
An Algebra of
Pure Quantum Programming

based on joint work with:

Jonathan Grattage, Amr Sabry, Juliana Vizzotto

Thorsten Altenkirch

University of Nottingham

QUOXIC 12/05 – p.1/??



QML

Functional core language for quantum programming

Finitary, first order

Main goal: Investigate high level structures for quantum
programming in a simple setting.

Reversible and irreversible programs

Operational semantics:

quantum circuits with heap and garbage

Denotational semantics:
superoperators on finite dimensional spaces
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Main design ideas

Contraction by sharing

Explicit weakening by measurement

Reversible and irreversible .
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An algebra of quantum programs ?

QPL 2005: restricted to the pure fragment
(no weakening, no )
Denotational semantics: isometries

Extends the rules for the classical sublanguage

(no superpositions, and behave the same)
Denotational semantics: sets and (injective) functions

Sound and complete.

Completeness also gives rise to a normalisation algorithm
(Normalisation by evaluation).
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Classical vs. quantum semantics

Classical
C

C

Quantum
Q

Q

where is the set of linear, isometric ( )

functions on the spaces with base and (finite).
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Sound and complete (classical)
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Classical equations for
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QUOXIC 12/05 – p.18/??



Classical equations for

7 8 9

^

1 5 6 ��� ���� 0 ;�/ 2  / .�< / # % #

1 5 6  "!# � 0 ;�/ 2  / .�< / # %  

Commuting conversion

QUOXIC 12/05 – p.18/??



Classical equations for

7 8 9

^

1 5 6 ��� ���� 0 ;�/ 2  / .�< / # % #

1 5 6  "!# � 0 ;�/ 2  / .�< / # %  

N

1 5 6  0 ;�/ 2  !# � / .�< / ��� ��� %  

Commuting conversion

QUOXIC 12/05 – p.18/??



Classical equations for

7 8 9

^

1 5 6 ��� ���� 0 ;�/ 2  / .�< / # % #

1 5 6  "!# � 0 ;�/ 2  / .�< / # %  

N

1 5 6  0 ;�/ 2  !# � / .�< / ��� ��� %  
Commuting conversion.�/ 0 @ � 15 6  % 1 5 6  

0 ;�/ 2 # _ 0 ;�/ 2 .�/ 0 @ �# _ 12 �

/ .�< / # � / .�< / .�/ 0 @ �# � 12 �

1�2 �
QUOXIC 12/05 – p.18/??



Classical equations for

`ba c

Commuting conversion

QUOXIC 12/05 – p.19/??



Classical equations for

`ba c

d�e f g Q Q �� � � � � ��� ���� �  !# � � �Ch � ��� h � �� �

Commuting conversion

QUOXIC 12/05 – p.19/??



Classical equations for

`ba c

d�e f g Q Q �� � � � � ��� ���� �  !# � � �Ch � ��� h � �� �

^

.�/ 0 @ � h � � 1�2 # % # i h � � j @ k

Commuting conversion

QUOXIC 12/05 – p.19/??



Classical equations for

`ba c

d�e f g Q Q �� � � � � ��� ���� �  !# � � �Ch � ��� h � �� �

^

.�/ 0 @ � h � � 1�2 # % # i h � � j @ k

N

.�/ 0 � �  1�2 � %  

Commuting conversion

QUOXIC 12/05 – p.19/??



Classical equations for

`ba c

d�e f g Q Q �� � � � � ��� ���� �  !# � � �Ch � ��� h � �� �

^

.�/ 0 @ � h � � 1�2 # % # i h � � j @ k

N

.�/ 0 � �  1�2 � %  

Commuting conversion.�/ 0 @ �  1�2 .�/ 0ml �# 1�2 � % .�/ 0l �# 12 .�/ 0 @ �  1�2 �

QUOXIC 12/05 – p.19/??



quote (closed)

n o � S � T U d�e f g �

Lemma (Adequacy)

The equation C is derivable.

We show
C

C let

by induction over derivations.
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Normalisation and completeness

Definition
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C nf
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C
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Quantum equations
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quote (quantum)
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Adequacy (quantum)

Lemma (Adequacy)

The equation

M � n o � S M PRQ � TQ �(% PRQ � is derivable.

We need

Lemma
is linear and isometric and preserves , that is:

1.

2.

3.

4.
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Adequacy (quantum)

Lemma (Adequacy)

The equation

M � n o � S M PRQ � TQ �(% PRQ � is derivable.

We need

Lemman o

is linear and isometric and preserves
�

, that is:

1. n o �� K H UY �(% � K � n o H UY �

2. n o �Y � Z �(% � n o Y � � � n o Z �
3.

XY �Z [ � X n o Y � n o Z [
4. n o ��� Y � Z % � n o Y� n� Z �
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Normalisation . . . (quantum)

Replace all Cs by Qs!

Definition

nf Q

Lemma: Inversion

Q nf

Proposition: Qompleteness

Q Q Q

Q
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Normalisation . . . (quantum)

Replace all Cs by Qs!

Definition O M � PRQ �

nf

o q P � n oq � S O M PRQ � TQ �

Lemma: Inversion O M � PRQ �

O MQ nf

oq � P �(% PRQ �

Proposition: Qompleteness
O MQ P� ]Q � S P TQ � S ] TQ

O MQ P% ]Q �
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Conclusions and further work

The analogy with the classical construction proved very helpful.

Extend to the full language (include and weakening).

Higher order?

Indexed types and programs?

Useful to verify real programs?
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