WynoW�h\R�h)�3h\[kQfh�¶6�BW&�sX6Qf�{XiQfr&R+Z�p;¶�Z\l+R+e
¶qU_� �v����Z\[Y¶*U_"��78��6# �̂ ?

��! ,6±�#�(�,Ç�m�<
�²�%q��.�����
 ¡¢Z\l6R<e �3h\[kQfh�¶6�BW�r¢n/h�Ui¶�W)��ZmR+rtQfrtpkWHRqp]�KUi[]WHR<h�noW�e (@Q~? W\?

� �v� 
 * � 	¼��"�
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��R pkX6QfrdrkW��Op]QKZmRz�¢W^�sQK�B�¸��ZmR+rkQBe@W�[srtZmn�W2�mWH[]UirtQBnoV6�KW2WH¬@h\noV6�KW�rYZ���V6[kZmg\[{h�n �\W�[kQK�<��h3pkQBZ\R�?
��R�h)�HZ\R*�\W�RqpkQBZ\R+h\�6h�V6V6[]Zmhm�{XFp]ZF�mWH[]Q¨�<��h3p]QKZmR��mWH[]Q¨�´U*QBR6g)h^V6[]Z\gm[]h\n �¢Z\l6�feonoW�h�Rop]ZFV6[]Z*Z��
hoV6[]Z\V�WH[kpzU/Z��ªhoV6[]Z\g\[{h�nM?�Ä1WF�Hh\�K��p]X6QBr�EED < E�N:F+I3G ? E�N H � <!I <UH J�F+?¢��RTS&U*V�W)SYX6WHZm[kUÀ�sX6WH[]W
�¢W^QBe@W�RqpkQK�´UjrkW�p{rdh�R+ejV6[]Z\V�ZmrkQKpkQBZ\R+rYQKpyQfrsR+h3p]l6[{h���pkZi�HZ\R+rkQfe@WH[dV+[kZmg\[{h�n h�R<ej�HZ\[][kW��Op]R6W�r]r
V6[]Z*Z��)h\r h½l6R6QKp�?�SYX6W'[]WH�BWH�3h�Rqp�V6[]Z\V�WH[kpkQBW�r�Z��^p]X6W:V6[]Z\gm[]h\n h�[]W'X6W�[kW:W�¬@V6[]W�r]rtW�e-¶*U
QKp]ropzU*V�WR(a�sX6QB�{X V6�fh�U@r�pkX6WT[]Z\�BWMZ��_h½rkV�W���QK�<��h3pkQBZ\R�?�Ä1W'�Hh\�K�Yp]X6Qfrih�V6V+[kZqh\�{X H F < EHN:F$I�G
? E�N H � <'I <�H JPF+?
Ä X+h�pYQfr¢pkX+W_[]Z\�BW_�\WH[]QK�<�Hh�pkQBZ\R���h�RjV6�Bh�U/QBR pkX6W)rkZ��IpN�Yh�[]W�e@W��\W��KZmV6noWHRqp¢V+[kZ@��W�rkr��jÄ1W

¶�WH�BQKW��\Wdp]X+h3p¢QBr&X6QBg\X6�BUol6R6�BQ� mWH�BUFp]X+h3p;pkX6W_e@WH�mWH�BZ\V6noWHRqp&V+[kZ@��W�rkr;�Hh\Rirzp{h�[kp��sQ¨p]X h2�´Zm[kn/h\�
h�R<e)e@W�p{h�QB�KW�e^rtV�W��HQ¨���Hh3p]QKZmR)Z��*p]X6W;V+[kZm¶6�KW�nM?¸��R)V6[{h\��pkQf��W4�¢W&Z\�IpkWHR�rzp{h�[kp)�sQ¨p]XFh�RFQKR@�´Zm[kn/h\�
rkV<W���QK�<�Hh�pkQBZ\R h�R+e1hjV6[kZ\pkZ\pzUqV�W\?/µ�l6[]QKR6gjp]X6Wie@WH�mWH�BZ\V6noW�Rmp2V6[]Z@��W�r]rV�;W/rtpk[]QK�mW�pkZ��Yh�[{e6r

A��



hM¶�W�ptp]WH[�V6[kZmg\[{h�n �sQKpkX8hMnoZm[kWie@WHp]h\QK�BW�e (�V�Zmr]rtQB¶6�BU'�´Z\[]n/h��U(�rkV<W���QK�<�Hh�pkQBZ\R¸?jÄ1W/pk[]U'p]Z
[]W �+W��Op�pkX6Qfr�¶*U2pkX6Wa�¢h�U^�¢W;V+[kW�rtW�Rmp�pkX+W¢WH¬6h�noV6�BW�r�(3Z��IpkW�R¹�¢W��sQB�B�6rzp{h�[kp��sQKpkXohyV6[]Z�p]Z�pzU*V6Qf�
V6[]Z\gm[]h\n®h\R+e:hj�3h�gml6W�QBe@W�hÀ�sX<h3p2pkX6WoV6[]Z\gm[]h\n Qfr^rkl6V6V�ZmrkW�eTp]ZTe@Z+?�ÄÇWo[]WHQBn�V+�KW�n�W�Rqp
pkX+WyV6[]Z\gm[]h\n rkl+�{X/pkX<h3p&p]X6W�rkV�W���QK�<��h3pkQBZ\R/Qfr;W�¬@V6[]W�r]rtW�eo¶qU�pkX+WypzU*V�W�h�R<e�pkX6W_h�g\[]WHW�noWHRqp
¶�W�pN�¢WHWHRMV6[]Z\gm[]h\n h�R+eMrkV<W���QK�<�Hh�pkQBZ\RM�Hh�Rj¶�W)�{X6W��! mW�ei¶*UjhFpzU*V�W)�{X6W��! mWH[�?

����� � n)f ) p ��� ) m ) t&- k�� S�D
Ä1W)X+h��\W)h\�K[]W�hme@U�rtpkl+e6QKW�ejpkX6W)[]WH�fh3p]QKZmRT·¸W)QBR'rtW��Op]QKZmRM`+? �6?Y§@Zo��h�[�(v�¢W^X+h��\W)�HZ\R+rkQBe6WH[]W�e
·¸W��´[]Z\n hje@W��H�Bh\[]h�pkQB�\W)V�Z\QBRqp_Z\�&�*QKW��0($¶6l@p^Q¨p^Qfr_W�h\rkUjpkZMrtW�WFp]X+h3p^·¸W�Qfr_e6W���Qfe6h\¶6�KW2($Q¿? W\?
�¢W2��h�RY�s[kQKpkW)h��´l6R<�OpkQBZ\R<h��¸V6[]Z\gm[]h\nW�sQ¨p]Xj¶�Z*Z\�BW�h\R []W�rkl6�Kp]r0*
Bool ∈ Set

true ∈ Bool
false ∈ Bool

le ∈ (Nat; Nat) Bool
le(0, h1) ≡ true
le(s(h2), 0) ≡ false
le(s(h2), s(h)) ≡ le(h2, h)�ª¬*p]WH[]R+h��B�KU2(�p]X6WyV6[]Z\V�WH[kpzU�Z��̧ �BW6�¢Wyh�[]WdQBRmp]WH[]W�rtpkW�eoQKR QBr�pkX+h�p¢�BWR"�
1D &)#&[]W�pkl+[kR+r�pk[]l6WyQK�

h�R<e/Z\R6�BUoQA@'·�W2"�
1D &)#&X6Zm�Be6r�?��6[]Z\n�pkX+QBr;Q̈ p¢�́ Z\�B�BZ��dr�p]X+h3pY�KW�[kWHpkl6[]R+r&��h��frtW�QA@'·�W2"�
1D &)#]Q
�+h\�BrkW2X6Z\�fe6r
SYX6QfrYW�¬*pkW�[kR<h��̧ rkV<W���QK�<�Hh�pkQBZ\RjZ���pkX6W)�HZ\[][kW��OpkR+W�r]r&Z\���BW)�Hh\R ¶�Ŵ W�¬@V6[]W�r]rtW�e�hmr¢�́ Z\�B�KZ��dr̂ *

LeSpec ∈ ((Nat; Nat) Bool) Set
leSpec ∈ (le ∈ (Nat; Nat) Bool;

(i, j ∈ Nat; Le(i, j)) Id(le(i, j), true);
(i, j ∈ Nat; Id(le(i, j), true)) Le(i, j)

) LeSpec(le)
SYX6W2W�¬*p]WH[]R+h��$�mWH[]Q¨�<��h3p]QKZmR�X+hmr¢pkX6W^[]W�rkl6�KpspkX+h�ps·�W�§*V�W��¼"´�BW�#¢X+Z\�fe6r%*

leLem1 ∈ (i, j ∈ Nat; Le(i, j)) Id(le(i, j), true)
leLem1(_, j, le0(_)) ≡ id
leLem1(_, _, leS(m, n, h1)) ≡ leLem1(m, n, h1)

true_neq_false ∈ (Id(true, false)) False
true_neq_false(h) ≡ case h ∈ Id(true, false)  of

end
leLem2 ∈ (i, j ∈ Nat; Id(le(i, j), true)) Le(i, j)

leLem2(0, j, h) ≡ le0(j)
leLem2(s(h1), 0, h) ≡ bot(true_neq_false(symId(h)))
leLem2(s(h1), s(h2), h) ≡ leS(h1, h2, leLem2(h1, h2, h))

leOk ∈ LeSpec(le)
leOk ≡ leSpec(le, leLem1, leLem2)
bdZ�� �;Zml6�Be�h�R�QBRmp]WH[]R+h��Y�mWH[]Q̈ �<��h3p]QKZmR7Z��_�KWM�BZ*ZR 8�BQ� mW � Ä1W'�Hh�R-W�¬@V6[]W�r]r�pkX6WMpzU*V�W

