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Sections of an Array

Minimal-Sum

Sections Let a be an array of integers of length n.

Coneneio The elements of a are: a[0],...,a[n —1].
A section of a is a contiguous sub-array of a.
Example: some sections of a = [—1,3,15,—6,4,—5]:

[37 157 _6] [_6]
[4,-5]  [-1,3,15,-6,4,-5]

But [—1,15, —6] is not a section: elements not contiguous.
If i and j are two indices: 0 </ <j<n
S; j denotes the sum of the corresponding section:

$513=3+15+(-6)=12 S33=-6 S45=4+(-5)=-1
Sos=-1+3+15+(—6)+4+(-5) =10
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Minimal-Sum Section

Minimal-Sum
Sections

Venanzio

Capretts Our goal is to find the minimum value that S;; can have.

minimal section is one with the smallest possible sum.
In the example above the minimal sum is:

5375:—64-4—5:—7.
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Minimal-Sum Section

Minimal-Sum
Sections

Venanzio

Capretts Our goal is to find the minimum value that S;; can have.
minimal section is one with the smallest possible sum.
In the example above the minimal sum is:

5375 =—-6+4—-5=-7.
The naive algorithm has three loops:
One for the index i;

One for the index J;
One to sum the section.
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Minimal-Sum Section

Minimal-Sum
Sections

Venanzio

Capretts Our goal is to find the minimum value that S;; can have.
minimal section is one with the smallest possible sum.
In the example above the minimal sum is:

5375:—64-4—5:—7.

The naive algorithm has three loops:
One for the index i;
One for the index J;
One to sum the section.
But we can find a clever algorithm with only one loop!
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We want the variable s to contain the sum of a minimal section
at the end of the execution.
The specification has two parts:
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Specification of Minimal-Sum Algorithm

Minimal-Sum

Sections We want the variable s to contain the sum of a minimal section
Vemenefe at the end of the execution.
Capretta

The specification has two parts:

» s is smaller or equal than the sum of any section:

{T}p{Vi,Vj,0<i<j<n—s<S5;}
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Specification of Minimal-Sum Algorithm

Minimal-Sum
Sections

We want the variable s to contain the sum of a minimal section
Vemenefe at the end of the execution.

Capretta .pe .
et The specification has two parts:

» s is smaller or equal than the sum of any section:

{T}p{Vi,Vj,0<i<j<n—s<S5;}

» There is at least one section with sum s:

{Typ{3i,3,0<i<j<nAs=S5;}
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Specification of Minimal-Sum Algorithm

Minimal-S . . .. .
o We want the variable s to contain the sum of a minimal section

Sections

Venanzio at the end of the execution.
Capretta .pe .
The specification has two parts:

» s is smaller or equal than the sum of any section:

Jj<n—s<5;}

(VAN

{T} p{Vi,Vj,0<i

» There is at least one section with sum s:

{Typ{3i,3,0<i<j<nAs=S;}

We can prove the two parts of the specification separately.
We do the first, second for homework.
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k:=1

)
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t:=al0]
s:=al0]
while k # n do (

t:=min(t + a[k], a[k]);
s:=min(s, t);
ki=k+1
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k:i=1

t:=al0]
s:=al0]

while k # n do (

t:=min(t + a[k], a[k]);

s:=min(s, t);
ki=k+1
)
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k=1
t:=al0]
s:=a[0]

)
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{invariant : /} | while k # n do (
t:=min(t + a[k], a[k]);
s:=min(s, t);
ki=k+1

«O>» «Fr «=>»
Minimal-Sum Sections

<

>

{Mo<i<j<n,s < S}



Minimal-Sum Section Algorithm

Minimal-Sum

Sections
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Capretta k — 1
t:=a[0]
s:=a[0]
while k # n do (

t:=min(t + a[k], a[k]);
s:=min(s,t);
ki=k+1

)

where the invariant is:

| = Vo<i<jck;s < Sij AVo<ici, t < Sik—1
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Minimal-Sum Section Algorithm

