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Background

Simulation of quantum systems Is expensive:
PSPACE complexity for polynomial circuits.

Feynman: Can we exploit this fact to perform
computations more efficiently?

Shor: Factorisation in quantum polynomial time.
Grover: Blind search in O(n/v/2)
Can we build a guantum computer?

We can run quantum algorithms.

Nature Is classical after all!

Assumption: Nature is fair. ..
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The quantum softwarecrisis

Quantum algorithms are usually presented
using the circuit model.

Nielsen and Chuang, p.7, Coming up with
good guantum algorithms is hard.

Richard Josza, QPL 2004: We need to
develop quantum thinking!
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QML: a functional language for guantum computations
on finite types.

Quantum control and quantum data.

Design guided by denotational semantics

Analogy with classical computation
FCC Finite classical computations

FQC Finite quantum computations
Important issue: control of decoherence

Draft paper available
(Google:Thorsten,functional,quantum)

Compiler under construction (Jonathan)
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Matrix



Example: Hadamard oper ation

e 1
Hﬂ(1 1)

Hx : Oy = if° x then {qfalse | (—1)qtrue}
else {qfalse | qtrue}
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Something we know well . ..

Start with classical computations
on finite types.

Quantum mechanics is time-reversible. ..

... hence quantum computation is based on reversible
operations.

However: Newtonian mechanics, Maxwellian
electrodynamics is also time-reversible. ..

... hence classical computation should be based on
reversible operations.
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Classical computations (FCC)

Given fi nite sets A (input) and B (output):

h +——H G—

a fi nite set of initial heaps H,
an initial heap h € H,

a fi nite set of garbage states G,
a bijectionp € A x H~ B x G,

T I T TP



Composing classical



Composing classical computations

Pa

B

<

C
— (G,

~c

— G

¢ﬁooz

T I T T



Composing classical computations

A — —B ol C
s ok

H, ﬁ/\ﬁ —:C_'Goz
Hg — G

¢ﬁoa

Exercise: Define /.
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Every computation « gives rise to a function
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Ax H 5 B x G
S
A Urcc & B

X —ext 67 1f Urcc @ = Urcc 6

fl nite sets
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Upcc! = 1
Urcc (Boa) = (Urcc B) © (Urcc @)

Urcc IS a functor Ugpcc : FCC — FinSet.
Urcc IS faithful (trivially).
Exercise: Ugpcc IS full!



Coming next: Quantum computations

Develop FQC analogously to FCC...
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Linear algebrarevision

Given a fi nite set A (the base)
CA=A— Cis aHilbert space.
Linear operators:

feA— B — Cinduces f € CA — CB.
we write f € A — B

Norm of a vector:

|v]| = Zaca(va)”(va) € RT,

Unitary operators:

A unitary operator ¢ € A —oynary B IS @ linear
Isomorphism that preserves the norm.
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Basics of quantum computation

A pure state over A Is a vector v € C A with
unit norm |jv|| = 1.

A reversible computation is given by a
unitary operator ¢ € A —oypitary B.
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Quantum computations (FQC)
Given fi nite sets A (input) and B (output):

h ——H G-

a fi nite set H, the base of the space of initial
heaps,

a heap initialisation vector h € C H,

a fi nite set GG, the base of the space of
garbage states,

a unitary operator ¢ € A ® H —oynitay B ® G.






Composing guantum computations

A — —B ol C
s ok

H, ﬁ/\f —:C_'Goz
Hg — G

¢ﬁooz




Extensional equal



Extensional equalit-




Extensional equality...
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vector spaces:
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Extensional equality...

... IS a bit more subtle.

There Is no sensible operator replacing m; on
vector spaces:

A® H ; ~b® &
T@h j???
A 777 b

Indeed: Forgetting part of a pure state
results in a mixed state.
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Density Operators

A mixed state on A Is given by a density
operator

peEA—oA
such that all eigenvalues are positive reals

pv =X = Ac R
and has a unit trace

Ya€ce Ava =1
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Superoperators

A superoperator f € A —og e B IS @ linear
operator on density operators which is
completely positive.

A unitary operator ¢ € A —oyiary B gIVES rise
to a superoperator ¢’ € A —og o B.