Z��_�́ l6R+��pkQBZ\R+r��sX6QB�{X e@W���Qfe@W:·�W'e@QK[]W���pk�BU\? ��QB[]rtp��¢WjQBRqpk[]Z@e@l+��WMp]X6W:�HZ\R6R6W��Op]QK�mWMµ�W��:8
" 5 %q� #B5 %q� ?�µ�W��2"��
#;noW�h\R+r¢pkX+h�p��;W_X+h��\W_WHQKpkX+WH[sh�R WH�BWHnoWHRqpsZ�����Z\[a�¢W2��h�RjrtX6Z�� pkX+h�p
� Qfr̂ W�n�V6pzUR(�Q~? W\?�� QfriP\E>< H PRI � GKEH?���R½�HZ\R*�\W�Rmp]QKZmR+h���R6Z\p]h�pkQBZ\R µyW��R"��
#���� 	 � �o?/Ä1W
n/h�Ui�*QKW�� µ�W��̂ hmrsh�[]W��<R6WHnoWHRqpdZ\��¡¢Z*Z\��?
Dec ∈ (Set) Set

yes ∈ (P) Dec(P)
no ∈ ((P) False) Dec(P),�l6[Yg\Zqh���QBrYR+Z�� pkZo[]W��+R6W2�BW_pkZohF�´l+R+�Op]QKZmR �BW � 8{"�
 D
& 8QByh�p!#tµyW��R"�·�W2"�
 D
&)#O?�SYX+h�p

Qfr%(�p]X6W�[]W�rkl6�Kp_Z\�&�BW � Qfr�R+Z�paOzl+rzp^h ¶<Z*Z\�BW�h\R:�3h��Bl6W2($¶6l@p2Q¨p^Qfr_h K N]J�J�OdZ��;WHQKpkX6W�[2·�W2"�
 D
&)#
Z\[yZ��&"�·�W2"�
1D &)#E#N�<h��frtWm?dSYX6WF��Zm[k[]W���pkR6W�rkrYZ\��pkX6Qfrs�´l6R<�OpkQBZ\R:QBryW�¬@V6[]W�r]rtW�e ¶*U Q¨p{rdpzU*V�WR(+R+Z
�´l6[kpkX6W�[dW�¬*p]WH[]R+h����\W�[kQK�<��h3pkQBZ\R QBrdR6W��HW�r]rkh\[kUm?

A��



lem1 ∈ (m, n ∈ Nat; Le(s(m), s(n))) Le(m, n)
lem1(m, n, leS(_, _, h1)) ≡ h1

lem2 ∈ (n ∈ Nat; Le(s(n), 0)) False
lem2(n, h) ≡ case h ∈ Le(s(n), 0)  of

end
le’ ∈ (m, n ∈ Nat) Dec(Le(m, n))

le’(0, n) ≡ yes(le0(n))
le’(s(h), 0) ≡ no(lem2(h))
le’(s(h), s(h1)) ≡ case le’(h, h1) ∈ Dec(Le(h, h1))  of

yes(h2) ⇒ yes(leS(h, h1, h2))
no(h2) ⇒ no([h3]h2(lem1(h, h1, h3)))

end� �M�¢Ws��Zmn�V<h�[]W;�BW �sQ̈ p]X��BW � �;WYR6Z\pkW¢pkX+h�p��KW � X+h\r�W�rkrkWHRqp]QBh\�K�BU2pkX6Wdr]h�noWsrtpk[]l+�Op]l6[kWYh\r��BW\?
pk[]l6WYQfrª[kW�V6�fh\��W�e)¶*U)UmW�r�" �6#�h�R+e���h\�BrkWY¶qUFR6Zv" �6#�?ªSYX6Wsh�[]g\l6noWHRqp�pkZ2UmW�r�Z\[�R6Ẑ []WHV+[kW�rtW�Rmp{r
hX�sQ̈ p]R6W�r]rY�́ Zm[YpkX6W)�{X6ZmQB�HW\?
bdZ��¢WH�mWH[�(@pkX+WH[]W)QBr�Z\R+W)V<ZmQKRqpV�sX6WH[]W)�BW � e@QK�mWH[]g\W�rY�́ [kZmn®�KW2(<QBRTpkX+WF�fh\rtp_�HhmrtŴ �BW � e@Z*W�r

h���h\rkW�h\R+h��BU@rtQfrdZmRTpkX6W�[]W���l+[]rkQK�mŴ [kW�rtl+�̈ pV�sX6WH[]W�hmry�BW&Ozl+rtp2[kWHpkl6[]R+rypkX6W�[kW���l6[{rkQK�mŴ [kW�rtl6�Kp�?
SYX6Qfrd�HhmrtW2h�R<h��BU*rkQfrYV6[kW�rtW�[k�mW�r&pkX6W)e6W���QfrkQKZmR UmW�rYZ\[sR+Z�¶+l@py�{X+h�R+g\W�r;p]X6W0�sQ̈ p]R6W�r]r�?
��R�pkX6W'��h\rkWMZ��̂ µyW��R"�·�W2"�
 D
&)#o#�p]X6WQ�sQ̈ p]R6W�r]rkW�roX+h��mWjR+Z8��Z\noV6l6p]h3p]QKZmR+h��s[]WH�BWH�3h\R+��Wm?

SYX6QfryQfr�R6Z�p�h\���Yh�U@rYpkX+W���h\rkWFh\r6�;W
�sQB�B��rkWHWF�Bh�pkWH[�?d��RTp]X6W���h\rkW)Z����BW)p]X6W���h\rkWFh�R<h��BU*rkQfr
[]WHV6[]W�rkWHRqp]r�h�R'l+R6R6W��HW�r]rkh\[kUj��Zmn�V+l@p]h�pkQBZ\R-(+�sX6Qf�{X:��Zml6�feT¶<W�Z\V@p]QKnoQfrtW�e'ZmR+��W
�¢WFQBR@�́ Zm[kn
pkX+Wo�HZ\noV6QB�KW�[_pkX+h�p̂ �¢Woh�[]WFR6Z\p2QBRqpkW�[kW�rzp]W�e'QBRÇpkX6WZ�sQKpkR6W�rkrkW�r�?FSYX+h�p2Qfr�pkX6WoWH¬*QfrtpkWHR<��W�Z��
pkX+W6�sQKpkR6W�rkrkW�r&QBr;QKnoV�Z\[kp]h\Rmp¢h3p;�HZ\noV6QB�KWypkQBn�WX"Ip]ZFrtW�Wdp]X6W��HZ\[][kW��OpkR+W�r]r'#�¶6l6p;QB[k[]WH�BWH�3h�Rqp&h�p
[]l6R�p]QKnoWm?
»�¼̧ %m�3�m��.�% 
<
 � L+J � < L+E/P\E>< H PRI �%H G H¥<U9 J O_·̧ W�¡¢S O{NkJ�=�E'D*E�N < H¡7 E ��� � H �IE	� � F�P	I�F H F�LvI �%H c
< I�F < J O
" LNDBL � 8M¡YS&#t·̧ W�¡YŜ "KLMDBL � # �
»�¼̧ %m�3�m��.�% 
@� � E � F�EQI K NkE{P H <'I < E�§*WHg 8�"(6 8�5 %q� w � 
�( � "(6�#Gw � 
 ( � "K6�#o#B5 %q� 7:/ <'L < LiI <
§*W�g$"�� D
� � # H¡7¹H FcLiI �%H¥< E]P H � � H¡7 I 7 E _R=oE%F < � H �IE	��I�<]JPF 7 E>< /c<UH@? E 7!//� G H¡7:< � J O�� � � � L6J � < LiI <
§*W�g H¡7 P\E>< H PRI � GKE ��H O < L+E�E � / I3G H¥<U9 J�F�6 H¡7 P\E>< H PRI � GKE	�

� ��
��m¾ � E � F�E6IPFYI / D H G H I3N 9 K NkE{P H <!I < E;�t§*WHg 8 "(6#8�5 %q� w � 
�( � "K6�#Gw � 
�( � "(6V#o#B5 %q� 7:/ <!L
< LiI < �t§*W�gM"���D
� � #VL6J3GBP 7
H � � H¡7 I 7!//� G H¡7:< J O�� � I�F�P�E 7:< I � G H¡7 LÇP\E>< H PRI �%H G H¥<U9 J�Os�t§*W�g � N 7:< �

���K� � )��=) u ) k�j
�yr¢hFrkW��HZ\R+e�rtQBnoV6�KW�W�¬6h�noV6�BW6�¢W��HZ\R+rkQfe@WH[¢e@QK�*QfrtQBZ\R�Z��̧ R+h�pkl6[{h��<Rql+nF¶�WH[{rH?ªSYX+h�p;Qfr&gmQK�mWHR
pN�¢Z_R<h3pkl+[]h\�qR*l6n�¶<W�[]r 
1D &z�;W �Yh�Rqp�pkẐ �Hh\�B�Hl6�fh3pkW¢p]X6WsV+h�QB[ªZ����ql6Z�p]QKW�Rmp��_h�R+e�[]WHn/h�QBR+e@W�[
��rkl+�{XFpkX+h�p��'& � � � 
 h�R<e � � &ª?�S�Z2h��\ZmQBê pkX6WYW�¬6�HWHV@p]QKZmR+h��@�HhmrtW;pkX<h3p�& � ���;WYrtZm�K�mW
pkX+W�V6[]Z\¶+�KW�n �́ Z\[ 
 D
& �8Am?�� V+[kZ\pkZ�pzU*V6Qf�Hh\�+QBnoV6�KW�noWHRqp]h�pkQBZ\R
Ozl<rzpYQKnoV6�BWHnoW�Rmp{rs��Zml6RqpkQBR6g
noZ@e@l6�BZ &�*
div ∈ (Nat; Nat) And(Nat, Nat)

div(0, h1) ≡ and(0, 0)
div(s(h2), h1) ≡ case div(h2, h1) ∈ And(Nat, Nat)  of

and(h, h3) ⇒ case le(h1, s(h3)) ∈ Bool  of
true ⇒ and(h, s(h3))
false ⇒ and(s(h), h3)

end
end� rtV�W��HQ̈ ���Hh3p]QKZmRoZ��+p]X6Wdh��Bg\Zm[kQKpkX+n�QBr�p]X+h3pª�́ Zm[ 
 D
& �'A �;WY�BZ*ZR ̂ �́ Zm[�h�V<h�QB[ªZ���Rql+nF¶�WH[{r

�̀ D �jrtl<�{XÇp]X+h3p��c"�& ��A;# � � � 
¥h\R+e ��� &ª?/Ä1W�rkV<W���QK�́ U'pkX+QBr̂ QBR �y·�� ¶*U'l+rkQKR+gMh\R
QBR+e@l+��pkQB�\W¢pzU*V<W �sQKpkXoh�rkQKR+g\�BW¢�HZ\R+rtpk[]l+�Op]Z\[��sX6Qf�{X���h�RF¶�Ws��ZmR+rtQfe@W�[kW�eFh\r�h�R+h�noW�eF�mWH[{rtQBZ\R
Z���pkX+W � }¿pzU*V�WR*
DivSpec ∈ (m, n ∈ Nat) Set

divSpec ∈ (q, r ∈ Nat; Id(m, add(r, mult(q, s(n)))); Le(r, n)) DivSpec(m, s(n)),�l6[�g\Zmh\��Qfr�R6Z��1p]Zye@W��<R6W;hY�´l+R+�Op]QKZmR¹�sQKpkX^p]X6W�pzU*V�W�"�
1D &18	Byh3p:#zµ�QK�6§*V�W��¼"�
1Dkr�"	&)#E#O?
SYX6W)rtpk[]l+�Op]l6[]W_Z\��p]X6QBry��Z\R<rzp][kl+��pkQBZ\RY�sQK�B�$�´Zm�K�BZ�� p]X6W)h��Bg\Zm[kQKpkX6n e6QK�$?
Ä X6W�RQ�;W^p][kU�pkZ��HZ\R+rtpk[]l+��pyhirtZm�Kl6pkQBZ\R	�;WF[kW�h��BQ���W�p]X+h3p_Q¨p�QBryR6Z�p�e6W���Qfe6h\¶6QK�BQKpzU�Z���·�W

�¢WFR6W�W�eT¶6l6p�p][kQf�{X6Z�p]Z\n�U\?�SYX+W�Qfe@W�h�QBrypkX<h3p��¢W�e6WH[]QK�mW � � &½�´[]Z\n � � &8h�R+e�& � �*?

>��



Ä1WorkX6Z��Àp][kQf�{X6Z�p]Z\n�U �´Zm[_pkX6W/h��KpkW�[kR<h3pkQB�\W��\W�[]rkQKZmR'Z��¢·¸WX�sX6QB�{X1QBRmp][kZ@e@l<��W�r_·¸W/h\R+e:·¸p
¶*U�h�nFl@p]l+h���QKR+e6l+�Op]QK�mW)e@W��+R+Q¨p]QKZmR¸?
Le ∈ (Nat; Nat) Set

rLe ∈ (n ∈ Nat) Le(n, n)
lt2le ∈ (Lt(m, n)) Le(m, n)

Lt ∈ (Nat; Nat) Set
ltS ∈ (Le(m, n)) Lt(m, s(n))

trichLt ∈ (m, n ∈ Nat) Or(Lt(m, n), Le(n, m))
trichLt(m, 0) ≡ in2(le0(m))
trichLt(0, s(h)) ≡ in1(ltS(le0(h)))
trichLt(s(h1), s(h)) ≡ case trichLt(h1, h) ∈ Or(Lt(h1, h), Le(h, h1))  of

in1(h2) ⇒ in1(ltS’(h2))
in2(h2) ⇒ in2(leS(h2))

end�dR+Z�pkX+WH[2�KW�nonohjrkX6Z��drdp]X+h3p � � &7h�R<e & � �iQBn�V+�KQBW�r � � & �sX6Qf�{XÇh\gmh�QBR'R6W�W�e6r
pkX<h3p & �� &ª?
lem1 ∈ (n ∈ Nat; Lt(n, n)) False

lem1(n, h) ≡ accNonRefl(Nat, Lt, n, accLt(n), h)
lem2 ∈ (n, r ∈ Nat; Le(n, r); Le(r, n)) Id(Nat, n, r)

lem2(_, r, rLe(_), rLe(_)) ≡ id(Nat, r)
lem2(_, r, rLe(_), lt2le(_, _, h)) ≡ bot(Id(Nat, r, r), lem1(r, h))
lem2(n, r, lt2le(_, _, h2), h1) ≡ bot(Id(Nat, n, r), lem1(n, transLtLe(n, r, n, h2, h1)))wyrkQBR6g'p]X6W�rkW �HZ\noV<ZmR6WHRqp{rFQKp�Qfr�W�hmrtUÇpkZ1e@WH[]QK�mW e@QB� � ?1Ä1WjR6WHW�e7rkQKnoV6�BW h\[kQKpkX6noWHpkQf�

[]W�h\rkZ\R+QKR6gX�sX6Qf�{X l<rtW)rkZ\noW_�´l6R+e6h\noWHRqp]h\�$V6[kZmV<W�[tp]QKW�rYZ���W��ql+h\�KQKpzU�e@Qfrk�Hl+r]rtW�e�W�h�[]�KQBWH[�?
div’ ∈ (m, n ∈ Nat) DivSpec(m, s(n))

div’(0, n) ≡ divSpec(0, 0, id, le0(n))
div’(s(h), n) ≡

case div’(h, n) ∈ DivSpec(h, s(n))  of
divSpec(q, r, h1, h2) ⇒

case trichLt(n, s(r)) ∈ Or(Lt(n, s(r)), Le(s(r), n))  of
in1(ltS(h4)) ⇒

divSpec(s(q),
0,
idS(transId(h1,

respId([h3]add(h3, mult(q, s(n))),
lem2(r, n, h2, h4)))),

le0(n))
in2(h3) ⇒ divSpec(q, s(r), respId(s, h1), h3)

end
end

� ��� ��� � � ���s
H�M	��&����
H����	��¹���

§*Zm[tp]QKR6g�V6[]Z\gm[]h\nor;h�[]W�hX�¢WH�B��l+R+e@WH[{rtpkZ*Z@e����fh\r]r¢Z���h\�KgmZ\[]Q̈ p]X6n/rH?�Ä1W2rkX+h\�K�$��ZmR+rkQBe@W�[YX6WH[]W
Z\R+W�Z\�̧ pkX6W2rkQKnoV6�BW�rtpYrkZ\[kpkQBR6g�h��Bg\Z\[]QKpkX6n/r��oQBR+rkWH[kpkQBZ\R�rkZ\[kp��ih�R+e rtX+Z�� X6Z�� pkZoe@WH[]QB�\W�h\R
QBRmp]WH[]R+h��B�BUi�\W�[kQK�+W�e �\W�[]rkQBZ\R�Z\��QBR+rkWH[kpkQBZ\RMrtZm[tp�?�byWH[]Ŵ QBrsh�V6[]Z�p]Z�pzU*V�W_Z\��QBR+rkWH[kpkQBZ\RMrtZm[tp�*

insert ∈ (r ∈ (A; A) Bool; a ∈ A; as ∈ List(A)) List(A)
insert(r, a, nil) ≡ cons(a, nil)
insert(r, a, cons(a1, l)) ≡ case r(a, a1) ∈ Bool  of

false ⇒ cons(a1, insert(r, a, l))
true ⇒ cons(a, cons(a1, l))

end
sort ∈ (r ∈ (A; A) Bool; as ∈ List(A)) List(A)

sort(r, nil) ≡ nil
sort(r, cons(a, l)) ≡ insert(r, a, sort(r, l))
Ä1W_��h�R�R+Z�� l+rkW_rkZ\[kp�"�� � # 8{"¿·¸Qfrzp�"�B�h3p!#E#z·�QBrtp;"�Byh�p!#&pkZortZm[tp¢�KQfrtp]rYZ���R+h3p]l6[]h\��Rql+nF¶�WH[{r

