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Example of Program Derivation
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Evaluation of Polynomials

We are going to derive an algorithm
to evaluate polynomials efficiently.
A polynomial is an expression like:

ag+ar-x+ta- x>+ +ano x"2+a,_1-x"L

We assume that it is given as an array of coefficients.
Input: Array of numbers a of length n, number x.
Output: Value of: 7 a[i] - x.
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Polynomial Evaluation

Polynomial
Evaluation

Venanzio

Capretta We are looking for a program p
satisfying the following specification:

(Typly=Y alil x}
=0

with the requirement that the variables

a,n, and x are not modified in it.

The naive algorithm uses a loop, at each step
the power x' is computed, multiplied by ali]
and added to the total.
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Horner's Rule

Polynomial
Evaluation

Venanzio

Capretta A more efficient algorithm uses Horner's Rule: the polynomial
can be rewritten as:

ao+x-(ar+x-(a2+x-(-x-(ap—2+x-(an-1))---)))

» Use a counter k that runs backwards from n — 1 to 1;
» Start with y = a[n — 1]

» At each step multiply y by x and add a new element of a.
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The Invariant of the Algorithm

From the informal description of the algorithm, we can deduce
what the invariant should be:
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ali] - xX"“A0<k<n
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Now we just need to find some initialization commands that
make [/ true at the beginning and a terminating loop that has /
as invariant!
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{invariant : /}

{y =277 alil- ¥}
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{invariant : I}

while 7 do (

{y =277 alil- ¥}
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{invariant : /}

while k > 0 do (

1 r. ;
{y =20 alil-x'}
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{invariant : /}

while k > 0 do (

{I Nk >0}
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{1}
{I A=k >0}

{y =275 alil- ¥}

«O>» «Fr «=>»
Polynomial Evaluation

<

>



{invariant : /}

ki=k —1;
y: =S5

)
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while k > 0 do (

{I Nk >0}

{1}

{I A=k >0}
{y = iy alil-x}
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{R1}
{Ra}

{invariant : /}
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whilek >0do (| {/ Ak >0}
ki=k —1;

y:=S5 {/}

) {I A=k >0}

{y =275 alil- ¥}

«O>» «Fr «=>»
Polynomial Evaluation

<

>



{invariant : /} | while k > 0 do (
{Ri} | ki=k—-1;
{Ro} | yi=alk]+y-x

)

{I Nk >0}

{1}
{I A=k >0}

{y =27 all -~}

«4O>r «Fr «=)>r 4
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{invariant : /} | while k > 0 do (

y:=alk] +y-x

«4O>r «Fr «=)>r 4
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{T}

{1}
{I Nk >0}

{1}
{I A=k >0}

{y =27 all -~}
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if n=0theny:=0

else (
k:i=n—1;
y:=alk];

{invariant : /} | while k > 0 do (
{R1} k:i=k—1,
{R2} ))/:za[k] +y-x
)

«4O>r «Fr «=)>r 4

{T}
{n >0}

{1}
{I Nk >0}

{1}
{I A=k >0}

{y =277l -~}
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Additional Derivations
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Evaluation

P Ro=1[S/y]
Ri = 1[S/y][k — 1/K]
=Slk—1/k =" a[i] XL A0<k—1<n

Derivation of the value of S:

Assuming: y = S21 " Fali] - '

S[k—l/k]zzl k— 13[] okt
:a[k 1] —-1- k+1_|_z a[] i—k+1
=alk— 1+ (X715 ali] - '~ k) X
=alk—1]+y-x
= (a[k] +y - x)[k = 1/k]

So: S =alk] +y-x
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Without a special case for empty array:

k:=n;
y:=0;

while k > 0 do (
ki=k —1;

y:=alk] +vy-x
)
with the invariant:

n—1
I'Ey:Za[i]-xi_k/\nggn

i=k
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