{invariant : /}

k:i=1

t:=a[0]
s:=a[0]

while k # n do (

t:=min(t + a[k], a[k]);
s:=min(s,t);
ki=k+1

)

where the invariant is:

{1}
{I Nk # n}
{1}
{I Nk = n}

{Vo<i<j<n,s < Sij}

| = Vo<i<jck;s < Sij AVo<ici, t < Sik—1
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Minimal-Sum Section Algorithm

{invariant : /}
{Rs}
{Ra}
{R1}

k:i=1

t:=a[0]
s:=a[0]

while k # n do (

t:=min(t + a[k], a[k]);
s:=min(s,t);
ki=k+1

)

where the invariant is:

{T}

{Po}

{I Nk # n}

{Ro}

{R1}

{1}

{I Nk = n}
{Vo<i<j<n,s < Sij}

| = Vo<i<jck;s < Sij AVo<ici, t < Sik—1
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I = Vo<i<j<k;s < Sij

AVo<ick, t < Sjk-1
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| =

Vo<i<j<k:S < Sij
Po

AVo<ick, t < Sjk-1

k=1At=a[0] As=al0]
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Po
Ry

Vo<i<j<k:S < Sij
AVo<ick, t < Sjk-1

k=1At=a[0] As=al0]

Ik + 1/K]
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Ry

Vo<i<j<k:S < Sij
AVo<ick, t < Sjk-1

k=1At=a[0] As=al0]
Ik + 1/K]

Vo<i<j<kt+1,5 < Sij
AVo<i<kt1,t < Sik
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R>

Vo<i<j<k:S < Sij
AVo<ick, t < Sjk-1
k=1At=a[0] As=al0]
Ik + 1/K]

Vo<i<j<kt+1,5 < Sij
AVo<ick+1,t < Sik
Ri[min(s,t)/s]
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Weakest Preconditions and Implications
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Vo<i<j<k:s < Sjj

A Vo<ickst < Sjk—1

Po= k=1At=a[0] As=al0]
Ri= Ik +1/K

Vo<i<j<k+1,5 < Sij
AVo<ickt+1,t < Sk

R, = Ri[min(s,t)/s]|

= Vo<i<j<k+1s min(s,t) < Sij
AVo<ickt+1,t < Sk
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Weakest Preconditions and Implications
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Vo<i<j<k:s < Sjj
AVo<ick, t < Sjk—1
k=1At=al[0] As=al0]
Ik + 1/K]
Vo<i<j<k+1,S < Sij
AVo<ickt+1,t < Sk
R, = Ri[min(s,t)/s]|

= v0§i§j<k+1, min(sat) < S’.J
AVo<ickt+1,t < Sk
Ro[min(t + a[k], a[k])/t]

Po
R1

&
i
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Weakest Preconditions and Implications
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Vo<i<j<k:s < Sjj
AVo<ick, t < Sjk—1

Po= k=1At=a[0] As=al0]
Ri= I[k+1/K
= Vo<i<j<k+1,5< S
AVo<ick+1,t < Sk
R, = Ri[min(s,t)/s]|
= Vo<i<jcks1, min(s,t) < S;
AVo<ick+1,t < Sik
R3 Ro[min(t + a[k], a[k])/t]

Vo<i<j<kt1, min(s, min(t + a[k],a[k])) < S
A Vo<icks1, min(t + alk], a[k]) < Six
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Weakest Preconditions and Implications

Po
R1

R>

Vo<i<j<k:s < Sjj

AVo<ick, t < Sjk—1

k=1At=al[0] As=al0]

Ik + 1/K]

Vo<i<j<k+1,5 < Sij

AVo<ickt+1,t < Sk

Ri[min(s, t)/s]

Vo<i<j<k+1,min(s,t) < S;;
AVo<ickt+1,t < Sk

Ro[min(t + a[k], a[k])/t]

Vo<i<j<kt+1, min(s, min(t + a[k], a[k])) < Si;
AVo<ick+1s min(t + a[k], a[k]) < S;7k

To Prove: Py — | and | ANk # n— Rj3.
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