QBR'h\r]��WHR<e@QKR+g/Z\[{e@WH[�?�BdZ\pkW^p]X+h3pyrkZ\[kpyh�R<eMQKR+rkWH[kpyh�[]W)rtpk[]l+�Op]l6[]h\�K�BUi[]W��Hl6[]rkQB�\W\?;SYX6W)noZ\[]W
W��i�HQKW�Rmp¢rtZm[tp]QKR6g)h\�KgmZ\[]Q¨p]X6n/rª�BQ� mW
=oEHNK_qE 7 J3N < h\R+e � /cH < �¹7 J3N < e@Z)R6Z\p;X+h��mWYpkX6Qfr�V+[kZmV<W�[tpzUm?
Ä1W)rtX+h\�K�$V+[kW�rtW�RmpdhorkZ\�Bl@pkQBZ\R pkZop]X6W^V6[]Z\¶6�BWHn QBRjpkX6W^R+W�¬*pyrtW��Op]QKZmR¸?
bdW�[kWyQBr;h�R/QBR@�´Z\[]n/h��<rkV�W���QK�<��h3pkQBZ\R/Z\��pkX6W_rtZm[tp]QKR6gFV6[kZm¶6�BWHn	*�S_QB�\W�R�h^�BQBrtp �l8M·¸Qfrzp;"(6�#

h�R<e1hM[]WH�fh3p]QKZmR � 8 "K6
wB6�# 5 %q� �¢Wih�[]W��BZ*ZR *QBR6gj�´Z\[FhMR6W�� �BQfrzp+� � 8�·�QBrtp�"K6�#^�sX+QB�{X H¡7

>@A



7 J3N < E{P � N < ��h�R+ez�sX6Qf�{XMQBrsh K E�N:= /c< I <�H JPF/Z����z?
� p�Qfr�V<ZqrkrkQB¶6�KW&pkZ2e@QB�\WH[]g\W;h��B[kW�h\e@U_X6WH[]WR*)�;W;X+h��\W&rkWHW�R�rkV<W���QK�<�Hh�pkQBZ\R+r�Z��+rkZ\[kpkQBR6g��sX6WH[]W

QKp_Qfr2rtl��i�HQKW�Rmp2p]X+h3p_pkX6W�[]W�rkl6�¨p2�BQBrtp^X+h\rypkX6W/r]h�noWFnoW�nF¶�WH[{r_hmr��t?)bdW�R+��Woe@WH�BW�p]QKZmRÇh\R+e
��ZmV*UqQBR6gX�;Zml6�fe ¶�W)h��B�BZ��;W�e$?
S�Z1rkV<W���QK�´U8rtZm[tp]QKR+gÇnoZ\[]Wi�´Zm[kn/h\�K�BU �;WjX+h��mWipkZ e@W���Qfe@W	�sX+h3pZ�;WjnoW�h\R-¶*U 7 J3N < E{P

� N < �uh\R+ex�¢W X<h��\Wip]Z1rkV�W���QK�´U K E�N:= /c< I <UH J�F+?-ÅTZ\[]WHZ3�mWH[¹�¢WjX+h��\W�pkZ h�R+h\�KU@rkWÀ�sX6Qf�{X
V6[]Z\V�WH[kpkQBW�ryZ����s�;WFR6WHW�e$?V���+[{rzp_g\l6W�rkr6�;Zml6�Be'¶<W�e@W��HQBe6h\¶6QB�KQKpzUM¶6l@p�QKp_pkl6[]R+r�Z\l@p�pkX+h�p
pkX+QBrsQfrYR6Z\pspkX6W)��h\rkW\?
SYX6W�[kWFh\[kW�h/R*l6nF¶�WH[_Z���V�Zmr]rtQB¶6�BWF�{X6ZmQB�HW�ryh�pyp]X6QBr�V�Z\QBRmp�(�[kW�rtl6�KpkQBR6giQBR:e@Q�@�WH[]WHRqp��mWH[k}

QK�<�Hh�pkQBZ\R+r�?�SYX6Qfr)QB�K�Bl+rtpk[{h3p]W�r2Z\l+[)V<ZmQKRqp^p]X+h3p�hMgmZ*Z*e rkV<W���QK�<�Hh�pkQBZ\R Qfr2pkX6W/[]W�rkl6�Kp)Z��YpkX+W
e@W��\WH�BZ\V+n�W�RqpYV+[kZ@��W�rkrYh\R+ejR6Z�psQKp]rdrtp]h\[tp]QKR6goV�Z\QBRqp�?

����� � .0n�f ) �B- ) j&q � =?>CBEDLU
SYX6W�[kW^rkWHWHn h3pd�BW�h\rtpYpN�;ZoV�Zmr]rtQB¶6QB�KQKpkQBW�r¢p]ZirtV�W��HQ¨�´UM§*Z\[kpkW�e+*
Am?&� �BQfrzpdQfrdrkZ\[kpkW�e Q�@:WH�mWH[]U/WH�BWHnoWHRqpdQfr �y} []WH�fh3pkW�eip]Z/h��B�¸rtl6¶<rtW��ml+WHRqpdWH�BWHnoWHRqp{rH?
>6?&� �BQfrzpdQfrdrkZ\[kpkW�e QK��h\�K�¸�HZ\R+rkW��Hl@pkQB�\W2WH�BWHnoW�Rmp{rsh�[]W �y} []WH�fh3pkW�e$?
SYX6W��+[{rtp�h��KpkWH[]R+h�pkQB�\W�[kW��ql6QK[]W�r �8pkZd¶�W�pk[{h�R<rtQKpkQB�\W&"�Z�pkX+WH['�sQBrkW��;W���h�R¸Ã p�rkZ\[kp!#:(��sX6W�[kW�h\r

pkX+W�rkW��HZ\R+eMZmR6W�e@Z*W�rtR¸Ã p�?_SYX6Worzp{h�R+e6h\[]eTrkZ\[kpkQBR6g�h\�KgmZ\[]Q¨p]X6n/rdrkWHWHn­p]ZÀ�¢Z\[' z�sX6W�R ��QBr
R6Z\pspk[{h�R+rkQ¨p]QK�mWR(*X6W�R+��WF>6?�rkWHW�n/rYpkZo¶�W)h�¶�W�pkpkW�[y�{X6Z\Qf��W � �\?
Ä1W)e@W��+R+W^§@Z\[kpkW�e ¶*UipN�¢ZoQKR+e6l+�Op]QK�mW_[]WH�fh3p]QKZmR+r�*

Sorted ∈ ((A; A) Set; List(A)) Set
sorted_nil ∈ Sorted(R, nil)
sorted_cons ∈ (Sorted(R, bs);

SmallerList(R, a, bs)
) Sorted(R, cons(a, bs))

SmallerList ∈ ((A; A) Set; a ∈ A; List(A)) Set
sml_nil ∈ (a ∈ A) SmallerList(R, a, nil)
sml_cons ∈ (R(a, b)) SmallerList(R, a, cons(b, bs))

���K� � .0n�f ) �B- ) j&q�� DL>Aa
�urkQKnoV6�BWQ�¢h�U8pkZ½e@W��<R6WMpkX+h�piZ\R6WT�BQfrzpiQfr/h V<W�[kn�l@p]h�pkQBZ\R�Z��^h�R6Z\pkX6W�[/QBr/pkZ½rkh�U8pkX+h�p
pkX+W ��Zml6Rqp]rFZ��yh��B�&W��KW�noWHRqp]r�h�[]W/pkX+W r]h�noW\?'�O? W\?:Q¨�&�¢WiX+hme8hM�´l6R+��pkQBZ\R���Z\l+Rmp 8�" ; 8
6
w#�]8:·�QBrtp�"K6�#E#NByh�p��sX6Qf�{X'��Zml6Rqp]rYp]X6W)R*l6n�¶<W�[yZ��ªZ@�H�Hl6[][kW�R+��W�rYZ�� ; QBR ���¢W)�Hh\R'e@W��+R+W
��WH[]n	"�� D#� � #_¶qUd" ; 8 6�#z�HZ\l6Rqp;" ; D
�U# � �HZ\l6Rqp;" ; D
� � #O? bdZ��¢WH�\W�[yp]Z'e@W��<R6W/��Z\l+Rmp
�¢WoR6WHW�e
pkX<h3p�� ���½QBr�e@W���Qfe6h�¶+�KWa�sX6Qf�{XFQfr�R+Z�p�pkX6WY�HhmrtW;QKR�g\W�R6WH[{h��~?�ÅTZm[kW�Z3�\WH[)�;WY��Zml6�BeFQKn/h\g\QBR6W
pkX<h3p6�¢W
�Yh�RqpspkZ�rkZ\[kpyZm¶cOzW���p]r��sX6ZqrtWFW��ql+h��BQKpzU�QfrdR6Z\p�e@W��HQBe+h�¶6�BW � h\RTW�¬6h�noV6�BW
�¢Z\l6�fe
¶�W2pkZ/rtZm[tpY�´l6R<�OpkQBZ\R<rsZ���pzU*V<W\"�B�h3pG#NB�h3p&�^? [�? p�?�p]X6WHQB[s�3h��Bl6W)h3pd�6?