Partial trace:

traa € ARG —Oguper A



Extensional equal



Extensional equality

Every computation « gives rise to a
superoperator U a € A —ogyer B

AR H $ B®dG
G
A B

UrQc @



Extensional equality

Every computation « gives rise to a
superoperator U a € A —ogyer B

AR H $ B®dG
=T
A Ioco B

QO =ex 3,11 UpqQc @ = Upqc 0

L Y I T T T



Extensional equality

Every computation « gives rise to a
superoperator U a € A —ogyer B

AR H $ B®dG
=T
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Urqc

UFQC]—:: /
Urqc (Boa) = (Urqc B) o (Urqc @)

Urqc IS a functor Ugpgc : FQC — Super.
Urqc IS faithful (trivially).
UFQciSfum
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Classical vs guantum

classical guantum
finite sets finite dimensional Hilbert spaces
bijections unitary operators
cartesian product (x) tensor product (®)
functions superoperators
projections partial trace
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Decoherence

Classically

Quantum



Decoherence
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Decoherence

2 L 2
() | D |

¢5 ¢7‘(‘1

7T10521

{Z510) + 5 10)}
L0} + {1}
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QML basics

I'Ft:o
[t] € FQC[I'] [7]

QML Is based on strict linear logic
no weakening but contraction.

OMLtypes: 1,o Q1,0 B 7
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| nterpretation of types

o U7
o@D T
o ® T

= 0

max ||, |7]}
oUT|+1
o +|7]
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| nterpretation of types

1] = 0
lcoU7| = max{|o|,|7|}
cdT| = |[oUT|+1
o®7T| = |o|+]|7]

o] =2
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& 0N contexts

Fr:c@Axz:0 = IT®A),x:0
Mrx:o®A (M®A),z:0 ifz ¢ domA
o A = A
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& 0N contexts

''z:0R@A z:0 =
Nz:0® A
o A

| AN

MR A),x:0

(M®A),z:0 ifz ¢ domA

= AN

PCr A
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Thelet-rule

I'Ft:o
A x:obFu:T
I'QAFletz=tinu:T

I'®A — T A
HI‘)A = ¢CF’A —AK ¢ o ¢u i B
t

H, Gy
Hu | 7< Gu

let
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Example

y in 2V Q,

y in W Q,










X-1Ntro

I'Ft:0 AFu:T

FQAF(t,u):o®T

| AN

Hr A +—

PCr A

r

%

-

Htl
H,

Pu

& 1ntro
-
. G,
Gy,
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X-ellm

® elim

—tinu:C




®-elim
I'Ft:0®T
Ax:oy:7THu:C

['®AF let (x,y):tinu:0®ehm

'R A — L A o
HF,A o ¢OF’A —A>< o ¢
Q¢ — ‘o C
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Example

D QQ ® QQ I_ let (557?/) :pln (y{}ax{}) : QZ ® QQ

p: 9ROy F let (x,y) =pin (y{p},aj{p}) : Qo R Q9
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PB-1ntro

%

I'Et: A

['Finlt: A® B

o

¢PO'|_|T

D

oU4dT

oldT
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Gy






PB-ellm

L p
L p
= t|inry = u} : p

+ elim




P-elim

I'Fec:o0®T
A,z:okFt:p

A y:THu:p

+ elim

['® Al case cof {inlx = t|inry = u} : p

| AN T
Hr A — Pcr.a — K

Db

—o0o LT

Qo







B-alim decoher ence-free

I'Fc:o®T
A, xz:obFt:p
Ay:THu:p, tLu
['® Al case® bof {inlz = t|inry = u} : p

+ elim”
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B-alim decoher ence-free

I'Fc:o®T
A,z:obFt:p
Ay:THu:p, tLu

+ elim"”
['® Al case® bof {inlz = t|inry = u} : p
| A —
HF,A il ¢CF,A e K - T ¢ S ¢ L p
by —0s [f1g] o 1
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Orthogonality

. . t 1L u
inl?{ Linr ¥ 3577 | inl ¢ inrt L inr u

t 1 u
(t,v) L (uw,w) (v,t) L (w,u)
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Semanticsof |

[t Lu]=(59f9)
S fl nite set.
Qb c QQ ® S —Ounitary [[0-]]

feFQC|I|S
g e FQC|[I'| S

[t] = ¢ o (true® —) o f,
[u] = ¢o(false® —)oyg
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Superpositions

I'Etu:o t Lwu
AP+ NI =1 AN #0
' E {(\V)t|(N)u}:o
= 1if° {(M\)gtrue|()\')gfalse} then t else u
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Example: Deutsch’s algorithm

Eqa: Q2,b: Qg = let (z,y) = if° {qfalse | (—1)qtrue}

then (qtrue, if a
then {gqfalse | (—1)qtrue}
else {qfalse | qtrue})

else (qfalseif b
then {qfalse | (—1)qtrue}
else {qfalse | qtrue})

in x

: Qo
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Future wor k

Higher order

High level reasoning principles for QML
orograms

Categorical analysis
Infi nite or indexed?
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