»�¼¸%m�3�m��.�% 
*= L�L 9�H¡7\< L6E O�J�GIGKJ ��H F`_ K NkJ K J 7 I3GaF�J < I 7 J3G /c<�H JPF � LTE�PmE � F�EYITNkEHG�I <UH J�F
 ;Z\l+Rmp 8 "(6 875 %q� w 6¹wk·�QBrtp�"K6�#:w'Byh�p:#B5 %q� H F�P / < <�H@? EHG 9 �
Count ∈ (a ∈ A; l ∈ List(A); n ∈ Nat) Set

count_nil ∈ (a ∈ A) Count(a, nil, 0)
count_s ∈ (Count(a, xs, n)) Count(a, cons(a, xs), s(n))
count_same ∈ ((Id(a, b)) False;

Count(a, xs, n)
) Count(a, cons(b, xs), s(n)). J � � E <!IPFÇP\E � F�Ey��W�[kn �������
	

Permcount ∈ (List(A); List(A)) Set
permcount ∈ ((a ∈ A; n ∈ Nat) Iff(Count(a, xs, n), Count(a, ys, n))

) Permcount(xs, ys)
| � ¿?~����o�G~����U~N� 0:°i¬���¨��;~����!��¨E°$±��:ª�~�¨�¬�ª�~N�+¬ ¨ ¬��+~o�!�U¬�~N�+¨����G~N�U¬ ­A���4�;���:�:�y�!ª ¨U�;�!�6¨��a¯N�:ª�~)�;� k)¬ ¨��

�a�:�%�����U�P~N¯N¬ )�¯o�'¨U¬��:�¼°

>\>



Ä1W_�{X6Z*ZqrtW�pkX6W_�´Zm�K�BZ��sQKR+g�e@WH�+R6QKpkQBZ\RjZ�����W�[knW�sX6Qf�{XMh��\Z\Qfe6r�pkX6QfrYV6[]Z\¶6�BWHn	*���QK[{rzp �¢W
e@WH�+R6W&�ye�OzZ\QBR78{"K6
wk·�QBrtp�"(6�#Gw � 
 ( � "K6�#o#B5 %q� �sX6Qf�{XonoW�h�R<r�pkX+h�p��ye;OzZmQKR�" ; D � ( D ; � (;#�X6Zm�Be6r
Q�@ ; � (^QfrsZm¶@p]h\QKR6W�e�¶*UiQBR+rkWH[kpkQBR6g ; QBR�� ()h�pdh�RMh�[]¶6Q¨p][]h\[kU/V�ZmrkQKpkQBZ\R-*
Adjoin ∈ (A; List(A); List(A)) Set

ad0 ∈ (a ∈ A; xs ∈ List(A)) Adjoin(a, xs, cons(a, xs))
ad1 ∈ (Adjoin(a, xs, axs)) Adjoin(a, cons(b, xs), cons(b, axs))BdZ�� Q¨pdQfrYW�hmrtUipkZ/e@W��<R6W)��WH[]n ¶*U�rkl6¶+rkW��ql6WHRqp&�ye�OzZ\QBR<r�*

Perm ∈ (List(A); List(A)) Set
perm0 ∈ Perm(nil, nil)
perm1 ∈ (Perm(xs, ys);

Adjoin(a, xs, axs);
Adjoin(a, ys, ays)

) Perm(axs, ays)
� psQBrYW�h\rkU/pkZ/rkX6Z�� p]X+h3py��W�[kn QfrY[kW��+W�¬@QB�\W2h�R+ejrkUqnonoW�p][kQf�_¶6l@psp]X6W2V6[kZ*Z\��Z���pk[{h�R+rkQK}

pkQB�*Q¨pzU QBrs�ql6QKpkW^X<h�[{eM�
�\?4�dR6Z\pkX6W�[de@Q��/�Hl6�KpdV6[kZmV<W�[tpzU�QBr¢p]Z/�\WH[]QK�´U/pkX6W^QBR*�\W�[]rkW�Z\��V�WH[]n � *

"¿��WH[]nY"�� ( D 	 (;#:wB6 a � $ 
�&4" ; D � ( � D � (;#:w 6 a � $ 
 &4" ; D 	 ( � D 	 (;#o#t��WH[]nY"�� ( � D 	 ( � #

�sX6Qf�{XMQBrYl+rkW��´l+�-�sX6WHRTrkX6Z��sQBR6gFp]X+h3py��W�[kn QBrse@W���Qfe6h�¶+�KW2QK��� � � QBrye@W��HQBe6h\¶6�BW\?

»�¼¸%m�3�m��.�% 
q�

��� � L6J �g< LvI < ��WH[]n H¡7 NkE �sEED H@? E �47:9 =X=oE < N H < �zE!I 7:9 �ÀI�F�P < NEI�F 7!H¥<UH@? E ��LiI�NkP ���
� � � L6J �g< LvI < ��WH[]n H¡7 P\E>< H PRI � GKE H O < L+E�E � / I3G H¥<U9 O�J3N < L6E 7 E < 6 H¡7 P\E>< H PRI � GKE � LvI3NkP����

 � �4H F�P\I � E <U< EHN_PmE � F H¥<UH J�F:J�O¢��W�[kn � L H <'LQ=ZI � E 7�H¥< E!I 7!H EHN < J ? EHN H O 9X< L6E K NkJ K EHN <�H E 7

I � J ? E��

����� +10&n t&-=.0n k��Àu¼k]2ct ) j6qX.[2ik4q]2!��rWu
SYX6WTpzU*V�W:Z\�^rkZ\�Bl@p]QKZmR+r/p]Z7h8rkZ\[kpkQBR6g½V6[]Z\¶6�BWHn �Hh\R ¶<W:rkV�W���QK�+W�e h\r h ��h�noQB�KU�Z��)rkW�p]r
QBR+e@W�¬@W�e Z3�mWH[Y�BQBrtp]r�*
SortSpec ∈ (R ∈ (A; A) Set; l ∈ List(A)) Set

sortSpec ∈ (l’ ∈ List(A); Perm(l, l’); Sorted(R, l’)) SortSpec(R, l)�dgqh�QBR-(*pkX+QBrd��h�Rj¶<W^�*QBW%�¢W�ejh\rsh�R+h\n�W�ejQKR+rtp]h\R+��W2Z\��h � }~pzUqV�W\?
bdZ��¢WH�mWH[�(2�¢W^�sQK�B�¸X+h\[]e6�KU/�<R+eMh�RjQKR6X<h�¶6QKp]h\RmpdZ\��p]X6W2pzU*V<W

" � 8 "K6
w 6V# 5 %q� w#� 8M·¸Qfrtp�"(6V#o#k§*Z\[kp{§*V�W��¼" �HD#��#

¶�W��Hh\l+rkW\�;W\ *R6Z���R6Z�p]X6QBR6g:h�¶�Z\l6p)pkX6W�[kW��Bh�pkQBZ\R � "�QKR p]X6W��¢Z\[{rzpF��h\rkW/Q¨p��HZ\l6�fe ¶�W
h��[�Yh�U*r���h\�BrkW �sX6QB�{Xon/hP mW�r�QKp&QKnoV�Zmr]rtQB¶6�BW¢pkZ)rkZ\[kpªh\R*U^�KQfrzp4�sQKpkX/noZm[kW;pkX+h\RoZ\R6WsW��KW�n�W�Rqp!#O?
S �¢ZjrkZ\[kp)h�pN�¢ZMWH�BWHnoWHRqp)�BQBrtpÀ� ; D>L'�4�¢W�R+WHW�eÇp]X+h3p)W�Q¨p]X6WH[ �Z" ; D>LG#�Z\[ �Z"KLND ; #yX+Z\�fe6rH?

Ä1W)�Hh��B��pkX+QBrsV+[kZmV<W�[tpzU <{JPFvF�E>< < E{P_h�R<e e@WH�+R6W2*
Con ∈ (R ∈ (A; A) Set) Set

con ∈ ((a, a’ ∈ A) Or(R(a, a’), R(a’, a))) Con(R)
Ä1W2��h�Rjl+rkW_V+[kZ*Z���rYZ\���HZ\R6R6W��Op]W�e@R6W�rkr¢p]Z/e@W��HQBe@Ŵ X+Z�� pkZop]Z�Zm[]e6WH[¢pkX6Ŵ W��KW�noWHRqp]r�(@Q¿? W\?

pkX+QBr2V6[]Z*Z���p{hP mW�r�Z3�\WH[�pkX+W�[]Z\�BWFZ\�&p]X6WoV+h�[{h�noW�p]WH[ � � QBR:p]X6WoV6[kZ\pkZ\pzUqV�W\?�ÅTZ\[]WHZ3�mWH[�(v�¢W
e@ZmŖ Ã p_R6WHW�e'e@W���Qfe6h�¶6QB�BQ̈ pzUjZ�� � h3p�h\�K�~?d��R+e6WHW�e-(<QKp_rkWHW�norypkX<h3p�h\�K��rtZm[tp]QKR+g/V6[kZmg\[{h�n/rs�Hh\R
¶�Ŵ [kWH�+R6W�e�pkZ/QBR6X+h\¶6QKp]h�Rqp{rYZ��

"�� 8 "(6¹w 6�#B5 %q� w � 8' ;ZmR-" �0#:w#�l8j·�QBrtp�"K6�#E#t§*Zm[tpO§*V<W��2"��HD
��#
| � ���;¯y¸%¬�� �Gµ�¨U�U�!�;�U¬ ¨�¬ ��¬ ¨¥��¬������!¨��;~N~N�;~N�0­[�:�4�A��£��E��¤¡���:�
£��:��¤¡° i���k ~��G~o�oµ � �;�U~N�^¬ ¨�¬��V¨��;~��G~o��¬ )�¯o�'¨U¬��:�0�!­

� ¢��[§���£��:��¤��!�;���a�E�[�%�a£y�G��¤[°
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����! 
 j�u¼n 2ct ) k�j u¼k]2ct � n 2 ) ��n)p
�6Zm�K�BZ��sQBR6gip]X6W/rzp][kl+��pkl6[]W�Z���p]X6WoV6[kZ\pkZ\pzUqV�WX�;Wo�Hh\R:R6Z�� e6WH�\W��KZmV:QBR+rkWH[kpkQBZ\R:rkZ\[kp�?¹��r2h
�+[{rzpYrzp]WHV��¢WyR+WHW�e/pkZFgmQK�mWyh)rkV<W���QK�<�Hh�pkQBZ\RiZ\�¸QKR<rtW�[tp�?� ;�BW�h\[k�BU�QKR+rkWH[kp¢hme;OzZ\QBR+r;h�RiW��KW�n�W�Rqp
pkZ/h/rkZ\[kpkW�ei�BQBrtpspkX6W�[kW�¶*UiV6[]W�rkWH[]�qQBR6gortZm[tp]W�e@R+W�r]rH?�Ä1W)e@W��+R+W
InsSpec ∈ (R ∈ (A; A) Set; a ∈ A; l ∈ List(A)) Set

insSpec ∈ (l’ ∈ List(A);
Adjoin(a, l, l’);
Sorted(R, l’)

) InsSpec(R, a, l)
Ä1W)�Hh�Rj[]W��+R6W2QBR+rkWH[kp¢p]Zih��´l6R+�Op]QKZmRMZ���pzUqV�W

"~ ;ZmR)" �0#Gw ; 876¹w
� 8T·¸Qfrzp;"(6�#Gw]§*Zm[tp]W�e-"���#E#���R+r{§*V�W��R"��HD ; D
�U#
Ä1W���Zml6�Be WH¬@V6�Bh\QKR p]X6W��mWH[]Q¨�<W�e �\W�[]rkQBZ\R1Z��dQBR+rtW�[tp�¶qU1[]WH�\W�[]rkWoWHR6gmQKR+WHWH[]QBR6gv(�Q¿? W\?T¶*U

[]W�e@Qfrk�HZ3�\W�[kQBR6g/hi�mWH[]¶+h���V6[kZ*Z\�ª�´Z\[]n p]X6W��´Z\[]noh\��ZmR6W\?_bdZ��¢WH�mWH[�(6pkX+QBr_QfryR6Z\p_X+Z���QKp^�¢hmr
e@W�[kQB�\W�e (@Q¿? W\?ª¶*U�h\R QBRqpkW�[]hm�OpkQBZ\RY�sQKpkXjpkX6W
��·)�-rtU@rtpkWHnM?
insert ∈ (r ∈ Con(R); a ∈ A; l ∈ List(A); Sorted(R, l)) InsSpec(R, a, l)

insert(r, a, nil, h) ≡
insSpec(cons(a, nil), ad0(a, nil), sorted_cons(h, sml_nil(a)))

insert(con(h1), a, cons(a1, l1), sorted_cons(h2, h3)) ≡
case h1(a, a1) ∈ Or(R(a, a1), R(a1, a))  of

in1(h) ⇒
insSpec(cons(a, cons(a1, l1)),

ad0(a, cons(a1, l1)),
sorted_cons(sorted_cons(h2, h3), sml_cons(h)))

in2(h) ⇒
case insert(con(h1), a, l1, h2) ∈ InsSpec(R, a, l1)  of

insSpec(_, ad0(_, _), h5) ⇒
insSpec(cons(a1, cons(a, l1)),

ad1(ad0(a, l1)),
sorted_cons(h5, sml_cons(h)))

insSpec(_, ad1(h6), h5) ⇒
case h3 ∈ SmallerList(R, a1, cons(b, xs))  of

sml_cons(h4) ⇒
insSpec(cons(a1, cons(b, axs)),

ad1(ad1(h6)),
sorted_cons(h5, sml_cons(h4)))

end
end

endbyh��*QBR6goe@Z\R6W2p]X6Ŵ n/h�QBR¹OzZm¶MZ����mWH[]Q̈ �́ U*QBR6goQKR<rtW�[tp%(<rtZm[tpsQfrYR6Z�� []WH�fh3p]QK�mWH�BUiW�hmrtU+*
sort ∈ (r ∈ Con(R); l ∈ List(A)) SortSpec(R, l)

sort(r, nil) ≡ sortSpec(nil, perm0, sorted_nil)
sort(r, cons(a, l1)) ≡

case sort(r, l1) ∈ SortSpec(R, l1)  of
sortSpec(l’, h, h1) ⇒ case insert(r, a, l’, h1) ∈ InsSpec(R, a, l’)  of

insSpec(l’1, h2, h3) ⇒ sortSpec(l’1, perm1(h, ad0(a, l1), h2), )
end

end

� � �y�M�&� ��� �ª�6�&�	�ª	�
H���

Ä1WFZ\R+�KUT��ZmR+rkQBe@W�[yV6[]Z\gm[]h\n/r��sX6Qf�{X:h�[]WFrtpk[]l+�Op]l6[]h\�K�BUj[kW���l6[{rtQB�\Wm?dSYX6QfryQfr�h\�K[]W�hme@UM�ml+Q̈ p]W
h8V�Z��¢WH[k�́ l6���H�Bhmrkr h�R+e gmZ*W�r ¶<W�U\Z\R<e�pkX6W1l+rkl+h��2rk�{X+WHnoW:Z\�)V6[kQBnoQ̈ p]QK�mW:[]W��Hl6[]rkQBZ\Ŗ ?��yR
W�¬6h\n�V+�KWYQfr�pkX6W��y�! mWH[]n/h�R6RF�́ l6R+�Op]QKZmR?�sX+QB�{X�QBr�R+Z�pªV6[]QKnoQKpkQB�\WY[kW���l6[{rkQK�mW&¶6l@p&rtpk[]l+��pkl6[{h��B�KU
[]W���l+[]rkQK�mWR*
ack ∈ (Nat; Nat) Nat

ack(0, h1) ≡ s(0)
ack(s(0), 0) ≡ s(s(0))
ack(s(s(h)), 0) ≡ s(s(s(s(h))))
ack(s(h2), s(h)) ≡ ack(ack(h2, s(h)), h)

>3v



SYX6Qfr¢QBrYh�R QKR<rzp{h�R+�HW��sX6W�[kWV�¢W�X+h��mWdp]Z�l+rkW^h)�BW�¬@Qf��Z\gm[]h\V6X6Qf�dWH¬qp]WHR+rkQBZ\R�Z\�¸pkX+W2rtpk[]l+��}
pkl+[]h\��Zm[]e@W�[kQBR6gM(6Q¿? W\?ypkX6WorkW���ZmR+eTh�[]g\l+n�W�RqpyX+h\r�hiX6QBg\X+WH[6�¢WHQBg\Xqpdp]X+h�R'pkX6W��+[{rzp�?ywyrkQKR+g
X6QBg\X6W�[oZ\[{e@WH[oe6h3p{h3pzU*V�W�rX�;WM�Hh\R7QBnoV6�KW�noWHRqp/WH�\W�R8��hmrzp]WH[og\[]Z��sQKR+gT�´l6R+��pkQBZ\R+r�(&Q~? Wm?x�¢W
X+h��mW_h\�K[]W�hme@U�rkWHWHR pkX<h3p6�y·��¢Ã rdS;U*V<W^SYX6W�Z\[]UiQfrsrzp][kZmR6g\W�[;p]X+h�RTh\[kQKpkX6noWHpkQf��?
bdZ��¢WH�mWH[�(3pkX+WH[]W�h�[]Wdn/h�R*U�V6[]Z\g\[{h�n/r��sX+QB�{X�e6Z\R¸Ã p&�6p¢QKRqp]Z)pkX+W_r]�{X6WHnoWdZ\��rzp][kl<�Opkl+[]h\�

[]W���l+[]rkQKZmR¸?�ÄÇW^X+h��mW^h��B[kW�h\e@U/noWHRqp]QKZmR6W�e_=oEHNK_qE 7 J�N < h�R+e � /cH < ��7 J3N < ?

�U��� � �6f m ) p���u ��moq4k]2 ) t 06r
�yryh��mWH[]U�rkQKnoV6�BW^W�¬6h�noV6�BW^�;W)�HZ\R+rkQfe@WH[s��l<���BQBe$Ã rdh\�KgmZ\[]Q¨p]X6n �´Z\[Yp]X6W)�Hh\�B�Hl6�fh3pkQBZ\RjZ���pkX+W
g\[]W�h�pkW�rzps��Zmn�noZmRje@QB�*QBrkZ\[�?
sub ∈ (Nat; Nat) Nat

sub(h, 0) ≡ h
sub(0, s(h2)) ≡ 0
sub(s(h1), s(h2)) ≡ sub(h1, h2)

gcd ∈ (Nat; Nat) Nat
gcd(0, h1) ≡ h1

gcd(s(h2), 0) ≡ s(h2)
gcd(s(h2), s(h)) ≡ case le(h2, h) ∈ Bool  of

true ⇒ gcd(sub(h2, h), s(h))
false ⇒ gcd(s(h2), sub(h, h2))

endSYX6Qfr/�́ l6R<�OpkQBZ\R QBr�R6Z�pMrzp][kl+��pkl6[{h��y[kW���l6[{rtQB�\WTQBR W�Q̈ p]X6WH[jh�[]g\l6noWHRqp�(s¶<W��Hh�l<rtW'QKp�l+rkW�r
rkl6¶@pk[{h\��pkQBZ\R>�sX6WHR �Hh\�K�BQBR6g Q̈ p{rtW��̈ �2[kW���l6[{rkQK�mWH�BU\? ,�¶q�*QBZ\l+rk�BUR(ªp]X6W'rtQ��HWMZ\��p]X6WTh�[]g\l6noWHRqp{r
g\WHp]rih\���Yh�U@r�[kW�e@l+��W�e h�R+e gq�He�QBr/pkWH[]noQKR<h3pkQBR6g½¶6l6p�Q̈ p QBr/R+Z�p �HZ3�\WH[]W�e7¶*U8pkX+W:rtQBnoV6�BW
r]�{X6WHnoW2Z��ªrzp][kl<�Opkl+[]h\��[]W��Hl6[{rtQBZ\Ŗ ?
Ä1W'�Hh�R QBR*�\WHRqp/noZ\[]WMWH�fh�¶�Z\[{h3pkWM[]W��Hl6[]rkQBZ\R-r]�{X6W�n�W�ropkZ½�HZ3�\WH[/WH¬6h�noV6�BW�ro�BQ� mWjgq�He$?

bdZ��¢WH�mWH[&�¢W
�sQB�K��g\Z h�R6Z\pkX6W�[6�Yh�U h�R<e'rtX+Z�� p]X+h3pV�;W��Hh�R'h\���Yh�U@rs[]W�e@l+�HŴ pkW�[knoQBR+h3p]QKR+g
[]W���l+[]rkQKZmRip]Zirzp][kl+��pkl6[{h���[]W��Hl6[]rkQBZ\Ŗ ?
��Rip]X6W2�Hh\rkWyZ\��gm��e\�¢W_��h�R e6Z)pkX+QBr¢¶*U/QKRqp][kZ@e@l+�HQKR+g�h�R6W%� h\[kgml6noWHRqp�*�Q~? Wm?��¢W2e@W��+R+W

gm��e � "�
 D
&gD �+# � gq�He-"�
 D
&)#�Q̈ � ��� 
���&ª?�ÄÇW&��h�R̂ e@WH�+R6Wªp]X6W�R6W��Ç�́ l+R+�Op]QKZmR̂ ¶qU_rzp][kl<�Opkl+[]h\�
[]W���l+[]rkQKZmŖ ?�S�Z�n/hP \WypkX6Qfr¢W�¬@V6�BQB�HQ̈ p �¢W�QBRqpk[]Z*e6l+��W2ĥ �́ Zml6[tp]X h\[kgml6noWHRqp��sX6Qf�{X�Qfr;pkX6W2V6[]Z*Z��
pkX<h3p���� 
 � &�(\X6W�R+��Wsgq�He A X+h\r�p]X6WspzU*V�W¹"�
1D &gD
�\8YB�h3p�wk·$p;"�hme6e-"�
1D &)#ID �+#o#NB�h3p3?�gm�He A�Hh\R ¶�W)e@WH�+R6W�eY�sQKpkXjpkX+W)rkh\n�Ŵ �H�Bh\l+rtW�rsh\rYgq�He ¶6l@pdQfrdrzp][kl<�Opkl+[]h\�$[kW���l6[{rtQB�\W2*
transLeLt ∈ (Le(i, j); Lt(j, k)) Lt(i, k)

transLeLt(rLe(_), h1) ≡ h1

transLeLt(lt2le(h2), h1) ≡ transLt(h2, h1)
leAdd ∈ (x, y, y’ ∈ Nat; Le(y, y’)) Le(add(x, y), add(x, y’))

leAdd(0, y, y’, h) ≡ h
leAdd(s(h1), y, y’, h) ≡ leS(leAdd(h1, y, y’, h))

leAdd’ ∈ (x, x’, y ∈ Nat; Le(x, x’)) Le(add(x, y), add(x’, y))
leAdd’(_, x’, y, rLe(_)) ≡ rLe(add(x’, y))
leAdd’(x, _, y, lt2le(ltS(h))) ≡ lt2le(ltS(leAdd’(x, n, y, h)))

sub ∈ (m, n ∈ Nat) Σ(Nat, [h]Le(h, m))
sub(m, 0) ≡ pair(m, rLe(m))
sub(0, s(h)) ≡ pair(0, le0(0))
sub(s(h1), s(h)) ≡ case sub(h1, h) ∈ Σ(Nat, [h’]Le(h’, h1))  of

pair(a, b) ⇒ pair(a, lt2le(ltS(b)))
end

>\�



gcd2 ∈ (m, n, x ∈ Nat; Lt(add(m, n), x)) Nat
gcd2(0, n, s(h1), h) ≡ n
gcd2(s(h2), 0, s(h1), h) ≡ s(h2)
gcd2(s(h2), s(h3), s(h1), h) ≡

case le(h2, h3) ∈ Bool  of
false ⇒

case sub(h3, h2) ∈ Σ(Nat, [h’]Le(h’, h3))  of
pair(a1, b1) ⇒

gcd2(s(h2),
a1,
h1,
transLeLt(leAdd(s(h2), a1, h3, b1),

ltS’_inv(substId(adds_lem(s(h2), h3),
[h4]Lt(h4, s(h1)),
h))))

end
true ⇒

case sub(h2, h3) ∈ Σ(Nat, [h’]Le(h’, h2))  of
pair(a, b) ⇒

gcd2(a,
s(h3),
h1,
transLeLt(leAdd’(a, h2, s(h3), b), ltS’_inv(h)))

end
end

»�¼̧ %m�3�m��.�% 
@° � D < EGF�PYgm��e A < J¹I ? EHN H � E{P ? EHN 7!H JPF � L H <!L 7 L+J ��7 < LvI <�< L+E O / FZ< <UH J�F H F�PmE{E]P
<!I3G < / G�I < E 70< L+Edgm[kW�h3pkW�rzpd�HZ\nonoZ\RMe@QK�*QfrtZm[ �

�U�K� � n�mom9" �!k��6j�p&n)p 2in)f � 2vu ) k�j
SYX6Ŵ Qfe@W�h�Z\��V6[]W�rkWHRqpkQBR6gog\W�R6WH[{h���[]W��Hl6[]rkQBZ\R�QBRTS&U*V�Ŵ SYX6WHZm[kUiQfr¢pkZoQBRqpk[]Z*e6l+��W)hme6e@QKpkQBZ\R+h\�
h�[]g\l+n�W�Rqp]r?�sX6QB�{X�h�[]W rtpk[]l+�Op]l6[{h��B�KU []W�e@l+�HW�e$?½��R-pkX+QBrorkW��Op]QKZmR �¢Wj�HZ\R+rkQfe@WH[oh'gmWHR6W�[]h\�
��ZmR+rtpk[]l+�Op]QKZmR$��$�?x�sX6Qf�{X-rkX6Z��dr�pkX+h�pX�¢Wj��h�R-[kW�V6[kW�rtW�Rqp�h��B�YV6[]Z\g\[{h�n/r)pkX6QfrX�¢h�U �sX6Qf�{X
�Hh\RM¶<W)rkX6Z��sRjpkZop]WH[]n�QBR+h�pkŴ l+rkQKR+gX�¢WH�B�K}¿�́ Zml6R+e@W�e []W��Hl6[{rtQBZ\Ŗ ?�SYX+WFh\e6e6Q̈ p]QKZmR+h��̧ h\[kgml6noWHRqp
�sX6Qf�{XMQBrsrtpk[]l+�Op]l6[{h��B�KUi[]W�e6l+��W�e�Qfr¢pkX6Ŵ V+[kZ*Z���Z����;W��K�K}~�́ Z\l6R+e6W�e@R6W�rkr�?
Ä1W_rtp]h\[tpa�sQ̈ p]Xjh�g\W�R6WH[{h��+�6¬@V<ZmQKRqpd��ZmnF¶6QBR+h3p]Z\[��sX6QB�{Xj�Hh\R�¶�W_e@WH�+R6W�e�l+rkQBR6gFgmWHR6W�[]h\�

[]W���l+[]rkQKZmR-*
fix ∈ (A, B ∈ Set; (A; (A)B) B; A) B

fix(A, B, h, h1) ≡ h(h1, fix(A, B, h))
Ä1WM��h�R�h�[]g\l6Wjh\r��´Z\�B�KZ��dr�*Y�sX6WHR6W��\W�[F�6¬-" �ZD �$#�p]WH[]noQKR+h�pkW�rFp]X6WH[]WMnFl+rtp/¶<WTh_�;W��K�

�´Z\l+R+e@W�e�p][kW�WsZ���[kW���l6[{rtQB�\WY�Hh\�K�frªZ\� ��?�SYX6Qfr�pk[]WHWYg\QB�\W�r�l+r�h\RX�¢WH�B�@�´Zml6R+e@W�e�Zm[]e6WH[]QKR6g2rkl+�{X
pkX<h3p �TQfrsZmR6�KU �Hh��B�BW�ejh3pyrknoh\�K�BWH[sh\[kgml6noWHRqp]r¢[]W���l+[]rkQK�mWH�BU\?
Ä1W��Hh\RiWHR<��Z@e@Wdp]X6Qfr&QBRqpkWH[]R+h\�K�BU\?��O? W\?�g\QB�\W�Rih)[]WH�fh3pkQBZ\R �V8{"K6
wB6�# 5 %q� �¢W�e6W��+R6W�pkX+W

�¢WH�B�¨}~�´Z\l6R<e@W�e e@Zmnoh\QKR Z\� �X*
�y���R"��^#H8 "(6V# 5 %q� (�Q¿? W\?�pkX6WirkW�p)Z\� � 8C6 rtl<�{XÇp]X+h3pFh\�K�
pk[]WHW�r �sX6Qf�{XMrtp]h\[tp��sQKpkX��'h�R<e�X+h��mW2W�e@gmW�rYQBR � X+h��\W��+R6QKpkW)e@W�V@pkX)*
Acc ∈ ((A; A) Set; A) Set

acc ∈ (a ∈ A; (b ∈ A; R(b, a)) Acc(R, b)) Acc(R, a)
SYX6Qfr&QfrYh)X6QBg\X+WH[¢Z\[{e@WH[;QKR+e6l+�Op]QK�mW_e@WH�+R6QKpkQBZ\R¸?�SYX+WyQfe@W�h�QBr&pkX<h3pYQ¨�¸�´Zm[sh)g\QB�\W�R �Mh��B� 	

rkl+�{Xip]X+h3p �Z" 	PD �+#&h\[kW2h��B[kW�h\e@U�QBRz�y���R"��^#&p]X6WHRjh��frtZ+�jQfr¢QKRY�y���R" �0#�?�SYX6QBrY��h�R�¶�W_l+rtW�e
e@QB[kW��Op]�KUF�´Z\[&h^e@WH�+R6QKpkQBZ\R/Z\�+���H�R"��0#O?�BdZ\pkWsp]X+h3p&h\�K� ��} R6Z\[]n/h��@�´Zm[kn/r�(\Q~? Wm?ªh��B� ��rkl+�{X�pkX+h�p
R6Z �Z" 	PD �+#¢W�¬@Qfrzp{rdh�[]W�QBRQ�y���R" �0#¢¶�W���h�l+rkW_pkX6W^V6[]W��HZ\R+e6Q¨p]QKZmR Qfrs�3h\�Hl6Z\l+rk�BUopk[]l6W\?
Ä1W��Hh�R^R+Z��ÇQBnoV6�KW�noWHRqp�hY[]W��+R6W�e_�\WH[{rkQKZmR�Z\�q�+¬��sX6Qf�{X^[kW�h��BQ���W�r�gmWHR6W�[]h\���;W��K�K}¿�´Zml6R+e@W�e

[]W���l+[]rkQKZmR��*Qfh�rtpk[]l+��pkl6[{h��$[]W��Hl6[]rkQBZ\R�Z3�mWH[¢pkX+W^V6[kZ*Z\��Z����y���R" �0#
| %!}��;~�¨�� �v�!�;���U�:�?² �M�!�����:·��!�;�^�)�:�U�;��¨U�o �:ª ² �)�:�����E·

>��



fix’ ∈ (A, B ∈ Set;
R ∈ (A; A) Set;
(a ∈ A; (b∈A;R(b, a))B) B;
a ∈ A;
Acc(R, a)

) B
fix’(A, B, R, h, a, acc(_, h2)) ≡ h(a, [b, h1]fix’(A, B, R, h, b, h2(b, h1)))� rkZ\l6[{��W��´Zm[
�;W��K�K}~�´Z\l6R+e6W�e1[kW���l6[{rkQKZmR h\[kW�p]X6WiQBRmp]WH[]R+h��&�\WH[{rkQKZmR+r2Z��YpkX+W�rzp][kl<�Opkl+[]h\�

Z\[{e@W�[kQBR6gmr_ZmRÇQBR+e@l+��pkQB�\W��KU1e@W��+R+W�e:pzUqV�W�r�?/��R1pkX6Wi��h\rkWoZ��aB�h3p^p]X6QBr)QBr^·¸p�?ibdW�[kWoQfr2pkX+W
V6[]Z*Z���p]X+h3p6���H�2"�·$p:#O?
accLt_aux ∈ (i, j ∈ Nat; Acc(Lt, i); Lt(j, s(i))) Acc(Lt, j)

accLt_aux(i, _, h, ltS(rLe(_))) ≡ h
accLt_aux(i, j, acc(_, h2), ltS(lt2le(h1))) ≡ h2(j, h1)

accLt ∈ (n ∈ Nat) Acc(Lt, n)
accLt(0) ≡ acc(0, [b, h]bot(not_lt_0(h)))
accLt(s(h)) ≡ acc(s(h), [b, h1]accLt_aux(h, b, accLt(h), h1))

»�¼¸%m�3�m��.�% 
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 Á�� H@? E%F NkEHG�I <�H JPF 7 �W8s"K6
wB6�# 5 %q� D � 8s"KS�w SX# � ��� � E\<!I�F PmE � F�E < L6E H N
GKE'D H <'I�G K NkJ�P / < < �G9 � � 8 "(6 �7S�w 6 �\S?# �%9 � ��"E" ; DBL%#JD�" ; � D>L � #E# ��
 �Z" ; D ; � # 	 ; �
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split ∈ (A ∈ Set; List(A)) And(List(A), List(A))
split(A, nil) ≡ and(nil, nil)
split(A, cons(a, nil)) ≡ and(cons(a, nil), nil)
split(A, cons(a, cons(a1, l1))) ≡

case split(A, l1) ∈ And(List(A), List(A))  of
and(h, h1) ⇒ and(cons(a, h), cons(a1, h1))

end
merge ∈ (A ∈ Set; le ∈ (A; A) Bool; List(A); List(A)) List(A)

merge(A, le, nil, h1) ≡ h1

merge(A, le, cons(a, l), nil) ≡ cons(a, l)
merge(A, le, cons(a, l), cons(a1, l1)) ≡

case le(a, a1) ∈ Bool  of
false ⇒ cons(a1, merge(A, le, cons(a, l), l1))
true ⇒ cons(a, merge(A, le, l, cons(a1, l1)))

end
sort ∈ (A ∈ Set; le ∈ (A; A) Bool; List(A)) List(A)

sort(A, le, nil) ≡ nil
sort(A, le, cons(a, nil)) ≡ cons(a, nil)
sort(A, le, cons(a, cons(a1, l1))) ≡

case split(A, l1) ∈ And(List(A), List(A))  of
and(h, h1) ⇒ merge(A, le, sort(A, le, h), sort(A, le, h1))

endÄ1W¢[]W�h\�KQ��HW;pkX<h3p&rkZ\[kp�QfrªR6Z\pªrtpk[]l+��pkl6[{h��B�KÛ []W��Hl6[{rtQB�\W¢¶<W��Hh\l+rtWYQKp��Hh��B�fr�Q̈ p{rtW��̈ ��[kW���l6[{rkQK�mWH�BU
Z\Rop]X6Wd[]W�rkl6�Kp&Z��̧ rkV6�KQKp�?ªbyZ��;W��\WH[�(P�¢Wy�Hh\RirtW�WYpkX+h�p¢rkV6�BQ̈ p&V+[kZ@e@l+�HW�r;h��[�¢h�U@rªrkX6Z\[kpkW�[ª�KQfrzp{r&QK�
pkX+Ws�KW�R6g�p]X�Z\�<p]X6WdQBR6V6l@p�Qfr�h�p��KW�h\rtp�>2h\R+e�X6WHR<��W��¢WYrkX6Zml6�Be�¶�Wdh�¶6�BWYpkẐ l<rtW¢pkX+Wd[kW�rtl+�̈ p{r�Z��
pkX+Ŵ V6[kW��*QKZml+rYrtW��OpkQBZ\R "́ �6¬ � ( h\���H·$p:#;pkZoQBn�V+�KW�n�W�RqpyrtZm[tpsZ\R+�KUil<rtQBR6girtpk[]l+�Op]l6[]h\��[kW���l6[{rtQBZ\R�?
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SplitSpec ∈ (List(A)) Set
splitSpecNil ∈ SplitSpec(nil)
splitSpecSgl ∈ (a ∈ A) SplitSpec(cons(a, nil))
splitSpec ∈ (l, l1, l2 ∈ List(A);

Lt(length(l1), length(l));
Lt(length(l2), length(l))

) SplitSpec(l)
Ä1Ŵ �KW�h��\W_Q̈ pyhmrsh�RjW�¬@WH[{��QfrtW�pkZ/[]WHQBnoV6�BWHnoWHRqpyrkV6�KQKp��sQ̈ p]XMpkX6W2�́ Zm�K�BZ��sQBR6gFpzU*V�WR*

split’ ∈ (l ∈ List(A)) SplitSpec(l)
Ä1W�e@WH�+R6Wdp]X6W_[kW��Bh�pkQBZ\R�§*X6Zm[tp]WH[;Z\R/�BQBrtp]r�(@h�R+eirkX6Z���pkX<h3pa���H�2"�·$pNDt�BWHR+g�pkX�"���#E#ªQBnoV6�KQBW�r

�y���R"~§*X6Z\[kpkW�[GD#��#:*
Shorter ∈ (List(A); List(A)) Set

Shorter ≡ [h, h1]Lt(length(h), length(h1))
accShorter ∈ (Acc(Lt, length(l))) Acc(Shorter, l)

accShorter(acc(_, h1)) ≡ acc(l, [b, h]accShorter(h1(length(b), h)))Ä1W_��h�RiR6Z�� []WHQBnoV6�BWHnoWHRqpsrtZm[tp¢¶qUo�<[]rtp¢e@WH�+R6W2h)�´l+R+�Op]QKZmR+h��$�sX6Qf�{X�[]W��´WH�f�Op{r;pkX6W���h\��p
pkX<h3pyrkZ\[kpYZmR6�BUi[kW���l6[][{r;ZmRjrkX6Zm[tp]WH[Y�KQfrtp]r�?
sortRec ∈ (le ∈ (A; A) Bool;

l ∈ List(A);
(l’ ∈ List(A); Shorter(l’, l)) List(A)

) List(A)
sortRec(le, nil, h) ≡ nil
sortRec(le, cons(a, nil), h) ≡ cons(a, nil)
sortRec(le, cons(a, cons(a1, l)), h) ≡

case split’(cons(a, cons(a1, l))) ∈ SplitSpec(cons(a, cons(a1, l)))  of
splitSpec(_, l2, l3, h1, h2) ⇒ merge(A, le, h(l2, h1), h(l3, h2))

end

sort’ ∈ (A ∈ Set; le ∈ (A; A) Bool; List(A)) List(A)
sort’(A, le, h) ≡

fix’(List(A),
List(A),
Shorter,
sortRec(le),
h,
accShorter(accLt(length(h))))
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